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Abstract
Spin-squeezed states are metrologically useful quantum states where entanglement allows for
enhanced sensing with respect to the standard quantum limit. Key challenges include the efficient
preparation of spin-squeezed states and the scalability of estimation precision with the number N
of probes. Recently, in the context of the generation of spin-squeezed states via coupling of three-
level atoms to an optical cavity, it was shown that increasing the atom-cavity coupling can be detri-
mental to spin squeezing generation, an effect that is not captured by the standard second-order
adiabatic cavity removal approximation. We describe adiabatic elimination techniques to derive an
effective Lindblad master equation up to third order for the atomic degrees of freedom. Numerical
simulations show that the spin squeezing scalability loss is correctly reproduced by the reduced
open system dynamics, highlighting the role of higher-order contributions. Furthermore, we con-
jecture an extension beyond leading order of the adiabatic elimination technique to the case of
conditional dynamics under quantum non-demolition continuous measurement and fast cavity
loss, whose reliability is again confirmed by numerical simulation of the dynamics and the corre-
sponding behavior of spin squeezing as a function of N.

1. Introduction

Quantum metrology [1–4] aims to improve the precision of parameter estimation by exploiting quantum
resources. A typical protocol involves preparing a suitable probe state, allowing it to interact with the
system of interest to encode the parameter, and performing a final measurement optimized to extract the
encoded information. Techniques developed in this context have enabled progress in gravitational-wave
detection [5], high-precision atomic clocks [6–8], and interferometry [1, 9].

Since probes of size N described by separable states achieve at best the standard quantum limit
(SQL) linear in N, quantum metrology relies on highly entangled states whose quantum Fisher informa-
tion scales more favorably with N. Examples include GHZ states [10], Dicke states [11], and, crucially,
spin-squeezed states [12–15]. Their metrological performance is commonly captured by the squeezing
parameter ξ2, for which ξ2 < 1 indicates an improvement over the SQL.

A standard approach to generate spin squeezing is to engineer effective nonlinear interactions among
the atoms. A paradigmatic example is the one-axis twisting (OAT) Hamiltonian [13], which arises nat-
urally in cavity-QED systems. When atoms interact dispersively with a driven cavity mode, the intra-
cavity field mediates all-to-all interactions, giving rise to OAT-type dynamics and thus to spin-squeezed
states [16–18]. In this regime, the minimum squeezing parameter scales as ξ2m ∼ N−2/3, while the pres-
ence of cavity losses reduces the scaling to ξ2m ∼ N−2/5 as shown in [19].

A conceptually different but operationally related strategy exploits the information carried by pho-
tons leaking from the cavity. Continuous homodyne detection of the output field implements a quantum
non-demolition (QND) measurement of a collective spin component, and the resulting measurement
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back-action conditionally squeezes the atomic state [20–28]. This mechanism has been demonstrated
in several experiments [29–37]. In the dispersive regime, QND measurement can, in principle, gener-
ate Heisenberg-limited squeezing, ξ2m ∼ N−1. If no continuous feedback is used, the ensemble-averaged
squeezing scales instead as ξ2m ∼ N−2/3 [28], however, the full metrological precision can still reach the
Heisenberg limit once the stochastic spin dynamics is properly accounted for in the estimation proto-
col [32]. A comprehensive theoretical analysis of both methods, including scenarios where both proto-
cols are simultaneously implemented and where also single-atom decoherence is taken into account, has
recently been carried out in [19].

The analysis of such protocols relies on both solving the full atom-cavity dynamics numerically, typi-
cally using tools such as the QuTiP library [38, 39], and employing reduction techniques that restrict the
description to the degrees of freedom (DOFs) directly relevant for spin squeezing. Such reductions are
essential to obtain analytical insight, for instance to derive the optimal scalings of the squeezing parame-
ters discussed above. In cavity-mediated schemes, this is commonly achieved through adiabatic elimina-
tion of the cavity mode.

For unitary dynamics the elimination can be carried out directly at the Hamiltonian level using
established methods [40–42]. In the open-system setting, one may resort to brute-force Taylor expan-
sions of the master equation [43] or to semiclassical approximations tailored to the cavity-QED
regime [19]. More recently, however, systematic and rigorous frameworks for adiabatic elimination in
open quantum systems have been developed [44–47]. The methods of references [45–47] apply to com-
posite systems consisting of a weakly coupled slow subsystem and a fast, strongly dissipative one. In this
setting, the long-time dynamics is captured by an effective evolution on a reduced manifold obtained by
discarding the rapidly relaxing DOFs.

It is, however, crucial to understand the limitations and regimes of validity of such elimination tech-
niques. In the context of spin squeezing generation, particularly via QND measurement, it has been
shown that departing from the bad-cavity limit can significantly degrade performance, notably affecting
the achievable squeezing and its scaling with the number of atoms N [28].

The primary goal of this work is to apply adiabatic elimination to an atomic system dispersively cou-
pled to a lossy cavity mode, going beyond the leading-order approximation and analyzing the resulting
spin squeezing dynamics. The motivation for such a program stems from the results of [28], where it
was found that the observed loss of scalability in the minimum spin-squeezing parameter achievable
via the QND-measurement-based protocol is completely missed by the leading second order. Here we
observe that this loss of scalability occurs also for the deterministic unconditional protocol where spin
squeezing is generated via an effective interaction induced by a non-zero detuning between the driving
laser and the cavity field. We find an explanation for the loss of scalability for large N in the full dynam-
ics for both protocols, by including third-order terms in the adiabatically reduced dynamics. This chal-
lenges the standard lore that in a bad-cavity regime the essential dynamics is already captured by second-
order adiabatic elimination, while making the case for the necessity to consider higher orders. Therefore,
we first extend the formalism introduced in [47] by deriving explicit expressions up to third order, and
obtaining the corresponding Markovian master equation in Lindblad form for the atomic subsystem
alone. This derivation led us to conjecture a form for the stochastic master equation describing the QND
monitoring approach. In both cases, we then compute the spin-squeezing parameter for states evolving
under this effective dynamics, demonstrating how third-order corrections modify the behavior compared
to second-order results and yield improved agreement with full numerical simulations that include the
cavity mode explicitly.

The manuscript is structured to prioritize the physical insights and metrological conclusions in
the opening sections, while reserving the formal derivation of the effective master equations for the
latter part of the paper. In section 2, we introduce the physical model and summarize our core find-
ings: the Markovian and stochastic master equations obtained through higher-order adiabatic elimina-
tion. Section 3 is dedicated to extensive numerical simulations, where we compare the full and reduced
dynamics to demonstrate how third-order terms fundamentally alter the scaling of the spin-squeezing
parameter. We recommend that readers interested primarily in the physical implications and the lim-
its of spin-squeezing generation focus on these two sections. The formal mathematical framework is
detailed in the subsequent sections. In section 4, we review the adiabatic elimination method for bipar-
tite systems [45–47] and provide a novel derivation of the third-order expansion terms. In section 5, we
apply this general framework to our specific atom-cavity system, for both unconditional and conditional
dynamics, to formally derive the master equations discussed in the previous sections. Finally, we offer
concluding remarks and potential outlook in section 6.
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2. Physical model and overview of our main results

We consider an ensemble of N atoms that can be effectively described as two-level systems {|↑⟩ , |↓⟩}
interacting with a single cavity mode with resonance frequency ωc and linewidth κ. The cavity is driven
by a laser of frequency ωd, with detuning δ = ωd −ωc, amplitude β, and with a phase chosen so that the
driving term takes the standard form β(â† + â), where â denotes the cavity annihilation operator in the
rotating frame of the drive. Under these assumptions, the system Hamiltonian reads

Ĥ=−δb̂†b̂+ g Ŝz
(
b̂†b̂+αb̂† +α∗b̂

)
, (1)

where Ŝz =
∑N

i=1(|↑⟩i⟨↑|− |↓⟩i⟨↓|)/2 is the collective spin operator along the z axis, and b̂= â−α

denotes the annihilation operator of the displaced cavity mode, chosen so that ⟨b̂⟩= 0 in the stationary
state in the absence of atom-cavity coupling. The displacement parameter

α=
−iβ

−iδ+κ/2
(2)

corresponds to the steady-state amplitude of the driven cavity field in the uncoupled limit, giving an
average photon number ⟨â†â⟩= |α|2. See section 5 for more details on the derivation of this model.

The full atom-cavity dynamics, including photon loss from the cavity, is governed by the Lindblad
master equation

d

dt
ρ= L(ρ) =−iĤ× (ρ)+κD

[
b̂
]
(ρ) , (3)

where Ĥ×(•) := [Ĥ,•], and D[L̂](•) := L̂ • L̂† − 1
2 (L̂

†L̂ •+ • L̂†L̂) denotes the dissipator associated with

jump operator L̂.

2.1. Adiabatic elimination in the bad-cavity limit
In the so-called bad-cavity limit the cavity decay rate κ is much larger than the atom-cavity coupling g,
and one can perform an adiabatic elimination of the cavity mode. Up to second-order in the coupling g,
this leads to an effective master equation for the atomic density operator ρs only [19, 28]:

d

dt
ρs =−iχ

[
Ŝ2z ,ρs

]
+ κ̃D

[
Ŝz
]
(ρs) , (4)

where the effective dispersive coupling and dephasing rates are

χ = δ
4g2|α|2

κ2 + 4δ2
, κ̃=

4g2|α|2κ
κ2 + 4δ2

. (5)

For nonzero detuning δ, this corresponds to an effective OAT Hamiltonian, which can generate spin-
squeezed states [13].

2.2. Conditional dynamics under continuous measurement
The above dissipative dynamics can be extended by introducing continuous homodyne monitoring of the
cavity output with efficiency η ∈ [0,1]. The conditional evolution of the system is then described by the
stochastic master equation (SME) in Itô form [48–50]:

dρ= L(ρ) dt+
√
ηH

[√
κ b̂e−iϕ

]
(ρ) dWt, (6)

I(t) dt=
√
ηκ⟨b̂e−iϕ + b̂†eiϕ⟩dt+ dWt, (7)

where H[L̂](•) := L̂ •+ • L̂† −⟨L̂† + L̂⟩• is the measurement back-action superoperator, ϕ is the homo-
dyne phase selecting the measured quadrature, and dWt is a Wiener increment. The averages ⟨·⟩ are
taken over the conditional state ρ(t), which introduces a nonlinearity in the SME.

Adiabatic elimination at the second order has also been applied in this conditional setting, yielding
the effective SME [19, 43]

dρs =−iχ
[
Ŝ2z ,ρs

]
dt+ κ̃D

[
Ŝz
]
(ρs) dt+

√
ηκ̃H

[
Ŝze

−i(ϕ−θs)
]
(ρs) dWt, (8)

I(t) dt= 2cos(ϕ− θs)
√
ηκ̃⟨Ŝz⟩dt+ dWt, (9)

3
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where the reduced jump phase

eiθs =
(d− i)2

1+ d2
, (10)

with d= 2δ/κ, does not affect the unconditional dissipator but plays a role in the conditional dynamics.
In this setting, the regime of interest for spin squeezing corresponds to zero detuning (δ = 0), where an
appropriate choice of the homodyne phase ϕ realizes a continuous QND measurement of Ŝz, resulting in
spin squeezing along this direction [20, 21, 28].

However, as already pointed out in [28] and discussed in the following, the above second-order effec-
tive models can significantly overestimate the degree of spin squeezing compared to the full atom-cavity
dynamics. In particular, they may yield an incorrect scaling of the achievable squeezing with the total
number of atoms N.

2.3. Main result: third-order effective master equations
This subsection presents the central theoretical result of this work: the derivation of a third-order effec-
tive master equation for the atomic subsystem, obtained via a systematic adiabatic elimination of the
cavity mode. This higher-order treatment captures dynamical effects beyond the standard second-order
approximation and is essential to correctly reproduce the scaling of spin squeezing with the number of
atoms N.

Building on recently developed systematic adiabatic elimination techniques for open quantum sys-
tems, valid to arbitrary order in the perturbative parameter ϵ= g/κ, we derive here the effective atomic
master equation up to third order:

d

dt
ρs = Ls (ρs) =−iĤ×

s (ρs)+D
[
L̂s
]
(ρs) , (11)

with the third-order effective Hamiltonian

Ĥs =
4n0κ

(1+ d2)2

(
d

2
ϵ2Ŝ2z −

1− d2

1+ d2
ϵ3Ŝ3z

)
, (12)

where n0 = (2β/κ)2 is the stationary photon number of the uncoupled resonant cavity, and |α|2 =
n0/(1+ d2). The corresponding jump operator, accurate up to second order, is

L̂s =
√
κ̃eiθs

(
Ŝz +

2(d− i)ϵ

1+ d2
Ŝ2z

)
. (13)

The detailed derivation of equations (12) and (13) is presented in sections 4 and 5. It is straightfor-
ward to verify that the second-order contribution to Ĥs and the leading term in L̂s coincide with those
appearing in the standard second-order effective master equation (4).
Starting from the reduced Lindbladian Ls in equation (11), we further propose that the conditional
dynamics under continuous homodyne monitoring of the cavity output is described by the effective
stochastic master equation

dρs = Ls (ρs) dt+
√
ηH

[
L̂se

−iϕ
]
(ρs) dWt, (14)

I(t) dt=
√
η ⟨L̂se−iϕ + L̂†s e

iϕ⟩dt+ dWt, (15)

which takes the standard form for a homodyne measurement of the reduced operator L̂s. This conjecture
is the natural extension of the second-order SME (8) and we discuss its validity in section 5.

In the following section, we assess the physical implications of the dynamics described by the effec-
tive master equations (11) and (14), and analyze the generated spin-squeezing. In particular, we compare
the achievable squeezing and its scaling with the number of atoms N as predicted by the third-order
effective dynamics, by the standard second-order approximation, and by the full atom–cavity master
equation. This comparison highlights the crucial role of higher-order corrections in accurately captur-
ing the collective quantum correlations responsible for metrological enhancement.

4
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3. Numerical results for the spin-squeezing parameter

We now consider how the dynamics described above can evolve an initially separable state into a spin-
squeezed state. Having introduced the collective spin operator Ŝ=

∑N
j=1(

1
2 (|↑⟩j⟨↓|+ |↓⟩j⟨↑|),

1
2i (|↑⟩j⟨↓|−

|↓⟩j⟨↑|),
1
2 (|↑⟩j⟨↑|− |↓⟩j⟨↓|)), we initialize the system of N qubits in a coherent spin state (CSS) along

+X |CSSx⟩=
⊗N

j |→x⟩j, which is in the total spin sector S= Smax = N/2. The evolution governed by the
MEs and SMEs presented in the previous section remains in the Smax sector, and it produces squeezing
of the collective spin, quantified by the spin-squeezing parameter [12, 14]

ξ2 = N
min⊥Var

(
Ŝ⊥
)

|⟨Ŝ⟩|2
, (16)

where min⊥[Var(Ŝ⊥)] indicates the smaller of the two eigenvalues of the covariance matrix Var(Ŝ⊥) of
the collective spin components transverse to the polarization axis ⟨Ŝ⟩/|⟨Ŝ⟩|. The initial CSS has ξ2 = 1,
whereas ξ2 < 1 indicates squeezing of the uncertainty along one direction in the transverse plane with
respect to the CSS state.

Our goal is to compare full dynamics simulations with the reduced-dynamics ones obtained first
by only considering second-order adiabatic elimination known in the literature and then by including
the novel third-order contributions. Since we rigorously derived the unconditional master equation (11)
and argue for the validity of the conditional master equation (14), we are in the position of investigating
three regimes of interest: i) unconditional dynamics only, dominated by the effective OAT Hamiltonian,
ii) QND dynamics with minimized Hamiltonian effect, namely at zero detuning, and iii) the simulta-
neous action of the two, at finite detuning. This case has been systematically investigated at the second-
order level in [19]. Here, we focus on the role of beyond-leading-order effects. In all these scenarios we
will present our numerical findings obtained by simulating both conditional and unconditional dynam-
ics with the QuTiP library [28, 38, 39]. The typical time evolution of the spin-squeezing parameter is
exemplified in appendix A, where details of the simulations are also provided. Starting from ξ2 = 1,
Hamiltonian evolution and/or continuous measurement bring the parameter to values much smaller
than 1, depending on N. Then, the unavoidable loss of contrast due to curvature or dissipation effects
brings again ξ2 towards larger values. This evolution thus manifests an optimal time at which the min-
imum value of ξ2 is reached, defining the optimal parameter ξ2m. In the main text, we collect such opti-
mal ξ2m for increasing N and different parametric regimes. The numerical data produced in this study are
available online [51].

3.1. Unconditional dynamics dominated by the OATHamiltonian
We vary the number of atoms N and study the quench dynamics starting from the spin-coherent state
along the +X direction, comparing to full evolutions starting from the same spin state and an empty
cavity, varying ϵ and d while fixing β/κ= 1. We compare the predictions of the spin-squeezing param-
eters for increasing N from equation (11) against both the full master equation in equation (3) and the
second-order approximation from equation (4). The latter portrays spin squeezing generation in a dissi-
pative OAT model, in the absence of continuous measurement. Analytical predictions for the minimum
spin-squeezing parameter ξ2m in the large-N limit, derived in [19] for different regimes of ϵ and d, also
provide a useful benchmark. Under our assumptions, for the second-order ME (4) the spin-squeezing
parameter is expected to scale as [19]:

ξ2m ≃ 5

2(3d4)1/5
1

N2/5
, (17)

and we include this scaling behavior as a reference in our numerical comparisons.
In figure 1, we show the results for values of ϵ= 0.017 (first row), and ϵ= 0.033 (second row) and

d= 0.8 (first column), d= 1.0 (second column) and d= 1.67 (third column). We immediately observe
that the third-order master equation reproduces much more accurately the full atom-cavity dynamics,
in particular reproducing the fact that the scaling N−2/5, promised by the second-order adiabatic elim-
ination, is lost for N≈ 102 already for values of ϵ≈ 2 · 10−2, that one could consider small enough to
allow for a second-order expansion. Remarkably, in panels a-c, we find that for such a value of ϵ the
third-order master equation is particularly accurate even for large N> 1/ϵ. This might seem surpris-
ing, because, by inspecting the interaction Hamiltonian, one would expect that the perturbative expan-
sion accuracy is determined by ϵ⟨Ŝz⟩ ∼ ϵN. However, we argue that the initial state plays an impor-
tant role, since for the CSS state along +X one has ⟨Ŝz⟩= 0 and ⟨Ŝ2z⟩= N/4. We are led to infer that

5
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Figure 1. Values of the optimal spin-squeezing parameter with increasing number of atoms N, for coupling parameters
ϵ= g/κ= 0.017 (upper row) and 0.033 (lower row), and driving laser detunings d= 2δ/κ= 0.8 (first column), 1.0 (second
column), and 1.67 (third column). Circles: solution of the full unconditional master equation (3). Squares: solution of the
second-order master equation from equation (4). Diamonds: solution of the third-order master equation (11). Dashed line:
second-order asymptotic result, equation (17). Horizontal dashed line: standard quantum limit. Statistical error bars are smaller
than symbol sizes.

the relevant small parameter determining the degree of convergence of this reduced quench dynam-

ics is ϵ
√
⟨Ŝ2z⟩ ∼ ϵ

√
N, while N∼ 1/ϵ corresponds to the order of magnitude of the optimal number of

atoms for spin squeezing generation. We generally observe that with decreasing ϵ and increasing d more
spin squeezing is generated. This effect is not obvious, because it stems from both the Hamiltonian and
dissipative parts of the dynamics. Recall, for example, that the purely Hamiltonian second-order result
ξ2m = 32/3/2N2/3 is independent of ϵ and d, which only set the timescale of OAT dynamics. Effectively,
equations (12) and (13) are an expansion in the parameter ϵ/

√
1+ d2, which is largest for d→ 0. Since

we keep ϵ fixed in each row of figure 1, beyond-leading-order effects are stronger in panel d. In panel
f, where ϵ= 0.033 and d= 1.67, the third-order results, although more accurate than the second-order
ones at small N, depart significantly from the full simulations for large N, by predicting less spin squeez-
ing than is seen in the full simulations. This result is at variance with panel e, which corresponds to the
same ϵ but for detuning d= 1. This hints at a role of d in determining the degree of convergence of the
perturbative expansion in ϵ. A possible explanation is the following: in the full simulations, we observed
that, at fixed ϵ and with increasing d> 1, the number of photons in the full dynamics fluctuates signif-
icantly before settling to the stationary value, analogously to the uncoupled case of a driven-dissipative
cavity. Such large fluctuations in the number of photons arguably already introduce non-trivial squeez-
ing dynamics, therefore it is not true that the reduced atomic density matrix TrB(ρ) is still close to the
initial CSS after the transient. While such transient mixing time always occurs, since κ is finite, when
d is small the average number of photons only smoothly increases from zero to the stationary value,
reducing its impact in transient squeezing generation. This explains the observation in panel f, that for
increasing ϵ and large d> 1 the third-order expansion is not as accurate as for d∼ 1. Notice also that
for exactly d= 1 the third-order Hamiltonian contribution in equation (12) vanishes. This implies that
the significant departure of the full results from the second-order results in panels b and e is essentially
due to the beyond-second-order correction of the dissipative contribution alone.

3.2. QND conditional dynamics at zero detuning
We now consider the scenario where the cavity output is continuously monitored via homodyne detec-
tion. If we further assume a resonant laser driving (zero detuning d= 0) and fix the physical homodyne
phase to ϕ = 0, we obtain an effective QND measurement of the Ŝz spin component. It is thus expected

6
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Figure 2. Values of the optimal (average) spin-squeezing parameter with increasing number of atoms N, for the conditional
dynamics described by equation (14) with coupling parameters ϵ= 0.017 (panel (a), and ϵ= 0.033 (panel (b), for driving laser
detuning d= 0, homodyne phase ϕ = 0, and efficiency η = 1. Circles: solution of the full equation (6). Diamonds: solution of
the third-order equation (14). Squares: solution of equation (14) truncated to second order. Dashed line: second-order asymp-
totic result in the case d= 0, equation (18). Horizontal dashed line: standard quantum limit. Statistical error bars are smaller
than symbol sizes.

that each conditional state will exhibit measurement-induced spin squeezing. In this scenario we will
consider as a figure of merit the spin-squeezing parameter averaged over all the possible conditional
states. Numerically, this is obtained by performing a Monte Carlo sampling of the quantum trajecto-
ries as described in [28]. As in the previous scenario, also here the (averaged) spin-squeezing parameter
shows a non-monotonic behavior in time and we focus on the optimal (minimum) value ξ2m. We esti-
mate also its Monte Carlo uncertainty, which is nevertheless not noticeable in the figures.

In figure 2, we show the results of QuTiP simulations of the conditional dynamics with maximum
efficiency η = 1, given by the stochastic master equation (6) in the full Hilbert space, compared to the
results from the third-order reduced master equation (14) and its truncation to second order. We simu-
late the couplings ϵ= 0.017 (panel a) and ϵ= 0.033 (panel b), as in figure 1. As a reference, we also plot
the analytical second-order asymptotic result found in [28] for the case d= 0:

ξ2m ≃ 3

2

1

N2/3
. (18)

We observe that this dynamics manifests more spin squeezing than the unconditional case of figure 1. It
is indeed known that QND spin squeezing generation is favored in the resonant case (see references [18,
19]). The full conditional simulations show a minimum of the optimal spin-squeezing parameter in the
considered range of N for the larger ϵ coupling of panel b, an effect that was observed in [28] and which
is completely missed by the second-order conditional dynamics. The third-order result starts to mani-
fest such a feature only at much higher N. As we discussed previously, this could be partially due to the
effectively larger coupling when d= 0.

The third-order result is overall more accurate than the second-order one, especially for large N.
Whereas for sufficiently small N third-order corrections are negligible, for intermediate N they appear
to give a less favorable minimum squeezing parameter than the one given by the full dynamics, which is
instead better approximated by the second-order description. We rationalize this counterintuitive behav-
ior by observing that our conditional dynamics is simulated with the standard form of the stochastic
master equation for continuously monitored quantum systems, equation (14), where jump operators in
dissipation channels are equal to the measurement ones. This in particular means that the back-action
terms in the second-order (third-order) SMEs contain the jump operators at first-order (second-order),
insofar as these are the ones showing up in the dissipators. As commonly done in the literature [19, 43],
we are therefore missing the contribution to the stochastic term that comes from the reduced measured
operator calculated at next order. Arguably, including a Ŝ3z correction to the back-action term in the
third-order SME, would improve the spin-squeezing parameter, and, conversely, including the Ŝ2z cor-
rection to the back-action term in the second-order SME would make it worse, thus enhancing the accu-
racy of both approximations. We plan to numerically investigate this possibility in future work.

3.3. QND conditional dynamics at finite detuning
Finally, in figure 3, we show the results of QuTiP simulations of the conditional dynamics where both
QND measurements and Hamiltonian spin squeezing generation are active, namely at finite d, consider-
ing the same values of ϵ and d as in figure 1. In these simulations, we fix the physical homodyne phase

7
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Figure 3. Values of the optimal (average) spin-squeezing parameter with increasing number of atoms N, for the condi-
tional dynamics with coupling parameters and driving laser detunings arrayed as in figure 1, the optimal homodyne phase
of equation (63), and efficiency η = 1. Circles: solution of the full equation (6). Diamonds: solution of the third-order
equation (14). Squares: solution of equation (14) truncated to second order. Dashed line: second-order asymptotic result in the
case d= 0, equation (18). Horizontal dashed line: standard quantum limit. Statistical error bars are smaller than symbol sizes.

to the d-dependent value given by equation (63) (more details about this can be found in section 5),
and consider the efficiency η = 1. With increasing ϵ or decreasing d, the full simulations manifest the
generation of less squeezing, analogously to the unconditional case, even though the relative changes
are less marked. The simulations in the second row of figure 3 clearly display an optimum in the spin-
squeezing parameter at a certain number of atoms. Quite interestingly, differently from the case of d= 0
of figure 2, here the third-order results reproduce this effect with reasonable accuracy, even though their
dependence on d appears to be much less marked than in the full simulations. We have also numerical
evidence (not shown) that doing these conditional simulations with a non-optimal homodyne phase,
such as ϕ = 0, yields both less spin squeezing and a worse comparison between the full and reduced
dynamics.

4. Adiabatic elimination for bipartite open quantum systems

In this section, we provide a brief yet comprehensive description of the adiabatic elimination method
introduced in [45–47], where second-order formulas for the solutions of the associated Sylvester
equations are derived, and provide generic formulas for the third-order contributions, which we will
apply to the considered atom-cavity system in section 5. Central to this reduction method based on
central manifold theory is the presence of an invariant subspace corresponding to slow dynamics and
characterized by the (right) eigenoperators of the Lindbladian whose eigenvalues have real part close to
zero. Model reduction introduces two maps: one parameterizing the DOFs on the invariant manifold, K,
and the other describing the time evolution of the parameters, Ls. In [46], it is assumed that the fast-
decaying subsystem exponentially converges to a unique steady state, i.e. that its Lindbladian has a sim-
ple zero eigenvalue and all other eigenvalues have strictly negative real part. The method developed there
allows one, in the case of weak interaction, to systematically compute both K and Ls maps as asymptotic
expansions with respect to the timescale separation between the slow and fast dynamics.

For a bipartite open quantum system let H=HA ⊗HB be the total Hilbert space, where HA (HB) is
the Hilbert space of the slow (fast) subsystem. The density matrix ρ follows the Lindblad equation

d

dt
ρ= L(ρ) =−i

(
ĤA ⊗ ÎB

)×
(ρ)+ IA ⊗LB (ρ)− iĤ×

int (ρ) , (19)

8
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where ÎM is the identity operator and IM the identity superoperator, associated with the Hilbert space
HM, M= {A, B}. We are therefore restricting to a unitary dynamics for the slow subsystem. LB is the
Lindbladian acting only on the Hilbert space HB,

LB (•) =−iĤ×
B (•)+D

[
L̂
]
(•) , (20)

where the jump operator L̂=
√
κ ĉ is associated to the damping rate κ which identifies the fast dynam-

ics. As for the interaction term between subsystems A and B we take the form

Ĥint = gÂ⊗ B̂ , (21)

with Â and B̂ operators on HA and HB respectively and g a small positive coupling parameter, iden-
tifying the slow dynamics. As mentioned above, once we have chosen a parameterization ρs on the
invariant manifold, our aim is to determine the superoperator Ls describing the time evolution of ρs,
namely (d/dt)ρs = Ls(ρs), and the full-dynamics solution map K between ρs and the solution ρ of
equation (19), namely ρ=K(ρs). This is achieved solving for the invariance condition

K (Ls (ρs)) = L(K (ρs)) , (22)

which can be done order by order in terms of the asymptotic expansions

K =

∞∑
n=0

ϵnKn, Ls =

∞∑
n=0

ϵnLs,n , (23)

where the perturbative parameter is ϵ= g/κ≪ 1. For ϵ= 0 the invariant manifold S0, on which all
eigenvalues are purely imaginary, is spanned by all the density matrices ρ= ρs ⊗ ρ̄B, with ρs any den-
sity matrix on HA and ρ̄B the unique steady state of LB in HB. The solution to the above-stated problem
is given by

Ls,0 (ρs) =−iĤ×
A (ρs) , K0 (ρs) = ρs ⊗ ρ̄B , (24)

with ρs = TrB(ρ). For ϵ ̸= 0 the invariant submanifold Sϵ is not the same as S0 because of the correla-
tions created by Ĥint between the two subsystems A and B, so that we have to solve, order by order, the
equations

−i
(
ĤA ⊗ ÎB

)×
(ϵKn (ρs))+ IA ⊗LB (ϵKn (ρs))− iĤ×

int (Kn−1 (ρs)) =
n∑

m=0

Km (ϵLs,n−m (ρs)) , (25)

which can be re-expressed as Sylvester equations,

−i
(
ĤA⊗ ÎB

)×
(ϵKn (ρs))+IA ⊗LB (ϵKn (ρs))−Kn (ϵLs,0 (ρs)) = iĤ×

int (Kn−1 (ρs))+
n−1∑
m=0

Km (ϵLs,n−m (ρs)) ,

(26)

Note that the solutions (23) of equations (26) are not unique. For instance, for any solution Ls,K and
any fixed unitary Û, L ′

s (•) = ÛLs(Û† • Û)Û† and K ′(•) =K(Û† • Û) are also solutions of equation (22).
There is actually a gauge freedom associated with the DOFs parameterization on the invariant manifold;
in [46] it has been conjectured that there is a gauge choice such that the reduced dynamics is governed
by a Lindblad equation and the assignment of reduced DOFs is a trace-preserving completely-positive
map (namely a Kraus map) up to any order of the asymptotic expansion. In the case of an invariant
subspace associated with eigenvalues near zero of the total Lindbladian, this conjecture has been proven
rigorously up to the second order, showing that the evolution equation admits a Lindblad form [46] and
that there always exists a gauge choice ensuring the Kraus map assignment [52]. In the case of an invari-
ant subspace featuring large, almost purely imaginary eigenvalues, i.e. of a persistent unitary dynam-
ics after decay, similar results have been proven under technical conditions on the fast unitary dynam-
ics [53, 54]. More recently, this conjecture has been challenged by computations at higher orders in [55].
For the time being, we make the gauge choice

ρs = TrB (ρ) = TrB (K (ρs)) , (27)

9
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which implies

TrB (K1 (ρs)) = TrB (K2 (ρs)) = TrB (K3 (ρs)) = . . .= 0 . (28)

We shall show in section 5 that with this gauge choice we can straightforwardly argue for completely
positive Lindbladian dynamics for the atom-cavity system after adiabatic elimination of the cavity up to
the third order.

We further observe that TrB(LB(•)) = 0 and TrB([ĤA,•]) = [ĤA,TrB(•)], so that tracing equation (25)
one obtains

ϵLs,n (ρs) =−iTrB
(
Ĥ×

int (Kn−1 (ρs))
)
=−ig

[
Â,TrB

((
ÎA ⊗ B̂

)
Kn−1 (ρs)

)]
. (29)

The right-hand side of equation (26) is therefore known at each given order n. In particular one
obtains [47],

ϵLs,1 (ρs) =−igTrB
(
B̂ρ̄B
)[

Â,ρs
]
, (30)

for n= 1, and

ϵK1 (ρs) =−ig

ˆ
dt
(
Â- (t)ρs ⊗ etLB

(
B̂0ρ̄B

)
− ρsÂ

- (t)⊗ etLB
(
ρ̄BB̂0

))
, (31)

where Â-(t) = e−itĤ×
A (Â), B̂0 = B̂−TrB

(
B̂ρ̄B
)
ÎB. Throughout the paper, the limits of the formal time

integrals are meant to be from 0 to ∞. One thus obtains the second-order term

ϵ2Ls,2 (ρs) =−g2
ˆ

dt
([

Â, Â- (t)ρsc(t)
]
−
[
Â,ρsÂ

- (t) c̃(t)
])

, (32)

with

c(t) = TrB
(
B̂etLB

(
B̂0ρ̄B

))
= TrB

(
etL

∗
B
(
B̂
)
B̂0ρ̄B

)
, (33)

c̃(t) = TrB
(
B̂etLB

(
ρ̄BB̂0

))
= TrB

(
etL

∗
B
(
B̂
)
ρ̄BB̂0

)
, (34)

where L∗
B(•) = i[ÎA ⊗ ĤB,•] + L̂† • L̂−{L̂†L̂,•}/2 is the adjoint superoperator of LB. Using this result,

the right-hand side of equation (26) for n= 2 is known and we get the solution

ϵ2K2(ρs) = g2
ˆ

dt ′
ˆ

dt

(
−
[
Â-(t ′), Â-(t+ t ′)ρs

]
⊗ et

′LB

(
1

2

{
B̂0,e

tLB(B̂0ρ̄B)
}
− c(t)ρ̄B

)
−
{
Â-(t ′), Â-(t+ t ′)ρs

}
⊗ et

′LB

(
1

2

[
B̂0,e

tLB(B̂0ρ̄B)
])

+
[
Â-(t ′),ρsÂ

-(t+ t ′)
]
⊗ et

′LB

(
1

2

{
B̂0,e

tLB(ρ̄BB̂0)
}
− c̃(t)ρ̄B

)
+
{
Â-(t ′),ρsÂ

-(t+ t ′)
}
⊗ et

′LB

(
1

2

[
B̂0,e

tLB(ρ̄BB̂0)
])

−TrB
(
B̂ρ̄B
)[

Â-(t ′), Â-(t+ t ′)
]
ρs ⊗ e(t+t ′)LB(B̂0ρ̄B)

+TrB
(
B̂ρ̄B
)
ρs

[
Â-(t ′), Â-(t+ t ′)

]
⊗ e(t+t ′)LB(ρ̄BB̂0)

)
. (35)

The final formula for the third-order reduced Lindbladian is

ϵ3Ls,3(ρs) =−ig
[
Â,TrB

(
(ÎA ⊗ B̂)ϵ2K2(ρs)

)]
,

= ig3
ˆ

dt ′
ˆ

dt

([
Â,
[
Â-(t ′), Â-(t+ t ′)ρs

]](
d(t, t ′)− c(t)TrB

(
B̂ρ̄B
))

−
[
Â,
[
Â-(t ′),ρsÂ

-(t+ t ′)
]](

d̃(t, t ′)− c̃(t)TrB
(
B̂ρ̄B
))

10
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+
[
Â,
{
Â-(t ′), Â-(t+ t ′)ρs

}]
f(t, t ′)−

[
Â,
{
Â-(t ′),ρsÂ

-(t+ t ′)
}]

f̃(t, t ′)

+TrB
(
B̂ρ̄B
)[

Â,
[
Â-(t ′), Â-(t+ t ′)

]]
ρsc(t+ t ′)

−TrB
(
B̂ρ̄B
)
ρs

[
Â,
[
Â-(t ′), Â-(t+ t ′)

]]
c̃(t+ t ′)

)
, (36)

where

d(t, t ′) =
1

2
TrB
(
etL

∗
B
({

B̂(t ′) , B̂0

})
B̂0ρ̄B

)
, (37)

f(t, t ′) =
1

2
TrB
(
etL

∗
B
([
B̂(t ′) , B̂0

])
B̂0ρ̄B

)
, (38)

d̃(t, t ′) =
1

2
TrB
(
etL

∗
B
({

B̂(t ′) , B̂0

})
ρ̄BB̂0

)
, (39)

f̃(t, t ′) =
1

2
TrB
(
etL

∗
B
([
B̂(t ′) , B̂0

])
ρ̄BB̂0

)
. (40)

We point out that the operators inside the traces in the coefficients (33) and (34), (37)–(40) are time-
evolved by the adjoint Lindblad operator, i.e. they are in the Heisenberg picture. We refer to appendix B
for the details of the derivation.

5. The atom-cavity system

The system of interest in this work is an ensemble of atoms trapped in a tight lattice and off-resonantly
coupled to a high-finesse cavity. In this dispersive regime, only two internal atomic levels are considered,
together with a single cavity mode, while the auxiliary excited atomic level is eliminated via a standard
procedure under the condition that the atomic transition energy is the largest energy scale [56], thereby
yielding Hamiltonian (1). The adaptation from the Λ− to the V−level structure is straightforward [28].
For the sake of simplicity, we neglect atomic dissipative processes mediated by cavity coupling [19].

In this section, we explicitly evaluate the coefficients appearing in the formulae of the previous
section, for the considered atom-cavity system. The first step is to identify the bipartite structure of the
system, whose dynamics is given by equation (3). The cavity’s dissipative dynamics is governed by the
superoperator

LB (•) =−i
(
ÎA ⊗ ĤB

)×
(•)+D

[√
κb̂
]
(•) , (41)

with

ĤB =−δb̂†b̂ , (42)

whereas the atoms have a trivial unitary dynamics in their rotating frame

ĤA = 0 , (43)

which significantly simplifies the computations. The two subsystems interact through the Hamiltonian
interaction

Ĥint = gŜz
(
b̂†b̂+αb̂† +α∗b̂

)
≡ gÂ⊗ B̂ . (44)

where Â= Ŝz and B̂= b̂†b̂+αb̂† +α∗b̂. Since Â= Â-(t) = Ŝz because of (43), all the expressions of the
previous section are significantly simplified, and in particular equations (32) and (36) reduce to

ϵ2Ls,2 (ρs) =− g2
(
C
[
Â, Âρs

]
−C∗

[
Â,ρsÂ

])
, (45)

ϵ3Ls,3(ρs) =ig3
(
DŜz

[
Ŝz,
[
Ŝz,ρs

]]
−D∗

[
Ŝz,
[
Ŝz,ρs

]]
Ŝz +FŜz

[
Ŝz,
{
Ŝz,ρs

}]
+ F∗

[
Ŝz,
{
Ŝz,ρs

}]
Ŝz
)
, (46)

11



Quantum Sci. Technol. 11 (2026) 035019 S Giaccari et al

where

C=

ˆ
dt c(t) , D=

ˆ
dt ′
ˆ

dtd(t, t ′) , F=

ˆ
dt ′
ˆ

dt f(t, t ′) , (47)

noticing that

C∗ =

ˆ
dt c̃(t) , D∗ =

ˆ
dt ′
ˆ

dt d̃(t, t ′) , F∗ =−
ˆ

dt ′
ˆ

dt f̃(t, t ′) . (48)

In appendix C we show that

ϵLs,1 (ρs) = 0 , (49)

and we evaluate the coefficients in equations (45) and (46) as

C=
2in0 (d− i)

κ(1+ d2)2
, (50)

D=
n0
κ2

1

(1+ d2)3
(
3− d2 + id

(
d2 + 5

))
, (51)

F=
n0
κ2

1

(1+ d2)3
(
1− 3d2 + id

(
3− d2

))
. (52)

As shown in appendix C, equation (45) can then be rewritten in the Lindblad form

Ls,2 (ρs) =
4n0κ

(1+ d2)2

(
−i

d

2

[
Ŝ2z ,ρs

]
+

(
ŜzρsŜz −

1

2

{
Ŝ2z ,ρs

}))
, (53)

implying equations (4) and (5), whereas equation (46) becomes

Ls,3 (ρs) =
4n0κ

(1+ d2)2

(
i
1− d2

1+ d2

[
Ŝ3z ,ρs

]
− 2d

1+ d2

{
Ŝ3z ,ρs

}
+

2(d+ i)

1+ d2
ŜzρsŜ

2
z + h.c.

)
. (54)

Putting together all the terms, we get the expression of the master equation up to third order

d

dt
ρs = Ls (ρs) = ϵLs,1 (ρs)+ ϵ2Ls,2 (ρs)+ ϵ3Ls,3 (ρs) =−iĤ×

s (ρs)+ D̃s (ρs) , (55)

where the third-order Hamiltonian is given by equation (12),

Ĥs =
4n0κ

(1+ d2)2

(
d

2
ϵ2Ŝ2z −

1− d2

1+ d2
ϵ3Ŝ3z

)
, (56)

and the third-order dissipator is

D̃s(•) =
4n0κ

(1+ d2)2

(
ϵ2Ŝz • Ŝz −

1

2

{
ϵ2Ŝ2z ,•

}
+
2(d+ i)

1+ d2
ϵ3Ŝz • Ŝ2z +

2(d− i)

1+ d2
ϵ3Ŝ2z • Ŝz −

2d

1+ d2

{
ϵ3Ŝ3z ,•

})
.

(57)

At first sight, it is not obvious that this dissipator corresponds to completely positive dynamics. On the
one hand, one physically expects that starting with the original master equation, in which only a sin-
gle dissipation channel is present, should lead to an effective master equation in which only one jump
operator is present; on the other hand, it seems that two jump operators are present in equation (57),
namely Ŝz and Ŝ2z . The two observations can be reconciled, provided that a suitable combination of Ŝz
and Ŝ2z yields a single jump operator with a positive dissipation rate. This can be achieved by including
the O[ϵ4] contribution 16n0κϵ4(1+ d2)−3Ŝ2z • Ŝ2z , that guarantees that only a single eigenvalue κ̃ of the
Lindbladian matrix is different from zero and real positive, yielding the diagonalized dissipator D[L̂s](•)
with the jump operator L̂s and the eigenvalue κ̃ given by equations (5) and (13). The inclusion of this
O(ϵ4) term to recover a Lindblad-form dissipator with a single jump operator is justified by the struc-
ture of the original full dynamics, which features only one dissipation channel. It is therefore reasonable
to expect that this structural property is preserved after adiabatic elimination [55]. We thus obtain the
completely positive dynamics up to third order, given by the Markovian master equation in the Lindblad
form in equation (11).

12
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The single jump operator L̂s, defined from the reduced dissipator D[L̂s] up to a phase, provides a
way of extending the second-order SME (8) to higher orders. We make the conjecture that the reduced
SME has the form (14), namely it includes a back-action term of type

√
ηH[L̂se−iϕ](ρs)dWt, associated

to the photocurrent variation
√
η ⟨L̂se−iϕ + L̂†s e

iϕ⟩dt+ dWt. This is the standard form of a SME with a
single jump operator [50]. While it reduces to the unconditional case of equation (11) when the noise
is averaged, it also posits a mapping between the single quantum trajectories of the full and the reduced
cases.

Since, differently from references [20, 21, 43], we consider generic scaled detuning d, the reduced
jump phase has to be suitably tuned. Reference [19] proposed a mean-field determination of such phase,
that we report here for completeness. We start from the full unconditional master equation with the
unshifted modes and substitute Ŝz with its average value:

dρ

dt
=−i

[
−δâ†â+ g⟨Ŝz⟩â†â+β

(
â† + â

)
,ρ
]
+κ

(
âρâ† − 1

2

{
â†â,ρ

})
. (58)

The stationary value of the field is determined by a mean-field shift of the detuning δ → δMF = δ− g⟨Ŝz⟩,
namely

α→ αMF =
−iβ

−iδMF +κ/2
≈ α

(
1+

ig⟨Ŝz⟩
iδ−κ/2

)
. (59)

This implies that the stationary average value of the original jump operator
√
κ b̂ at the mean-field

level is

√
κ⟨b̂⟩ ≈

√
κ(αMF −α) =

igα
√
κ⟨Ŝz⟩

iδ−κ/2
=
√
κ̃eiθs⟨Ŝz⟩ . (60)

The reduced jump phase eiθs = (d− i)2/(1+ d2) depends only on the scaled detuning d. We argue that
at higher orders in ϵ it will not get modified, since in the considered model only the combination ϵŜz
can appear, as we already consistently derived in the dissipator. Finally, we hypothesize that the rela-
tion between the average values also holds at the operator level, and thus obtain equation (13) for the
reduced jump operator, namely

L̂s =
√
κ̃eiθs

(
Ŝz +

2(d− i)ϵ

1+ d2
Ŝ2z

)
. (61)

An extended discussion on the validity of this derivation will be given elsewhere [57], while here we ver-
ify this prescription a posteriori from the simulation results of section 3.

We now discuss the role of the homodyne phase ϕ. Since the leading-order term of the jump opera-
tor, L̂MF

s =
√
κ̃eiθs Ŝz, is proportional to Ŝz, we argue that maximizing its contribution to the photocurrent

will induce more spin squeezing in the atomic system. Therefore we look for the homodyne phase such
that

∂
⟨
L̂MF
s e−iϕ + L̂MF†

s eiϕ
⟩

∂ϕ
= 0 , (62)

which yields the optimal ϕ

ϕ = θs =−2arctan(1/d) , (63)

consistent with the choice made in [19]. Going beyond the leading order in equation (62) and determin-
ing the optimal ϕ using also the next-order term in the jump operator does not provide better values
of the spin-squeezing parameter, because it would optimize the measurement of a combination of ⟨Ŝz⟩
and ⟨Ŝ2z⟩.

6. Conclusions

In this work, we have reported a study of spin squeezing generation in a system of cold atoms on a lat-
tice in a leaky cavity driven by an external laser detuned with respect to the cavity resonance frequency,
both in the absence and in the presence of continuous homodyne measurement of the transmitted field.
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We have shown evidence for a loss of scalability with the number of atoms when cavity-atom coupling
increases with respect to the dissipation or measurement rate, at odds with asymptotic scaling behaviors
often discussed in the literature. This was proven by numerical simulation of the full atom-cavity system
and related to a newly computed third-order contribution from adiabatic elimination. Such next-order
correction to the well-established second-order dynamics is sufficient to qualitatively change the optimal
spin-squeezing parameter behavior at large atom numbers, in agreement with the full simulations. The
loss of scalability may impact future applications in quantum technologies, since it implies that there
exists an optimal number of atoms for spin squeezing generation, given atomic and cavity parameters.
A complete study of this effect as the parameters involved in the model vary is left for future work. In
particular, numerical efficiency is quite sensitive to the number N of probes and a convenient strategy to
overcome this difficulty could be the generalized cumulant expansion approach developed by [58, 59].
We finally remark that a proper demonstration of the adiabatic elimination for the stochastic master
equation describing the conditional dynamics is still missing in the literature, and we also plan to prop-
erly tackle this problem in a future work [57].
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Appendix A. Data analysis

In figure 4, we show two examples of the time evolution of the spin-squeezing parameter. On panel a,
unconditional dynamics is simulated, using the mcsolve QuTiP routine. We solve the master equation
of the full system, equation (3), the reduced second-order master equation, equation (4), and the
reduced third-order master equation, equation (11). On panel b, M= 1000 conditional trajectories are
simulated with the ssesolve QuTiP routine. We solve the SME of the full system, equation (6), and the
reduced SME, equation (14), truncated to either second or third order. The spin-squeezing parameter
is evaluated for each of the quantum trajectories (not shown), and its average over trajectories is shown
in panel b, together with standard deviation error bars. Due to the computational burden of simulat-
ing many trajectories, the chosen maximum time of simulation is shorter in panel b than in panel a. In
both panels, the reduced dynamics curves are manually time-shifted in order to compensate for the ini-
tial cavity-filling dynamics of the full case (see [28]). Specific parameters of the simulated systems are
reported in the caption, and other technical details are the same as discussed in [28]. The minimum of
the spin-squeezing parameter is then fitted from each curve. This yields the optimal ξ2m at the considered
N. Results for varying N are finally collected to produce figures 1–3.

Appendix B. Solution to the invariance condition up to third order

We present here the details of the derivation of formulae (31) and (32), (35) and (36) in section 4. We
can spell out equation (26) for the first few orders

− i
(
ĤA ⊗ ÎB

)×
(ϵK1 (ρs))+ ÎA ⊗LB (ϵK1 (ρs))− iĤ×

int (K0 (ρs)) =K0 (ϵLs,1 (ρs))+ ϵK1 (Ls,0 (ρs)) , (64)
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Figure 4. Time evolution of the spin-squeezing parameter. Panel a: unconditional dynamics for N= 110, ϵ= g/κ= 0.017,
d= 2δ/κ= 1.0. Panel b: Trajectory-averaged conditional dynamics for N= 72, ϵ= g/κ= 0.033, d= 2δ/κ= 1.67, ϕ = θs
(equation (63)), with the error bars corresponding to the standard deviation of the mean. Solid lines: solution of the full
equations. Dotted lines: solution of the second-order equations. Dot-dashed lines: solutions of the third-order equations.
Horizontal dashed line: standard quantum limit.

− i
(
ĤA ⊗ ÎB

)× (
ϵ2K2 (ρs)

)
+ ÎA ⊗LB

(
ϵ2K2 (ρs)

)
− iĤ×

int (ϵK1 (ρs))

=K0

(
ϵ2Ls,2 (ρs)

)
+ ϵK1 (ϵLs,1 (ρs))+ ϵ2K2 (Ls,0 (ρs)) , (65)

− i
(
ĤA ⊗ ÎB

)× (
ϵ3K3 (ρs)

)
+ ÎA ⊗LB

(
ϵ3K3 (ρs)

)
− iĤ×

int

(
ϵ2K2 (ρs)

)
=K0

(
ϵ3Ls,3 (ρs)

)
+ ϵK1

(
ϵ2Ls,2 (ρs)

)
+ ϵ2K2 (ϵLs,1 (ρs))+ ϵ3K3 (Ls,0 (ρs)) . (66)

Upon tracing out over the states of fast subspace, one finds

ϵLs,1 (ρs) =−iTrB
(
Ĥ×

int (K0 (ρs))
)
=−igTrB

(
B̂ρ̄B
)[

Â,ρs
]
, (67)

ϵLs,2 (ρs) =−iTrB
(
Ĥ×

int (K1 (ρs))
)
=−ig

[
Â,TrB

((
ÎA ⊗ B̂

)
K1 (ρs)

)]
, (68)

ϵLs,3 (ρs) =−iTrB
(
Ĥ×

int (K2 (ρs))
)
=−ig

[
Â,TrB

((
ÎA ⊗ B̂

)
K2 (ρs)

)]
. (69)

We can then rewrite equation (64) as

− i
(
ĤA ⊗ ÎB

)×
(ϵK1 (ρs))+ ÎA ⊗LB (ϵK1 (ρs))− ϵK1 (Ls,0 (ρs)) = iĤ×

int (K0 (ρs))+K0 (ϵLs,1 (ρs)) , (70)

where the right-hand is known. Inserting equation (67) in equation (70), we find

− i(ĤA ⊗ ÎB)
×(ϵK1(ρs))+ ÎA ⊗LB (ϵK1(ρs))+ iϵK1

(
Ĥ×

A (ρs)
)

= ig
[
Â⊗ B̂,ρs ⊗ ρ̄B

]
− igTrB

(
B̂ρ̄B
)[

Â,ρs ⊗ ρ̄B

]
= ig

[
Â⊗ B̂0,ρs ⊗ ρ̄B

]
. (71)

The solution of this Sylvester equation for K1(ρs) can be written as

ϵK1 (ρs) =−ig

ˆ
dte

t
(
(−iĤA⊗ÎB)

×
+ÎA⊗LB

) [
Â⊗ B̂0,e

itĤ×
A (ρs)⊗ ρ̄B

]
=−ig

ˆ
dte−itĤ×

A

(
Â
)
ρs ⊗ etLB

(
B̂0ρ̄B

)
− ρse

−itĤ×
A

(
Â
)
⊗ etLB

(
ρ̄BB̂0

)
, (72)

which brings about equation (31). Inserting equation (31) into equation (68), we get

ϵ2Ls,2 (ρs) = g2
ˆ

dt
([

Â,ρsÂ
- (t)TrB

(
B̂etLB

(
ρ̄BB̂0

))]
−
[
Â, Â- (t)ρsTrB

(
B̂etLB

(
B̂0ρ̄B

))])
, (73)

namely equation (32). We can now rewrite equation (65) as

− i
(
ĤA ⊗ ÎB

)× (
ϵ2K2 (ρs)

)
+ ÎA ⊗LB

(
ϵ2K2 (ρs)

)
− ϵ2K2 (Ls,0 (ρs))

=K0

(
ϵ2Ls,2 (ρs)

)
+ ϵK1 (ϵLs,1 (ρs))+ iĤ×

int (ϵK1 (ρs)) , (74)

where the terms on the right-hand side of the equation can now be explicitly written as

K0

(
ϵ2Ls,2 (ρs)

)
=−g2

ˆ
dt
([

Â, Â- (t)ρs
]
c(t)−

[
Â,ρsÂ

- (t)
]
c̃(t)
)
⊗ ρ̄B , (75)
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ϵK1 (ϵLs,1 (ρs)) =−g2TrB
(
B̂ρ̄B
)ˆ

dt
(
Â- (t)

[
Â,ρs

]
⊗ etLB

(
B̂0ρ̄B

)
−
[
Â,ρs

]
Â- (t)⊗ etLB

(
ρ̄BB̂0

))
(76)

iĤ×
int(ϵK1(ρs)) = g2

ˆ
dt
[
Â⊗ B̂,

(
Â-(t)ρs ⊗ etLB(B̂0ρ̄B)− ρsÂ

-(t)⊗ etLB(ρ̄BB̂0)
)]

= g2
ˆ

dt

([
Â, Â-(t)ρs

]
⊗ 1

2

{
B̂,etLB(B̂0ρ̄B)

}
+
{
Â, Â-(t)ρs

}
⊗ 1

2

[
B̂,etLB(B̂0ρ̄B)

]
−
[
Â,ρsÂ

-(t)
]
⊗ 1

2

{
B̂,etLB(ρ̄BB̂0)

}
−
{
Â,ρsÂ

-(t)
}
⊗ 1

2

[
B̂,etLB(ρ̄BB̂0)

])
, (77)

finally getting for the right-hand side of equation (72):

X̂= iĤ×
int(ϵK1(ρs))+ ϵK1 (ϵLs,1(ρs))+K0

(
ϵ2Ls,2(ρs)

)
= g2

ˆ
dt

([
Â, Â-(t)ρs

]
⊗
(
1

2

{
B̂0,e

tLB(B̂0ρ̄B)
}
− c(t)ρ̄B

)
−
[
Â,ρsÂ

-(t)
]
⊗
(
1

2

{
B̂0,e

tLB(ρ̄BB̂0)
}
− c̃(t)ρ̄B

)
−
{
Â,ρsÂ

-(t)
}
⊗ 1

2

[
B̂0,e

tLB(ρ̄BB̂0)
]
+
{
Â, Â-(t)ρs

}
⊗ 1

2

[
B̂0,e

tLB(B̂0ρ̄B)
]

+TrB
(
B̂ρ̄B
)([

Â, Â-(t)
]
ρs ⊗ etLB(B̂0ρ̄B)− ρs

[
Â, Â-(t)

]
⊗ etLB(ρ̄BB̂0)

))
. (78)

We then have to solve

− i
(
ĤA ⊗ ÎB

)× (
ϵ2K2 (ρs)

)
+ ÎA ⊗LB

(
ϵ2K2 (ρs)

)
+ iϵ2K2

(
Ĥ×

A (ρs)
)
= X̂(ρs) (79)

finding the solution

ϵ2K2 (ρs) =−
ˆ

dt ′ e
t′
(
(−iĤA⊗ÎB)

×
+ÎA⊗LB

)
X̂
(
eit

′Ĥ×
A (ρs)

)
, (80)

which leads to equation (35). Inserting the latter into equation (69), we find

ϵ3Ls,3(ρs) =−ig
[
Â,TrB (( ÎA ⊗ B̂)ϵ2K2(ρs)

)]
= ig3

ˆ
dt ′
ˆ

dt

([
Â,
[
Â-(t ′), Â-(t+ t ′)ρs

]]
TrB

(
B̂et

′LB

(
1

2

{
B̂0,e

tLB(B̂0ρ̄B)
}
− c(t)ρ̄B

))
+
[
Â,
{
Â-(t ′), Â-(t+ t ′)ρs

}]
TrB

(
B̂et

′LB

(
1

2

[
B̂0,e

tLB(B̂0ρ̄B)
]))

−
[
Â,
[
Â-(t ′),ρsÂ

-(t+ t ′)
]]

TrB

(
B̂et

′LB

(
1

2

{
B̂0,e

tLB(ρ̄BB̂0)
}
− c̃(t)ρ̄B

))
−
[
Â,
{
Â-(t ′),ρsÂ

-(t+ t ′)
}]

TrB

(
B̂et

′LB

(
1

2

[
B̂0,e

tLB(ρ̄BB̂0)
]))

+TrB
(
B̂ρ̄B
)[

Â,
[
Â-(t ′), Â-(t+ t ′)

]]
ρsTrB

(
B̂e(t+t ′)LB(B̂0ρ̄B)

)
−TrB

(
B̂ρ̄B
)
ρs

[
Â,
[
Â-(t ′), Â-(t+ t ′)

]]
TrB
(
B̂e(t+t ′)LB(ρ̄BB̂0)

))
. (81)

The traces showing up in this formula can be re-expressed in terms of a few coefficients dependent on
the specific model under consideration. In particular,
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TrB

(
B̂et

′LB

(
1

2

{
B̂0,e

tLB
(
B̂0ρ̄B

)}
− c(t) ρ̄B

))
= TrB

(
B̂et

′LB

(
1

2

{
B̂0,e

tLB
(
B̂0ρ̄B

)}))
−TrB

(
B̂et

′LB (c(t) ρ̄B)
)

=
1

2
TrB
(
B̂(t ′)

{
B̂0,e

tLB
(
B̂0ρ̄B

)})
− c(t)TrB

(
B̂ρ̄B
)

=
1

2
TrB
({

B̂(t ′) , B̂0

}
etLB

(
B̂0ρ̄B

))
− c(t)TrB

(
B̂ρ̄B
)

=
1

2
TrB
(
etL

∗
B
({

B̂(t ′) , B̂0

})
B̂0ρ̄B

)
− c(t)TrB

(
B̂ρ̄B
)

= d(t, t ′)− c(t)TrB
(
B̂ρ̄B
)
, (82)

and

TrB

(
B̂et

′LB

(
1

2

[
B̂0,e

tLB
(
B̂0ρ̄B

)]))
=

1

2
TrB
(
B̂(t ′)

[
B̂0,e

tLB
(
B̂0ρ̄B

)])
=

1

2
TrB
([
B̂(t ′) , B̂0

]
etLB

(
B̂0ρ̄B

))
= f(t, t ′) , (83)

TrB

(
B̂et

′LB

(
1

2

{
B̂0,e

tLB
(
ρ̄BB̂0

)}
− c̃(t) ρ̄B

))
= d̃(t, t ′)− c̃(t)TrB

(
B̂ρ̄B
)
, (84)

TrB

(
B̂et

′LB

(
1

2

[
B̂0,e

tLB
(
ρ̄BB̂0

)]))
= f̃(t, t ′) , (85)

so that equation (78) gives equation (36).

Appendix C. Third-order expansion of reduced Lindblad superoperatorLs for the
atom-cavity system

In this appendix, we give the details of the derivation of equations (53) and (54). We take advantage of
the fact that the dynamics of the cavity subsystem is simple enough that the time evolution can be easily
computed for any operator in the Heisenberg picture. We assume that the unique steady state of the cav-
ity subsystem is described by ρ̄B = |0⟩⟨0|B, where |0⟩B is the driven cavity vacuum defined by b̂ |0⟩B = 0,
and therefore we have TrB

(
B̂ρ̄B
)
= 0, so that ϵLs,1(ρs) = 0. Given the cavity dynamics adjunct operator

L∗
B(•) = i(ÎA ⊗ ĤB)

×(•)+κ(b̂† • b̂−{b̂†b̂,•}/2), the first step is to show that the adjoint dynamics of
operators expressed in terms of the cavity photon creation and destruction operators can be systemat-
ically derived. This guarantees the calculability of the model-dependent functions (33) and (34), (37)–
(40) entering formulae (31) and (32), (35) and (36). We can prove that in general the following holds
for any ordered operator

L∗
B

((
b̂†
)m(

b̂
)n)

=−
(
iδ (m− n)+

κ

2
(m+ n)

)(
b̂†
)m(

b̂
)n

, (86)

so that

etL
∗
B

((
b̂†
)m(

b̂
)n)

=
(
b̂† (t)

)m(
b̂(t)

)n
. (87)

Notice however the same is not true for unordered operators since etL
∗
B

(
[b̂, b̂†]

)
= 1 ̸=

[
b̂(t), b̂†(t)

]
=

e−κt. Formula (86) is crucial in proving that

d

dt
B̂(t) = L∗

B

(
etL

∗
B
(
B̂
))

= etL
∗
B
(
L∗
B

(
B̂
))

= etL
∗
B

(
−κb̂†b̂−

(
iδ+

κ

2

)
αb̂† +

(
iδ− κ

2

)
α∗b̂
)

=−κb̂† (t) b̂(t)−
(
iδ+

κ

2

)
αb̂† (t)+

(
iδ− κ

2

)
α∗b̂(t) (88)

where B̂(t) = etL
∗
B
(
B̂
)
, b̂(t) = e(iδ−

κ
2 )tb̂ and b̂†(t) = e−(iδ+

κ
2 )tb̂†. The solution is easily seen to be

B̂(t) = b̂† (t) b̂(t)+αb̂† (t)+α∗b̂(t) . (89)

17



Quantum Sci. Technol. 11 (2026) 035019 S Giaccari et al

One can then compute

c(t) = TrB
(
B̂(t) B̂0ρ̄B

)
= |α|2e(iδ−

κ
2 )t ,

c̃(t) = TrB
(
B̂(t) ρ̄BB̂0

)
= |α|2e−(iδ+

κ
2 )t , (90)

which can be substituted into equation (47) to get equations (50)–(52) straightforwardly. Using for-
mula (86) we can also compute the coefficients (37)–(40). In particular, we have

d(t, t ′) =
1

2
|α|2e(iδ−

κ
2 )t
(
e−κt ′ + e(iδ−

κ
2 )t

′
)
, (91)

f(t, t ′) =
1

2
|α|2e(iδ−

κ
2 )t
(
−e−κt ′ + e(iδ−

κ
2 )t

′
)
, (92)

d̃(t, t ′) =
1

2
|α|2e−(iδ+

κ
2 )t
(
e−κt ′ + e−(iδ+

κ
2 )t

′
)
= d∗ (t, t ′) , (93)

f̃(t, t ′) =
1

2
|α|2e−(iδ+

κ
2 )t
(
e−κt ′ − e−(iδ+

κ
2 )t

′
)
=−f∗ (t, t ′) . (94)

One can readily infer that the above procedure could be extended to arbitrary order. We leave this for
future work.
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