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Article
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Abstract

A robust evaluation of predictive uncertainty is essential for deploying machine learning
models in high-risk sectors. While various techniques such as Gaussian Processes and
Bayesian Neural Networks have been considered to address model uncertainty, the mea-
surement uncertainty associated with input data, particularly regarding heteroscedasticity
and autocorrelation, is often overlooked. This work introduces the Generalized Least
Squares Support Vector Machine (GLS-SVM), a kernel-based regression model designed to
integrate the full variance–covariance matrix of the response variable into the training pro-
cess. A GUM-consistent methodology was developed for evaluating prediction uncertainty,
including a correction for model bias. The model’s performance was validated against
standard Least Squares Support Vector Machines (LS-SVMs) and Gaussian Processes (GPs)
through two case studies: a simulated regression problem with correlated data and the
calibration of a mass flow controller. Performance was quantified using a comparability
index (Cindex), defined as the absolute error of the prediction weighted by its expanded
uncertainty. Results demonstrated that, in the simulated case study, the GLS-SVM achieved
a Cindex consistently below 0.65, indicating that its predictions are statistically consistent
with the ground truth. In contrast, competing models significantly exceeded unity, with
peak values near 8, indicating a failure to provide physically consistent estimations. For
the calibration of the mass flow controller, the GP models produced uncertainties one to
three orders of magnitude smaller than the measurement uncertainties, whereas GLS-SVM
yielded uncertainties that were more physically consistent with the underlying measure-
ment process. Eventually, the proposed approach offers a versatile, metrologically informed
framework for data-driven regression tasks where measurement covariance information is
available and rigorous uncertainty quantification is required.

Keywords: machine learning; kernel methods; support vector machines; least squares
support vector machines; uncertainty evaluation; metrology

1. Introduction
Machine learning (ML) and deep learning (DL) models have become increasingly

prevalent in both research and industry due to their ability to learn complex interac-
tions among variables without requiring explicit models based on physical or empirical
prior knowledge. A robust evaluation of predictive uncertainty is essential for deploying
these models in high-risk sectors, such as health care [1,2], structural engineering [3,4],
or early-warning systems [5]. In recent years, significant research effort has been dedi-
cated to assessing uncertainties in ML/DL models [6–8]. Various techniques have been
developed [9–12], the most popular ones being ensemble methods [13], Bayesian Neural
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Networks (BNNs) [14] and Monte Carlo Dropout [15], capable of evaluating and prop-
agating the uncertainty of the neural network weights, and Gaussian Processes (GPs),
which intrinsically provide prediction uncertainty [16] and have recently been combined in
network structures or used in combination with neural networks [17,18]. Despite these pro-
gresses, the measurement uncertainty associated with input data is often overlooked. While
some seminal works have addressed this issue by focusing on GPs, specifically regarding
the integration of input uncertainty during training [19–24] and its subsequent propagation
through the model, these efforts remain a minority. Furthermore, the existing literature
often treats such cases under the general umbrella of ’noisy input data’ rather than formally
addressing measurement results characterized by rigorous measurement uncertainty.

ML/DL models have also attracted the attention of the metrological community, espe-
cially when used for regression tasks. The reason is that there are many scenarios in which
it is not possible to build or perform computations on an analytical model based on physi-
cal understanding, with data-driven approaches being the only available possibility [25].
The challenge behind the reliable assessment of uncertainty encouraged metrologists to
investigate new methods to train uncertainty-aware models and to propagate uncertainty
through ML models, in line with the Strategic Research Agenda (SRA) [26] of the Euro-
pean Metrology Network for Mathematics and Statistics (EMN Mathmet). Recently, the
JCGM-WG1 also emphasized the growing intersection of Artificial Intelligence and mea-
surement uncertainty [27]. The Working Group highlighted the urgent need for a unified
metrological language for AI and a framework to ensure quality control for algorithmic
inputs and outputs.

Recent publications from the metrology community deal with kernel methods [28–31]
because of their tractable and more interpretable mathematics compared to DL models.
The present work lies in this context and aims to point out how well-established statistical
methodologies in metrology can help develop uncertainty-aware ML regression models.
A common approach employed by metrologists to estimate the parameters of a usual
uncertainty-aware regression model is to include the (known) covariance matrix of the
input measurements (of both the dependent and the independent variable) within the loss
function of a least-squares minimization problem [32]. Closed-form solutions exist when
the covariance matrix of the target variable (i.e., the dependent or response variable) is
included, which is the so-called Generalized Least Squares (GLS) [33]. With this approach,
it is possible to address the heteroscedasticity and autocorrelation of the response data by
exploiting the information supplied by the covariance matrix.

The goal of this work is to the replicate GLS approach for an ML model. The Least
Squares Support Vector Machine (LS-SVM) [34,35], a variant of the popular Support Vector
Machine (SVM) [36], is the best candidate. The main difference from SVM is that LS-SVM
is computed by solving a linear system of equations instead of a quadratic programming
optimization problem, which can be considered one of the main reasons for its success.
Even though one drawback of this approach is that it results in a non-sparse model, pruning
techniques have been developed (see [37] for instance) and this aspect is not a problem when
reasonably small datasets are used. The computational aspects and their mathematical
formulation, more manageable than other ML models, have been the main factors leading
to the choice of using LS-SVM as the base model for this work. The Generalized Least
Squares Support Vector Machine (GLS-SVM) is proposed here, deriving the mathematical
framework for its training and for the evaluation of the prediction uncertainty through
classical uncertainty propagation rules, consistent with the Guide to the Expression of
Uncertainty in Measurement (GUM) [38]. The model is then compared to other kernel
methods capable of evaluating prediction uncertainties, such as Gaussian Processes (GPs)
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and the LS-SVM itself. The comparison is performed on two case studies: a regression
problem based on simulated data and a calibration problem of a mass flow controller.

In the next sections, the LS-SVM is described, and then the GLS-SVM is derived,
with comments on aspects related to its implementation. Then, the two case studies are
described and the comparison results are reported and discussed.

2. Materials and Methods
2.1. General Assumptions

A training dataset D = {xi, yi}N
i=1 is composed of N measurement results of the

independent d−dimensional quantity x ∈ Rd×1 and of the response y ∈ R. Assuming
that x is deterministic, i.e., not affected by uncertainty, the response variable Y, which is
the random variable of which y is the available realizations, can be expressed in general
terms as

Y = m(x) + E (1)

where m is the model of interest we want to estimate and E is a random noise affecting
the measurements. Applying a regression technique provides an estimate of the latent
function m. This estimator, denoted as m̂, is a random variable whose distribution depends
on the model coefficients, which are themselves subject to uncertainty. The uncertainty in
m̂ is used to construct confidence intervals, representing the uncertainty in the expected
(average) response for a given input. In contrast, prediction intervals incorporate the
additional dispersion caused by inherent noise, whose parameters must be known a priori
or estimated from the data [39]. This paper restricts its scope to confidence intervals that
are related to the model’s epistemic uncertainty. Consequently, all subsequent references to
predictions and their uncertainties pertain specifically to the estimator m̂ and its associated
standard uncertainty.

2.2. Least Squares Support Vector Machines

LS-SVM is a popular kernel-based model that has been successfully employed in
a variety of fields such as electronic circuit design [40], control system applications [41],
predictive maintenance [42], time series forecasting [43–45], and the development of mea-
surement systems [46,47]. Thanks to the simple mathematical formulation of the model,
sensitivity analysis can be easily performed to understand the most relevant input features
to be employed [48]. Furthermore, LS-SVM and GPs have been shown to be mathematically
equivalent in terms of their predictive mean [16,35], but they stem from different theoretical
frameworks: frequentist optimization and Bayesian inference, respectively.

The idea behind LS-SVM is to solve a ridge regression problem exploiting Lagrange
multipliers which span a dual space [35]. In social science and econometrics, an equivalent
model is known under the name kernel regularized least squares [49], obtained by solving
the ridge regression problem in the primal space after having introduced the kernel matrix
(defined below). Before reporting the optimization problem, the general regression model
is introduced and defined as y = φ(x)T ω + b + e, where φ(·) : Rd×1 −→ Rn×1 is the
map chosen by the user and employed to project the independent variable to a higher
dimensional feature space (Rn×1); ω is the vector of n regression coefficients; b is an offset,
often called bias in the ML field; and e is the error term, which follows a distribution E(x),
centered in zero, that may be heteroscedastic [50].

To find the unknown coefficients ω and b, an optimization problem must be solved to
find the minimum of the chosen loss function. In the case of ridge regression, the function
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to be minimized, S, is the least squares loss function with a Tikhonov regularizer [51]. Then,
the optimization problem expressed in matrix formulation is

min
ω,b

S =
1
2

ωTω +
1
2

γeTe

such that y = Φω + 1b + e,
(2)

where y is a N × 1 vector containing the observations of the response variable; Φ is a matrix
N × n having rows equal to φ(xi)

T; γ is the hyperparameter that weighs the importance
of the regularization term, usually tuned by cross-validation [52]; e is an N × 1 vector of
i.i.d. errors; and the term 1 is an N × 1 vector with all the entries equal to 1. The Lagrange
multipliers, here identified by the N × 1 vector α, are introduced to construct the Lagrange
function to be minimized for solving the constrained optimization problem:

L =
1
2

ωTω +
1
2

γ eTe − [Φω + 1b + e − y]Tα. (3)

The Karush–Kuhn–Tucker (KKT) conditions for optimality are obtained by posing the
derivative of L with respect to ω, b, e and α equal to zero [53]. Eventually, a linear system
of N + 1 dimensions is retrieved, whose solution makes it possible to compute the LS-SVM
model in the dual space spanned by the Lagrange multipliers:[

0 1T

1 K + γ−1 I

][
b
α

]
=

[
0
y

]
. (4)

The I term is the N × N identity matrix, whereas K is the kernel matrix, equal to
ΦΦT, which is the matrix containing all the inner products among features of the training
dataset, hence having N × N dimensions. The advantage of kernel methods is that the
nonlinear mapping into a feature space remains implicit. Leveraging Mercer’s theorem [54],
any symmetric positive semidefinite kernel function can be utilized to compute the inner
product of projected features. This approach, often referred to as the kernel trick, allows
the ij-th entry of the kernel matrix to be calculated simply as k(xi, xj).

The mean prediction m̂p to new input data xp is obtained by applying the model with
the estimated coefficients α̂ and b̂. Considering Np new instances, the LS-SVM predictions
are expressed by

m̂p = Kp α̂ + 1b̂. (5)

The kernel matrix Kp has dimensions Np × N and is calculated through the evaluation
of the kernel function for each pair (xpi, xj) with i = 1, . . . , Np and j = 1, . . . , N. The predic-
tion uncertainties for m̂p can be obtained by applying the approximate method described
by De Brabanter et al. [50], considered in Section 3.1 for the comparison. Other works
attempted to construct confidence and prediction intervals for LS-SVM [55,56], but none of
them considered the uncertainty associated with data, as will be done in the next section.

2.3. Generalized Least Squares Support Vector Machine

The heteroscedasticity of the response variable is tackled for least squares models by
including in the loss function a specific weight matrix, which is full or diagonal depending,
respectively, on the presence or the absence of correlation among the measurements. In gen-
eral, the squared error terms are weighed by the inverse of Vy, the variance–covariance
matrix of y.
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The GLS-SVM model is developed following a reasoning similar to that behind LS-
SVM but modifying the loss function as follows:

S =
1
2

ωTω +
1
2

eTV−1
y e. (6)

The inclusion of the full variance–covariance matrix within the loss function provides
a framework for metrologically informed regularization. While the standard regularization
parameter γ penalizes model complexity to prevent overfitting, the inclusion of V−1

y ac-
counts for the reliability of each observation. From a numerical perspective, this approach
improves the conditioning of the linear system: by weighting residuals by their reciprocal
(squared) uncertainties, the model avoids the instabilities typically caused by heteroscedas-
tic outliers or highly correlated observations, which in standard LS-SVM can lead to an
ill-posed optimization problem. Effectively, Vy serves as a pre-conditioner that aligns the
optimization landscape with the underlying physical measurement process.

The practice of weighting squared error terms in the loss function has been previously
explored: the use of weights based on the empirical distribution of data can help to
train LS-SVM models robust to outliers [37,57]. On the other hand, attempts to address
correlated errors are available [58,59]. However, there are no cases in the literature in which
heteroscedasticity and correlation are addressed by including the full variance–covariance
matrix of the observations during training, likely because they are rarely available in
non-metrological contexts.

Thanks to the similarity with Equation (2), this loss function can also be minimized
using Lagrange multipliers (detailed calculations in Appendix A). The linear KKT system
is solved analogously to the system shown in Equation (4):[

0 1T

1 K + Vy

][
b
α

]
=

[
0
y

]
. (7)

The difference with LS-SVM is that the γ-scaled identity matrix is substituted by Vy.
With this method, the coefficients α and b are estimated including the information related to
uncertainty and correlations among the observations of the response variable. Furthermore,
the obtained estimates α̂ and b̂ also have an associated variance–covariance matrix, which
can be computed directly from Vy. This can be shown after rewriting the solution for α̂ and
b̂ in a different way (adapting the results from Appendix I in [50]):

Ω = K + Vy. (8)

b̂ =
1TΩ−1

1TΩ−11
y = qTy. (9)

α̂ =

(
Ω−1 − Ω−111TΩ−1

1TΩ−11

)
y = Zy. (10)

The above equations can be retrieved thanks to the simple KKT system that needs to
be solved. As is clear from Equations (9) and (10), α̂ and b̂ can be directly expressed as linear
combinations of measurements y, where q and Z are a vector and a matrix of numerical
coefficients, respectively. The computation of the variance, covariance and cross-covariance
becomes straightforward [60]:

V[α̂] = Z Vy ZT. (11)

V[b̂] = qT Vy q. (12)

Cov[α̂, b̂] = Z Vy q. (13)
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Eventually, using Equations (11)–(13) it is possible to assemble a more general variance–
covariance matrix of the vector of coefficients ĉ = [α̂, b̂]T, i.e.,

Vĉ =

[
V[α̂] Cov[α̂, b̂]

Cov[α̂, b̂]T V[b̂]

]
. (14)

While Equations (11) and (12) were initially derived by De Brabanter et al. [50],
Equations (13) and (14) represent novel contributions, providing essential information re-
garding the correlation among the estimated model coefficients.

GLS-SVM predictions can be computed using Equation (5), but for evaluating the
uncertainty of the predictions it is useful to rewrite it in a different way exploiting
Equations (9) and (10):

m̂p = (KpZ + 1qT)y = Hpy. (15)

In this way, the predictions are directly related to the y measurement results through
the projection matrix Hp, which allows a much easier computation of the uncertainty
associated with m̂p. When xp = x, it is convenient to define the projection matrix
H = (KZ + 1qT), which is evaluated just using the training samples. Then, the mean
predictions at the training points are evaluated by m̂ = H y. Before any uncertainty evalua-
tion, it is crucial to remove any bias from the predictions, as suggested by the GUM [38].
The evaluation of the bias is not straightforward and most of the time only an estimate can
be computed. Using the approach described in [50], the bias for new predictions can be
estimated as

∆m̂p = Hp m̂ − m̂p = HpHy − Hpy (16)

Then, the corrected predictions can be expressed as

m̂∗
p = m̂p − ∆m̂p = Hp(2I − H) y. (17)

Even though in [50] the authors tried to remove the bias before computing confidence
intervals, they only used the variance associated with m̂p without considering the uncer-
tainty associated with the bias term. The more comprehensive approach, conforming to the
GUM, is to evaluate the variance–covariance matrix of the corrected predictions (and mean
values) directly from Equation (17):

V[m∗
p] = Hp (2I − H)Vy (2I − H)T HT

p . (18)

The standard uncertainty of the point predictions and the corresponding average
values are given by the square root of the diagonal of Equation (18), whereas the covariances
among different predictions are retrieved from the off-diagonal elements. The evaluation of
confidence intervals for a specific coverage probability necessitates defining the probability
density function (PDF) of m∗

p. Given the assumption of Gaussian input quantities y, it
is appropriate to model m∗

p using a normal distribution, as it is derived from a linear
combination of the observations y. Consequently, the quantiles associated with a target
coverage probability are determined using a Gaussian PDF, characterized by a standard
deviation equivalent to the standard uncertainty derived in Equation (18).

The proposed model has been implemented in MATLAB R2023b, paying particular
attention to the tuning of the hyperparameters associated with the chosen kernel func-
tion. A dedicated kCV-fold cross-validation procedure is implemented by choosing as
the optimization metric the Generalized Mean Square Error (GMSE), based on the Maha-
lanobis distance:

GMSE =
1

Nv
(yv − m̂(xv))

TV−1
yv (yv − m̂(xv)) , (19)
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where the subscript v indicates the set of quantities pertaining to the validation set used
in each fold. This approach accounts for the underlying variance–covariance structure of
the measurement results, providing a more rigorous validation than the commonly used
root mean square error. Eventually, the tuned hyperparameters are used to train the model
over the complete training dataset. The library for training GLS-SVM and performing
predictions is publicly available (see the Data Availability Statement), and some additional
details about the implementation are reported in Appendix B.

Note that the generalized kernel regularized least squares estimator introduced by
Dang and Ullah [61] within the econometric literature is mathematically equivalent to the
model proposed here. However, the formulation in [61] ignores the bias term b and the
minimization problem is solved in the primal space. The GLS-SVM derived via the method
of Lagrange multipliers, accounting also for the bias term, has not been previously reported.

2.4. Case Studies

To evaluate the performance of the proposed method, the GLS-SVM unbiased pre-
dictions are compared across two case studies with those obtained by using LS-SVM and
Gaussian Process (GP) models. The LS-SVM training and predictions were obtained using
the open-source library LS-SVMlab [62], version 1.8 run on MATLAB R2023b. In contrast,
the GPs were developed using the scikit-learn library [63], version 1.7.2 run on Python
3.10.20, selected for its native support for heteroscedastic datasets. Two distinct GP models
were trained: a standard model that disregards input measurement uncertainty and as-
sumes a homoscedastic noise to be estimated from the training data, and another one that
accounts for the heteroscedastic measurement uncertainty in the response variable during
training (additional details are reported in the scikit-learn documentation). To ensure a fair
comparison, all the ML models are trained considering the same kind of kernel function,
chosen based on the addressed problem.

The first case study is a classical regression problem for the estimation of a function.
The latent function, considered as the ground truth, is m(x) = x

5 + 2 sin (4 x
10 ) + 2 sin (13 x

10 ),
evaluated in the interval [−5, 5]. The training dataset consists of N = 150 pairs (x, y),
with input data x being regularly spaced in the specified domain. The response vari-
able is instead sampled from a multivariate normal distribution having mean vector
[m(x1), . . . , m(xN)]

T and covariance matrix defined for the purpose. To test the model
in the case of heteroscedastic and/or autocorrelated data, two different covariance matrices
were defined, respectively. The first is a diagonal whose entries are the squared uncertain-
ties. The heteroscedastic uncertainty was chosen to linearly increase between 0.01 and 1
in the domain, hence being u(x) = 0.01 + 0.99

10 (x + 5). The second covariance matrix is
of Toeplitz kind [60], obtained by defining a decreasing exponential correlation function
ρ(yi, yj) = exp (− |j−i|

τ ), where τ is a length scale chosen equal to 50 (1/3 of N). Figure 1
reports the two kinds of matrices, which are graphically shown considering a smaller
dataset (N = 30) for the sake of visualization, but maintaining the same proportion τ/N
(τ = 10). The samples drawn from the corresponding multivariate normal distributions are
shown in Figure 2.

A Radial Basis Function (RBF) kernel is considered for this case study because it is
universal, making it possible to approximate any function [54]. This kernel is characterized
by a single hyperparameter σh and has the following general form:

k(xi, xj) = e
−

(xi−xj)
2

σ2
h . (20)

For GLS-SVM and LS-SVM a 10-fold cross-validation is considered for tuning the
hyperparameters, which is the standard frequentist approach to prevent overfitting by
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identifying the optimal regularization and kernel parameters [35]. After cross-validation,
the (G)LS-SVM models are trained over the complete dataset using the optimal hyperpa-
rameters. For GP models, the cross-validation is not required since the hyperparameters
are obtained by maximizing the log-marginal-likelihood (LML) based on a passed opti-
mizer, which is the standard Bayesian procedure for hyperparameter determination [16].
Although the tuning procedure is different, the comparison between the SVM and GP
models is fair since they are trained using in both cases the complete set of training data.
Eventually, the predictions and the associated uncertainties are evaluated for Np = 1000
equally spaced xp over the domain.
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Figure 1. Correlation matrix in cases of independent (a) and correlated data (b), considering N = 30
and τ = 10.
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Figure 2. (a) Heteroscedastic independent dataset. (b) Heteroscedastic and autocorrelated dataset.
All the uncertainty bars are shown with a coverage factor k = 2. The red line is the ground truth
to estimate.
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The second case study consists of a practical application of GLS-SVM to the calibration
of a mass flow controller (MFC), described in [64] (example E3.3). The dataset is obtained
from a calibration performed at the Italian National Metrology Institute (INRiM) against the
primary standard for low flow rates (the INRiM Microgas station). The MFC is characterized
in terms of its calibration coefficient C = qR/qN , where qR is the reference volume flow rate
at standard conditions supplied by the MFC under calibration and read by the Microgas
station, whereas qN is the nominal flow rate of the MFC. Since the flow rate is always read
using the same reference, values of C at different nominal values are correlated and the
corresponding full variance–covariance matrix should be considered during the estimation
of the calibration curve. Indeed, the function C(qN) is generally obtained using the standard
GLS regression, choosing a polynomial function of the following type:

C(qN) =
a0

qN
+

a1√
qN

+ a2 + a3
√

qN + a4 qN . (21)

The experimental measurements C obtained during the calibration, along with the
estimated values Ĉ derived via the GLS fit, are summarized in Table 1 alongside their
respective uncertainties. The regression coefficients were calculated using the Calibration
Curve Computing Software release 1.3 [65], developed at INRiM. The GLS fit is here
considered as the ground truth, since it is the state-of-the-art calibration model for MCFs
at INRiM. The covariance matrix associated with C values, the vector estimate of GLS
parameters and the corresponding covariance matrix needed to evaluate Ĉ values and their
uncertainties and correlations, are not reported here, but they are fully available at the
shared repository (see the Data Availability Statement).

Table 1. Calibration dataset of a mass flow controller calibrated at nominal flow rate values qN

against the INRiM primary standard. C represents the (dimensionless) measurement values. The
fitted values Ĉ are obtained through GLS regression of Equation (21). The reported values for u(C)
and u(Ĉ) are standard uncertainties.

qN /(cm3 min−1) C u(C) Ĉ u(Ĉ)

100 0.8485 0.0013 0.8483 0.0013
200 0.9296 0.0005 0.9298 0.0005
350 0.9602 0.0008 0.9597 0.0006
600 0.9787 0.0006 0.9782 0.0003
900 0.9880 0.0004 0.9890 0.0003

1200 0.9951 0.0004 0.9944 0.0003
1500 0.9962 0.0003 0.9963 0.0003

GLS-SVM is employed in this specific context to find a regression function without
making any assumption on the functional form. Because polynomials can describe well the
relation between C and qN , a polynomial kernel is considered here, for both SVM and GP
models, which has the following general expression:

k(xi, xj) = (xT
i xj + t)p, (22)

where hyperparameters t and p are tuned by a 6-fold cross-validation, equivalent in this
case to a leave-one-out cross-validation (LOOCV).

3. Results and Discussion
The results of two case studies are reported here for the function estimation problem

in Section 3.1 and the MFC calibration in Section 3.2.
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3.1. Function Estimation

The predictions of the considered ML models are shown in Figure 3 for both inde-
pendent and correlated data, whereas the prediction uncertainties are shown in Figure 4.
To evaluate how well the models were capable of reproducing the underlying latent func-
tion, a comparability index was defined at each prediction point xp for the corresponding
predicted value m̂p:

Cindex(xp) =
|m̂p − m(xp)|

k · u(m̂p)
, (23)

where xp runs over the whole domain of interest and the corresponding ground truth value
m(xp) is considered with no uncertainty. This index is the absolute error of the prediction,
weighted by its expanded uncertainty (k = 2 is considered). The results of this evaluation
are shown in Figure 5. Note that, to simplify the notation, the symbol m̂p in Equation (23)
denotes unbiased predictions for (G)LS-SVM, whereas it corresponds to bias values for GP
models. This convention is adopted throughout the remainder of this work.

Beginning with the independent case analysis, the only model that failed to achieve
satisfactory performance was the homoscedastic GP, which was trained without consid-
ering input uncertainties. This model exhibited significant overfitting, resulting in an
interpolation that deviated substantially from the latent function. Furthermore, its predic-
tive uncertainties displayed an oscillatory behavior between 0 and 0.14 across the domain,
causing the comparability index to fluctuate between 0 and 581, with an extreme outlier
reaching 55,940.5 at the final data point. Consequently, the Cindex for this model is omit-
ted from Figure 5a for clarity. Conversely, the LS-SVM, GLS-SVM, and heteroscedastic
GP successfully recovered the latent function. For these models, predictive uncertainties
increased linearly with input uncertainty, albeit at a lower rate, with a more pronounced
increase observed in the interval [4.5, 5]. For these models, the comparability index remains
predominantly below unity—except for certain predictions at the domain boundaries—and
vanishes at the intersection points between the predictions and the latent function. This
evaluation confirms that, for independent data, kernel-based methods maintain robust
performance even when input uncertainties are not explicitly incorporated during training,
as demonstrated by the LS-SVM.

In the presence of correlated data, for x < 0 the models tend to agree due to the
relatively small input uncertainties; however, they deviate significantly for x ≥ 0.

The homoscedastic GP continues overfitting the observations—an effect less dis-
cernible in Figure 3b, yet present. The model produces nearly null uncertainties—a result
that is non-physical and inconsistent with the a priori information on the dataset. Corre-
sponding compatibility index values are huge and not even reported in Figure 5b.

The LS-SVM model tracks the local data patterns closely and it fails to accurately recon-
struct the ground truth. Its uncertainties are smaller than those in the independent scenario,
resulting in a comparability index that oscillates predominantly above one, peaking at
approximately 8.

The heteroscedastic GP also tends to follow the data, departing from the reference
function. However, it results in a slightly better comparability index (Cindex values ranging
between 1 and 2.6), despite the omission of input correlations during training.

The GLS-SVM definitely provides the most accurate estimation of m(x), yielding
predictive uncertainties that are larger than those of the LS-SVM and GP and showing a
much smaller comparability index, always less than 0.65. The increase in its prediction
uncertainty with respect to the other models is meaningful, as the GLS-SVM successfully
incorporates the full data correlation structure.
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Figure 3. Comparison of the predictions among the considered ML models trained on heteroscedastic-
independent (a) and heteroscedastic-correlated data (b).
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Figure 4. Comparison of the prediction standard uncertainties (k = 1) among the considered ML
models trained on heteroscedastic-independent (a) and heteroscedastic-correlated data (b). The red
line reports the input parametrized uncertainty considered for training.

https://doi.org/10.3390/metrology6030044

https://doi.org/10.3390/metrology6030044


Metrology 2026, 6, 44 12 of 19

-5 -4 -3 -2 -1 0 1 2 3 4 5

 x

0

0.2

0.4

0.6

0.8

1

1.2

 C
in

d
e

x

LS-SVM

GLS-SVM

GP hetero.

(a)

-5 -4 -3 -2 -1 0 1 2 3 4 5

 x

0

2

4

6

8

 C
in

d
e
x

LS-SVM

GLS-SVM

GP hetero.

(b)

Figure 5. Comparability index of the ML predictions for heteroscedastic-independent (a) and
heteroscedastic-correlated data (b).

3.2. Calibration of a Mass Flow Controller

The comparison between the GLS calibration curve and the LS-SVM, GLS-SVM,
and GP regressions is illustrated in Figure 6. Although the LS-SVM predictions are plotted,
their associated uncertainties are omitted due to numerical divergence, with values reaching
orders of 1014. Furthermore, the LS-SVM deviates significantly from the GLS reference,
exhibiting spurious oscillations between calibration points; these non-physical artifacts
necessitated the exclusion of the model from further comparative analysis. In contrast,
the confidence intervals for the GP models are barely discernible in the figure. This is due
to their significantly lower uncertainty values, one and three orders of magnitude smaller
for the heteroscedastic and homoscedastic GPs, respectively, compared to the GLS and
GLS-SVM results (see Table 2). While the prediction curves for the GLS-SVM and both GP
variants are largely consistent with the reference, localized deviations occur for qN between
400 and 900 cm3 min−1, as highlighted in the detail of Figure 6b.

For the purpose of evaluating the consistency between models and GLS, the following
comparability index is defined:

Cindex =
|ĈML − ĈGLS|

k ·
√

u2(ĈML) + u2(m̂GLS)
, (24)

where ĈML is the prediction performed with one of the ML models, which is compared with
ĈGLS, the GLS estimate. The coverage factor (k = 2) multiplies the error uncertainty, which
in this case also accounts for the uncertainty of the GLS fit. The evaluation of the compara-
bility index is illustrated in Figure 7, revealing that the index exceeds unity for all models
across various regions of the calibration domain. The GLS-SVM reaches a maximum value
of approximately 2 at a nominal flow rate of 550 cm3 min−1. In contrast, the homoscedastic
and heteroscedastic GPs exhibit higher peak values of 2.96 and 2.2, respectively, particularly
in the low-flow-rate region where the GLS-SVM demonstrates superior performance. Over-
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all, the behavior of these machine learning models is encouraging, as they provide accurate
estimations without assuming an a priori functional form. Nevertheless, the GLS-SVM
is preferred due to its more physically consistent standard uncertainties, which remain
within the same order of magnitude as the GLS reference. Consequently, the proposed
model exhibits significant versatility and is particularly well-suited for applications where
established reference functions are unavailable.

Table 2. Predictions of the ML models with the associated standard uncertainties, over the calibration
dataset reported in Table 1.

GLS-SVM GP Homo. GP Heter.

qN /(cm3 min−1) Ĉ u(Ĉ) Ĉ u(Ĉ) Ĉ u(Ĉ)

100 0.8524 11 × 10−4 0.8493 4.5 × 10−7 0.8541 3.0 × 10−5

200 0.9279 4.0 × 10−4 0.9271 2.1 × 10−7 0.9278 1.7 × 10−5

350 0.9615 3.9 × 10−4 0.9609 1.8 × 10−7 0.9608 7.7 × 10−6

600 0.9805 3.3 × 10−4 0.9800 2.0 × 10−7 0.9798 7.5 × 10−6

900 0.9893 2.4 × 10−4 0.9890 2.2 × 10−7 0.9889 8.4 × 10−6

1200 0.9937 2.0 × 10−4 0.9936 2.3 × 10−7 0.9936 8.9 × 10−6

1500 0.9963 2.3 × 10−4 0.9964 2.4 × 10−7 0.9965 9.2 × 10−6
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Figure 6. (a) Calibration curves of a mass flow controller obtained with standard GLS fit (reference),
LS-SVM and GLS-SVM. Confidence bands (k = 2) are also plotted and better visualized in panel (b),
which shows a zoom of the fit. The confidence bands for LS-SVM are not reported since they diverged
towards values of orders of magnitude larger than 1. For GPs, the bands are too small to be visible.
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Figure 7. Comparability index evaluated to compare GLS-SVM and homoscedastic and heteroscedas-
tic Gaussian process models with the reference GLS fit.
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4. Conclusions
This work underscores the critical importance of evaluating predictive uncertainty in

machine learning. A generalized version of the well-known LS-SVM is derived. GLS-SVM
includes in the training phase the information of the variance–covariance matrix associated
with the response variable y, giving more weight to measurements with lower uncertainty
and also accounting for correlations among data. An expression for the calculation of
prediction uncertainty is derived and tested by comparison with other kernel-based models.

The practical benefits of the GLS-SVM were demonstrated through comprehensive
comparisons with standard kernel-based models, such as LS-SVM and GP. In the presence
of correlated data in the simulated example, the GLS-SVM significantly outperformed
its counterparts, achieving a comparability index (Cindex) consistently below 0.65, which
indicates that its predictions are statistically consistent with the ground truth. In contrast,
the standard LS-SVM failed to accurately reconstruct the latent function, with its Cindex

peaking at approximately 8. The application to a real-world mass flow controller calibration
further highlighted the model’s robustness: while the LS-SVM suffered from numerical
divergence (with uncertainties reaching 1014) and Gaussian Process models underestimated
prediction uncertainty by one to three orders of magnitude, the GLS-SVM yielded standard
uncertainties that were physically consistent and within the same order of magnitude as
the state-of-the-art GLS reference.

A key contribution of this work is the proposed training procedure for GLS-SVM,
which utilizes the GMSE metric for hyperparameter tuning. While Dang and Ullah [61]
proposed a model mathematically similar to GLS-SVM, they did not implement a procedure
to tune the kernel’s hyperparameters, choosing them a priori instead. Furthermore, in [61],
only the penalty hyperparameter (γ) was tuned using LOOCV, which is less versatile
than kCV-fold cross-validation. Crucially, our work also demonstrates that γ is not strictly
necessary in the generalized version due to the intrinsic regularization provided by the
measurement covariance matrix. This offers the additional advantage of reducing the
number of hyperparameters to be optimized.

GLS-SVM is potentially applicable to a broad range of metrological tasks involv-
ing calibration, characterization, and fault-monitoring of measurement systems. Kernel-
based methods such as LS-SVM have already been successfully employed for sensor
calibration, including thermocouple calibration [66], spectroscopic measurements and
chemometric modelling [67–69], and advanced sensing systems affected by environmental
disturbances [47]. The proposed approach extends these capabilities to situations where
measurement uncertainty information is available in the form of variance–covariance matri-
ces. The method may also support emerging virtual metrology and data-driven calibration
strategies [70,71], which are receiving increasing attention within the metrology community.
By combining the flexibility of kernel-based regression with a GUM-consistent treatment
of uncertainty, GLS-SVM can provide a valuable complement to traditional parametric
calibration models, particularly when the underlying functional relationship is unknown
or difficult to describe analytically.

In the current study, the independent variables were treated as deterministic, assuming
no associated uncertainty. While this assumption holds in specific applications, such as the
MFC calibration, it does not represent the general case. Recent work by Thompson [29,30]
proposes a method for propagating the uncertainty of a new input, xp, through a pre-
trained kernel-based model. This methodology can be integrated with the technique
introduced in [23] for training GPs under input uncertainty. This approach involves
defining an effective covariance matrix, which incorporates both the measurement noise
and the contribution of the propagated input uncertainties. Alternatively, uncertainty in
the input data can be incorporated by applying kernels directly to probability distributions,
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a method called kernel mean embedding [72]. Various metrics over distributions may be
employed to construct these kernels; notably, those based on the Wasserstein distance have
recently demonstrated promising results [73,74]. Combining the mentioned approaches
with GLS-SVM may make it possible to obtain a complete metrologically consistent ML
model, useful for applications in which measurement covariance matrices are available
for both dependent and independent variables and have to be exploited at both stages of
training and prediction. These developments will be addressed by future research.
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Appendix A
Similarly to LS-SVM, the Lagrange multipliers can be employed to find the minimum

of the loss function shown in Equation (6). In this case, the Lagrange function becomes

L =
1
2

ωTω +
1
2

eTV−1
y e − [Φω + 1b + e − y]Tα. (A1)
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As done for LS-SVM, the KKT conditions for optimality are obtained by posing to zero the
derivative of L with respect to ω, b, e and α.

∂L
∂ω

= 0 −→ ω = ΦT α

∂L
∂e

= 0 −→ e = Vy α

∂L
∂b

= 0 −→ 1T α = 0

∂L
∂α

= 0 −→ y = Φω + 1b + e

. (A2)

Substituting the expression for ω and e, it is possible to write y as only dependent from α

and b, as well as succeeding in exploiting the kernel trick:

y = ΦΦTα + b1 + Vyα =
(

K + Vy

)
α + 1b . (A3)

Finally, just two of the obtained equations are independent and used to construct the KKT
system for GLS-SVM.

Appendix B
Hyperparameter tuning was conducted via cross-validation using the bayesopt

function from the MATLAB Statistics and Machine Learning Toolbox. This routine em-
ploys Bayesian optimization [75] to efficiently explore the hyperparameter space. In this
study, the objective function was defined as the kCV-fold cross-validation loss, specifi-
cally minimizing the GMSE (Equation (19)). The optimization process was managed by
the glssvm_bayesopt function within the GLS-SVM library, which configures the search
based on the specific kernel hyperparameters. Users may specify the maximum number of
objective function evaluations and the exploration–exploitation ratio and toggle parallel
execution via the Parallel Computing Toolbox. While parallel Bayesian optimization may
introduce non-determinism and affect reproducibility due to asynchronous timing, the rel-
atively small datasets utilized in this work ensured consistent and reproducible results
across optimization runs.

The linear system presented in Equation (7) was solved using the MATLAB backslash
operator (\) following a variable transformation analogous to the procedure described
for LS-SVMs (see [35], p. 87). Specifically, by isolating the terms in the second row of
the system, we obtain Ωα = y − 1b. By introducing the auxiliary variables (ν, η, s) and
applying the relationships defined in Equations (9) and (10), the model coefficients can be
efficiently computed as follows:

α = Ω−1y − Ω−11b = ν − ηb (A4)

y = Ων (A5)

1 = Ωη (A6)

s = 1TΩ−11 = 1Tη (A7)

b =
ηTy

s
(A8)

Equations (A5) and (A6) are solved, with the backslash MATLAB command, obtaining the
values for ν and η. Then, Equations (A4) and (A8) are evaluated, obtaining the GLS-SVM
model coefficients.
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