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We present a theoretical analysis of BeatNote Superlattices (BNSLs), a recently demonstrated technique for
generating periodic trapping potentials for ultracold atomic clouds, with arbitrarily large lattice spacings while
maintaining interferometric stability. By combining two optical lattices with slightly different wavelengths, a
beatnote intensity pattern is formed, generating, for low depths, an effective lattice potential with a periodicity
equal to the wavelength associated to the difference between the wave vectors of the two lattices. We study the
range of lattice depths and wavelengths under which this approximation is valid and investigate its robustness
against perturbations. We present a few examples where the use of BNSLs could offer significant advantages
in comparison to well-established techniques for the manipulation of ultracold atomic gases. Our results
highlight the potential of BNSLs for quantum simulation, atom interferometry, and other applications in quantum

technologies.

DOI: 10.1103/zpxp-btt5

I. INTRODUCTION

The coherent evolution of matter waves is at the core
of various quantum technologies based on ultracold gases,
including atomic clocks [1], quantum simulators [2], atom
interferometers [3], and quantum computers [4]. However,
these devices require the manipulation of atomic clouds using
external potentials, which inevitably introduce decoherence.

Optical lattices created by retroreflected laser beams have
proven to be a powerful tool for precise control of the external
wave function of quantum particles [5-7]. This advantage
arises from the fact that their spatial periodicity is determined
by the laser wavelength, which can be stabilized with high
precision, using optical cavities [8]. Additionally, laser power
instabilities induce common-mode fluctuations of the depth
of the lattice sites, with minor influence on the coherent
evolution of the atoms. However, the separation between the
potential minima in such lattices is constrained to half the
wavelength of the laser used. With only a few notable excep-
tions [9], this typically limits the lattice spacing to a maximum
of approximately 1 wm, due to the scarcity of high-power

“Contact author: fattori @lens.unifi.it

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOL

2469-9926/2025/112(4)/043323(16)

043323-1

laser sources at longer wavelengths. When lattice spacings of
several microns are required, an alternative approach involves
crossing laser beams at small angles [5,10-14]. Additionally,
Digital Micromirror Devices (DMDs) [15] or, more in gen-
eral, Spatial Light Modulators (SLMs) [16], can be employed
to shape trapping potentials arbitrarily. However, these meth-
ods lack interferometric stability, as they depend on the quality
of the projection optics and are highly sensitive to thermal
drifts and mechanical vibrations of optical components.

Recently, a technique based on BeatNote Superlattices
(BNSLs) has been experimentally demonstrated as a means
to create periodic potentials with arbitrarily large spatial pe-
riodicity [17]. Using this approach, effective lattice potentials
with periodicities of 10 and 5 um have been realized, enabling
precise manipulation of both the spatial and the momen-
tum wave functions of ultracold atoms [18]. This method
relies on two standard optical lattices with slightly different
wavelengths, such that a large but finite number of spatial
oscillations is required for the relative positions of their po-
tential minima to rephase. This rephasing distance determines
the large periodicity of the overall potential while preserv-
ing the interferometric stability of standard optical lattices.
Although the experimental realization of BNSLs has already
been demonstrated, a comprehensive theoretical description
of the trapping potential generated by this lattice configuration
remains to be fully established.

In this work, we address this open question by performing
a complete analysis of BNSLs, studying their sensitivity to
system parameters such as the amplitude and phase of the

Published by the American Physical Society
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individual optical lattices and how these affect their overall
stability. In addition, we explicitly demonstrate how BNSLs
can be an extremely useful tool in realistic experimental sce-
narios by considering a number of possible applications.

The paper is organized as follows. Section II introduces the
BNSL potential and its two spatial periodicities arising from
the average or the difference between the wave vectors of the
two lattices. In Sec. III, we investigate the low-depth regime
of the lattices. Through a perturbative analysis, we show that,
for the low-lying energy states, the BNSL potential behaves
analogously to an optical lattice with a spatial periodicity
equal to the beating distance of the two lattices. Here, and
throughout the paper, the analysis is performed at the single-
particle level. By numerically diagonalizing the Schrédinger
equation, we examine the validity range of this approximation
and analyze how deviations in the energy spectrum arise when
the commensurability condition on the two wavelengths is
broken. Section IV focuses on the intermediate- and high-
depth regimes of the lattices. When tunneling between the
cells of the large-spacing effective potential becomes negli-
gible, the relevant energy scales are determined by the band
gaps of the overall periodic potential. We provide a compre-
hensive analysis of how these gaps depend on the relative
phase between the two lattices, their amplitudes, and their
wavelengths. Finally, in Sec. V, we discuss three key potential
applications of BNSLs that may be of interest to the ultracold
gases community. In the Appendixes, we provide the details
of the derivations and supplementary discussions.

II. SYSTEM

We consider a particle of mass m subject to a bichromatic
optical lattice potential

Vp(x) = Vi sin?(kix + ¢1) + Vasin®(kox + ), (1)

composed by two lattices with amplitudes V;, wave vectors
k; = 2w /X;, and phases ¢; (i = 1,2). Here, we choose the
wavelengths A; to fulfill the condition (n 4+ 1)1 = ni, = A,
with n an integer and A /2 representing the actual periodicity of
the whole potential (see below). The case of n = 1 has already
been studied in several experiments [19], while in this work
we will focus our analysis on the case of n >> 1, such that
the spatial periodicity of Vz(x) is much larger than that of the
two lattices. This case has been experimentally implemented
in Ref. [17].

We focus on the case V| =V, =V, leaving the general
case V| # V, to Appendix A. By using standard trigonometric
transformations, the above potential in Eq. (1) can be written
as

Vp(x) = Vo[l — cos(k_x + ¢_)cos(krx +¢,)],  (2)

where we have defined ky = k; & k>, and ¢ similarly. The
above expression reveals that, apart from a constant term
Vo, the potential consists of a fast-oscillating term with
period A, = 27 /k,, which is further modulated by a slowly
varying periodic amplitude of wavelength A_ = 27 /k_ = A.
It is also convenient to introduce the Bragg wave vector
kgr =k;/2 and the corresponding energy Ep+ =
Iizkl,z;+ /(2m), which represents the characteristic momentum
and energy scales associated to the fast spatial oscillations. A
sketch of the potential is shown in Fig. 1.

UARRR AR

dy = X\1/2
WVHUHU 4=,
FIG. 1. Sketch of the BNSL potential. Two optical lattices
with periodicities d; = X;/2 (i =1, 2), satisfying the condition
(n+ 1)A; = nA,, are superimposed to produce a fast-oscillating
potential with periodicity d. = A =~ X,/2 (here n = 20). This po-
tential is modulated by a slowly varying periodic amplitude, such
that its envelope (defined in the text) has a period of d_ = ni,/2.

The latter determines the effective superlattice V. (x), as discussed
in the following section [see Eq. (6)].

In the following sections, we will explore various aspects
of this potential across different regimes. Initially, we will
consider the low lattice depth regime, Vy < Ep+, which can
be conveniently treated by means of an effective description
through a perturbative approach. Then, we will address the
intermediate and high-depth regimes, where a full numerical
approach is required. Hereafter, the example provided corre-
sponds to a configuration with A; = 1013.7 nm and n = 20
[17], unless stated otherwise.

III. PERTURBATIVE REGIME

In this section we focus on the shallow lattice regime,
Vo < Ep-+. Initially, we also set ¢; = ¢, = 0 in order to sim-
plify the discussion. The effect of a phase mismatch between
the two lattices will be discussed at the end of this section.

To start, it is worth noting that in general, when the
potential can be factorized into the product of a slowly vary-
ing envelope amplitude and a rapidly oscillating periodic
component, one can describe the dynamical behavior of the
system in terms of an effective Schrodinger equation, em-
ploying an effective potential characterized by a single spatial
periodicity. This can be demonstrated under certain hy-
potheses, as discussed in Ref. [20]. Here, we adopt a
complementary approach tailored to the specific framework
of periodic lattices. This approach is particularly suited for
discussing the perturbative regime, employing the standard
concepts of Bloch theory for periodic potentials. In particular,
it consists in using an envelope function approach along with
a perturbative treatment of the fast oscillating component at
k., by considering the component at k_ as a slow-varying
modulation of the amplitude of the former.

Envelope function approach. We start by recalling that the
Schrodinger equation governing the evolution of the particle’s
wave function W(x, ¢) in the presence of a generic periodic
potential V; (x) = Vo (x + d),

2
i3, W(x,t) = [—j—mvz + VL(x)] W(x, ), (3)

can be conveniently transformed into an effective equation de-
scribing the coarse-grained dynamics on a scale larger than the
potential period d (see, for instance, Ref. [21]). Namely, one
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FIG. 2. Plot of the BNSL potential Vz(x) (blue solid line) along
with the effective potential V.g(x) for three different amplitudes (red
lines), Vy/Ep+ = 0.25, 1, 4. Notice that energies are rescaled by a
(dimensionless) scale factor of V;/Ep+, so that Vz(x) remains invari-
ant in form. The orange line represents the envelope of the BNSL, in
the terminology of the signal processing analysis (see text).

can write
R0 X (x) = £,(=iV) xa(x), “4)

where the functions y,(x) are the continuum limit of the
amplitudes in the Wannier basis representation, and ¢, (k) the
energy-quasimomentum dispersion relation of the nth Bloch
band, with k — —iV [21]. Such functions represent the en-
velope functions which provide an effective description of the
system, when one is interested in “macroscopic” properties on
a scale much larger than the lattice spacing. In the following
we will focus on the lowest Bloch band, and we will omit the
band index for notation easiness.

Perturbative approach. When the potential is weak, we
can use the perturbative approach discussed in Ref. [22] (see
Chap. 9 therein). Here we focus on the fast oscillating com-
ponent only, and we rewrite the whole potential as V(x) =
Wll — « cos(kyx)]. Then, assuming that there is no near de-
generacy between energy bands, which is the case when k is
not too close to the band edges, the dispersion relation can be
approximated as (k < k) [23]

(k) ke vef1— g2 (5)

e(k) ~ — — a” ).
2m 0 8EB+

Finally, going back to position space, k — —iV [see Eq. (4)]

and replacing o with the slowly varying amplitude at k_, one

can approximate the system’s Hamiltonian as H = ¢(—iV) =

— (K% /2m)V? + Ve (x) with

Vo
8Ep+

Vegr(x) = Vo[l - cosz(k_x)] (6)
being the effective potential. Both the BNSL potential and the
effective potential V.¢(x) are shown in Fig. 2, for three differ-
ent amplitudes Vj. It should be emphasized that, as mentioned
before, this result could be also obtained with the method
discussed in Ref. [20] [see Eq. (21) therein]. Both the BNSL
potential and the effective potential V.¢(x) are shown in Fig. 2,
for three different amplitudes V;.

(b)

S £

s S

3 &

El o

- B

= S

\uj/ 3 L L 1
(f)

0 !
0 1 2 3 -10 0 10
k/k_ x (pm)

FIG. 3. Comparison of the energy dispersion relation ¢ (k) (left)
and the ground-state density distribution |v(x)|?> (right) between
the BNSL potential V3(x) (blue circles) and the effective potential
Ver(x) (red line). (a), (b) Vo/Ep+ = 0.25. (¢), (d) Vo/Ep+ = 1. At
this depth, the analogy starts to fail, but one can recover it with a
suitable rescaling of the amplitude of the effective lattice (red dashed
line). (e), (f) Vo/Ep+ = 4. The structure of the spectrum of a BNSL
significantly differs from that of a single-wavelength lattice with the
same periodicity, making rescaling no longer applicable.

It is also interesting to note that the effective potential
Vese(x) can be related to the envelope of the BNSL potential,
in the context of signal processing analysis, as discussed in
Appendix B. Specifically, it can be shown that the enve-
lope of the potential Vg(x)/Vy — 1 is |V, (x)| = | cos(k_x)|,
which corresponds to the orange solid line in Fig. 2, mod-
ulo a vertical rigid shift. This result can also be inferred
directly from the expression for Vg(x) in Eq. (2). Accord-
ingly, the effective potential can be expressed as Vz(x)/Vy =
1 — (Vo/8Ep+)|Va()P.

The validity of this approximation is investigated through
the numerical analysis shown in Fig. 3. Here, the energy
spectrum and the ground-state wave function of a particle in a
BNSL are compared with those in the corresponding effective
potential Vg (x), for increasing values of the potential ampli-
tude. For Vy/Ep+ = 0.25, the approximation is clearly valid.
When V >~ Ep+, although the analogy does not fully hold, it
is possible to roughly match the first three energy bands of the
BNSL with those of Vg by applying a suitable normalization
factor, as indicated by the dotted line in Fig. 3(b). Once V,
significantly exceeds E+, the analogy breaks down, as shown
in Fig. 3(f) for the case V/Ep+ = 4.

Role of wavelength commensurability and phase mis-
match. Notably, in the perturbative regime, the properties
of the BNSL are insensitive to both the commensurability
condition (n + 1)A; = ni, and the phases of the two un-
derlying optical lattices. Regarding the former, this arises
from the generality of the effective potential approach, which
extends beyond the specific case of periodic potentials, as
discussed in Ref. [20]. As for the phase, it is evident from
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the perturbative approach leading to Eq. (A7) that any details
regarding the phase ¢, of the fast spatial modulation are lost,
while the relative phase ¢_ only induces a rigid shift in the
effective potential. This result can also be understood as a con-
sequence of the properties of the BNSL envelope, as discussed
in Appendix B. Therefore, we will fix ¢_ = 0 in the following
discussion, without any loss of generality.

To provide a quantitative analysis of these aspects while
simultaneously identifying a figure of merit associated with
the validity of the perturbative regime, we introduce the fol-
lowing normalized RMS deviation §& between the spectrum
of the effective potential and that of the full BNSL potential,

se=V, 'y \/ (ePNSL — gefh)2 /Ny, (7)

kE’C3

which we compute for the first three energy bands, as con-
sidered in Fig. 3, with K3 representing the set of available k
values, and N3 denoting the number of these values (the set
is discrete, as it is obtained from a numerical implementa-
tion). We find that 8 < 10~ for V, < Ep+, and it shows no
appreciable dependence on the ratio A,/A; or on the phase
¢ of the fast spatial oscillations. This confirms that, within
the perturbative regime, the effective potential is indeed a
very accurate and highly robust approximation of the BNSL
lattice, proving to be insensitive to both phase mismatch and
the commensurability of the primary lattices.

IV. GENERAL DISCUSSION

We now extend the discussion to regimes of lattice intensi-
ties for which the perturbative approach, namely, the effective
potential Vg in Eq. (6), no longer provides an accurate de-
scription of the BNSL. In general, for Vy 2 Ep+, one should
therefore take into account the full structure of the potential,
as given in Eq. (2).

A. Intermediate regimes

One important question to address is whether the BNSL,
in the regime of potential depths where it acts like a large-
spacing optical lattice, can be sufficiently deep to effectively
separate atoms between the lattice sites, thereby minimizing
residual tunneling at distances exceeding d_.

Let us introduce the recoil energy Eg- = Ii*k% /(2m) asso-
ciated to the effective potential in Eq. (6), and let us indicate
with s the amplitude of the latter, in units of Eg-. Specif-
ically, s = [VOZ/ (8Ep+)]/ER-. Then, when V) &~ Ep+ and the
spacing between sites is large, n >> 1, the effective lattice
depth parameter s &~ (n + 1/2)?/8 can become very large.
As a consequence, the tunneling between neighboring sites
of the effective lattice becomes negligible, Jog >~ J(Eg-, §) =
(4//7)Eg- §3/4e2V5 [24], which is reflected in the flattening
of the first energy band, as seen in Fig. 3. In such a regime, the
BNSL can be viewed as an array of potential wells capable of
trapping independent clouds of atoms, separated by a distance
d_. Therefore, when Vj) exceeds Eg+, we can focus the analy-
sis on a single period of the slowly varying envelope without
any loss of generality, as shown in Fig. 4(a). In this scenario,
the system is characterized by three energy scales, as indicated
in Fig. 4(b): the single-site trapping energy 7w, the tunneling

-5 z (pm) 5

iinvﬂl\!\f\f\ﬂl\ﬂﬂﬂl\ﬂﬂnnﬂv;
M

-0
(b)

Vg (arb. units)

w
\

T
.

5 (um

) 0.5
J
61

1 (arb. units)

x (pm)

FIG. 4. Plot of the BNSL potential and of its first three eigen-
states. (a) The BNSL potential, within a single period of length d_.
(b) Zoom-in on the lowest minimum and its adjacent minima. The
red dots indicate the harmonic approximation of each individual well,
characterized by the frequency w. J represents the tunneling between
adjacent wells, and § denotes the corresponding energy offset (see
text). (c) Plot of the ground state (blue) and of the first two excited
states (red and orange, respectively) of the BNSL potential (black
line; arbitrary units), for Vo = 7Eg+. Here ¢y = ¢, = 0.

energy J between neighboring sites, and the corresponding
energy offset §.

In order to provide a quantitative estimate of the former
two, it is convenient to use as a reference the case of a single,
fast-oscillating lattice with wavelength X [see Eq. (2)]. Such
a potential can be written as V,(x) = Vy[1 — cos(kix)] =
s+Epg+ sin?(kg+x), with s+ = 2Vp/Ep+. In this context, the
single-site trapping energy is approximately /iw >~ 2Ep+ /s,
which is larger than Ep+ and increases with s;. The tun-
neling energy is J >~ J(Ep+, s4+), which lies below Ep+ and
decreases with s. The potential energy difference § between
neighboring sites, is instead determined by the slowly vary-
ing envelope of the BNSL and it can be approximated as
6 =~ V(2w /ky) — Vp(0), namely [25],

~V 272
212

In the intermediate-depth regimes, the ratio between J and &
determines the occupation of each lattice site and the energy
levels, given that /iw is larger than the other energy scales.
In particular, when § 2 J, only the central site and the two
neighboring ones are primarily occupied. This is the case
shown in Fig. 4(c), where we plot the wave functions of the
ground state and of the first two excited states of the BNSL
potential in Eq. (2), for V) = 7Ep+.

®)

B. Energy gaps

As seen in Fig. 3(e), increasing the lattice intensity flat-
tens the bands, making the spectrum’s structure effectively
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0.08
0.07
0.06
0.05
0.04
0.03

gap (units of Fp+)

0.02
0.01
0

Vo/Ep+

FIG. 5. Behavior of the first (blue solid line) and the second (red
dashed line) energy gaps of the BNSL, A, (n =1, 2), along with
those of Vi (see legend), as a function of Vy, for ¢; = ¢, =0. In
addition, we plot the tunneling energy J (dotted-dashed line) for
a lattice with periodicity d,. Note that the bifurcation of the two
energy gaps and their deviation from the V. case occur when J
becomes comparable to the energy gaps. Here, we use a slightly
different expression for J compared to that in Ref. [24], namely,
J(s4) = 1.43Ep+s0%e7297V5+ [26], which is more accurate in the
regime of low intensities, s, < 10Ep+.

characterized by the arrangement and properties of the band
gaps. Motivated by this, we now consider the first two energy
gaps of the BNSL, which we define as A, = Aeg(nk_) (n =
1, 2), according to Fig. 3. Their behavior as a function of V; is
shown in Fig. 5, alongside the band gaps A" of the effective
potential and the tunneling energy J between neighboring
sites of the full BNSL lattice. The former nicely reproduce
A, in the low-depth, perturbative regime, for Vy < Ep+, as
expected. The tunneling J provides a typical reference scale.
Indeed, it is interesting to note that both gaps A, of the whole
BNSL potential reach a (local) maximum for Vy =~ 3Ep+,
where they are of the same order as the tunneling energy
J. From this point onward, the second energy gap decreases
towards zero, similarly to J(s).

It is important to note that the discussion above refers to the
case where ¢; = ¢, = 0. Now, let us explore a different sce-
nario, where the fast spatial modulation of the BNSL potential
is offset relative to the slowly varying envelope. In particular,
we will focus on the case ¢, = 7, where two degenerate min-
ima are symmetrically displaced with respect to the center of
the BNSL envelope, as shown in Fig. 6. For sufficiently deep
lattices, Vy = 7Epg+ in the figure, this configuration closely
resembles that of a balanced double-well potential, in which
the first two eigenstates correspond to nearly degenerate sym-
metric and antisymmetric wave functions (shown in the inset).
In this case, the behavior of the gaps as a function of the lattice
depth Vj is similar to the previous one, but with their behaviors
interchanged for Vy = 3Ep+: where A was increasing and A,
was decreasing, now A; is decreasing and A, is increasing.
It is also worth noting that the low-energy behavior does not
change, as shown by the fact that A nicely matches the first
gap of the effective potential. This is a general consequence
of the robustness of the perturbative approach, which is insen-
sitive to the phase of the lattices and to the commensurability
condition, as discussed at the end of Sec. I11.

0.08 F T T T T T v T T T T ]
007 | Ao m]
< 006 | ‘ s .
] |RAR
oot v U ]
= .
£ 004} -1 2z (um) 1 A
Z 003} 4 :
% 002t f ]
001} [ ]
0 )i A Ag wooeeeen A
0 1 2 3 4 5 6 7 8 9 10
Vo/Ep+

FIG. 6. Behavior of the first two band gaps of the BNSL, A,
(n=1,2), as a function of V), for ¢ = ¢ = 7 /2. Refer to the
caption of Fig. 5 for a complete description of the symbols. The inset
shows the wave function ¥ (arbitrary units) for the ground state (blue
solid line) and of the first excited state (red dashed line) of the BNSL
potential (black line; arbitrary units), for Vy = 7TEg+.

C. Effect of quasiperiodicity and phase mismatch

Building on the previous discussion, we now present a
general overview of the roles of commensurability and phase
mismatch, focusing on the regime of intermediate lattice am-
plitudes. This is particularly relevant for assessing whether
the control of the BNSL wavelength is critical in the exper-
imental realization of a large-spacing lattice. In particular,
we are interested in how breaking the commensurability
condition or introducing a relative phase between the two
lattice components of the BNSL affects the distribution of
the single-site energies in the large-spacing lattice with period
d_ (see Fig. 1). This might be of interest for high-precision
measurement applications, like atom interferometry, where
the equal depth of the lattice sites is a fundamental condition
for the precise operation of the sensor [17,27]. We begin by
examining how the width of the first band of the BNSL,
E(k=k_)— E(k =0), varies as a function of the lattice
amplitude V; and the wavelength ratio A,/A;, while keeping
the phase fixed at ¢, = 0 (see Fig. 7). The bandwidth pro-
vides an estimate of the range over which single-site energies
in the large-spacing lattice are distributed. Overall, the gen-
eral structure behind the figure can be explained as follows.
By increasing V; and fixed ratio A,/A1, first the bandwidth
decreases due to the presence of the effective slowly vary-
ing potential, which opens a band gap at the Brillouin-zone
border. This is especially visible in the top left corner of
the figure [28]. As V; is further increased, the system exits
the perturbative regime, and the scenario changes depend-
ing on the value of X,/A;. For “noncommensurate” values,
several minigaps open in the spectrum, including within the
first energy band, leading to an overall increase in its width.
Notably, this is not the case when the period of the BNSL
maintains the same periodicity d_ as the effective potential,
which occurs when the two wavelengths satisfy the condition
A2/x1 = (n+ 1)/n. This explains the behavior shown in the
figure for A, /A = 17/16, 21/20, 26/25, and 33/32, which
do not show any increase in the bandwidth (corresponding to
the horizontal black stripes).
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FIG. 7. Behavior of the first bandwidth of the BNSL as a func-
tion of the lattice amplitude V; and the wavelength ratio A, /A, for
¢, = 0. For the ratios of the form (n+ 1)/n, as indicated in the
figure (A/A; = 17/16, 21/20, 26/25, 33/32) the true periodicity
of the whole BNSL corresponds to d_ as for the effective potential,
which explains why the bandwidth does not increase with V; (see text
for a more detailed discussion).

Additional insights can be obtained by examining how the
phase ¢ of the fast spatial oscillations affects the zero-point
energy &y of the BNSL potential, within a single period of
length d_, namely, a single well of the large-spacing lattice.
This is shown in Fig. 8 for the commensurate lattice with
Aa2/h1 = 21/20. Although for V) < Ejp+ there is no significant
variation of &y by varying ¢, when the depth V) > Eg+ we
observe that g increases for ¢ approaching w. This can be
explained considering that for ¢, = m the two lattice sites
with minimum energies (see inset of Fig. 6) are shifted to
higher energies with respect to the single-lattice minimum
when ¢, = 0 (see, e.g., Fig. 4). Such shift can be estimated
and compared with the results of the numerical simulations in
a way similar to what has been done in Eq. (8), calculating
V(r/ky) =V (0) =65/4.

0.005

Vo/Ep+

FIG. 8. Behavior of the zero-point energy &y of the BNSL po-
tential within a single period of length d_ (a single well of the
large-spacing lattice), as a function of the lattice amplitude V,, and
the phase ¢ of the fast spatial oscillations, for A,/A; = 21/20.
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FIG. 9. Behavior of the first band gap A, of a BNSL as a function
of Vy, for (a) n = 20 and (b) n = 3. Also shown are the gap A_ of
a single-wavelength lattice with periodicity d_ and the same ratio
of amplitude to recoil energy (orange dotted line); the gap A, of
the corresponding single-wavelength lattice with periodicity d. [red
dashed line in (b)]; the quantity & in Eq. (8) (dotted-dashed line;
see text). The insets show a sketch of the BNSL potential (blue
line) and the V_(x) potential (orange line), in arbitrary units. Here,

$1=¢,=0.

D. Large-depth regime

We conclude this section by considering the regime of
large lattice amplitudes, which is relevant for applications
where optical lattices are used to produce strong spatial
confinement, such as splitting an atomic sample into sepa-
rate components—each trapped in a single-lattice well—and
effectively tuning their dimensionality to lower dimensions
[29]. The following discussion will be useful for the appli-
cations of the BNSL presented in the next section.

In Fig. 9 we show the behavior of the first energy gap A;
of the BNSL, deep into the large-depth regime. For simplicity,
we set ¢ = ¢ = 0.We start by discussing the case n = 20
considered so far, shown in panel (a). For Vy/Ep+ 2 1, the
intensity range displayed in the figure corresponds to the
tight-binding regime, dominated by the trapping within single
wells of the slowly varying envelope ("cells," hereinafter). As
shown earlier in Fig. 4, in this regime the lowest energy state
is mostly localized within the deepest well of the rapidly oscil-
lating lattice with wavelength d, (the central "site"), while the
first excited states occupy the neighboring sites. As a result,
the gap of the BNSL [blue line in Fig. 9(a)] can be roughly
approximated as A =~ § (black dot-dashed line), see Eq. (8),
which corresponds to a linear behavior in V;.

In contrast, the behavior of a single-wavelength lattice is
different, with the gap scaling as +/V,. Specifically, in the
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same figure, we show the gap A_ of a single-wavelength
lattice with the same periodicity d_ as the slowly varying
envelope (orange dotted line), corresponding to the potential
V_(x) = Vysin?(k_x) shown in the inset. It is worth noting
that for sufficiently large lattice amplitudes (for Vy 2 80Ep+
in the present case), the band gap of the BNSL becomes larger
than that of an evenly spaced single lattice.

This feature is especially advantageous for smaller values
of n, as shown in panel (b) for n = 3. The figure demon-
strates that the BNSL can provide much stronger confinement
than a single-wavelength lattice, at equal intensities. Further-
more, for sufficiently large lattice intensity, the gap eventually
matches that of a single-wavelength lattice with periodicity
dy, given by Ay = 2/2VyEp+ (red dashed line) [30]. In this
regime, the ground and first excited states of each cell are
fully localized within the central (deepest) site. The practical
relevance of these features in experimental applications will
be discussed in the next section.

V. APPLICATIONS

During recent years, an increasing number of experimen-
tal platforms have required the use of large-spacing optical
lattices [31-34]. The main reason for this is the use of light
atomic species that have too large tunneling rates in standard
half-micrometer spacing optical lattices, or the requirement
of single-site imaging resolution. In these platforms, BNSLs
might represent a valuable alternative to lattices formed with
beams crossing at small angles. In addition to this straightfor-
ward application, in this section, we explore other situations
where BNSLs could offer improved performances over con-
ventional optical trapping methods.

A. Experiments in lower dimensions

Optical lattices are routinely used to investigate the physics
of ultracold atoms in lower dimensions [35], as they pro-
vide sufficiently strong confinement in one or two spatial
directions. Freezing the dynamics along the lattice directions
requires two conditions: (i) the temperature and chemical po-
tential of the atomic sample being smaller than the first energy
gap, to avoid populating the excited energy bands; and (ii) the
tunneling time between adjacent sites being longer than the
timescale of the experiment.

Recently, also ultracold gases of dipolar molecules have
been trapped in tightly confined layers formed with optical
lattices to suppress inelastic losses and increase their life-
time significantly [13]. Finally, interesting physics emerges
when a couple of two-dimensional layers are coupled by
long-range interactions as reported in several studies [36—38].
However, loading a controlled number of lattice sites re-
mains challenging, especially when atoms are produced in
low-frequency harmonic potentials or when tight longitudinal
confinement and very small lattice spacing are employed.
Current techniques mainly rely on site-selective removal or
transferring atoms to lattices with progressively shorter peri-
odicities [39,40].

In this section, we discuss how to take advantage of
the double spatial periodicity of the BNSL for optimiz-
ing the loading of one or two lattice sites, starting from a

5
4
4
2 —
= 3
So =
8 9o
5 =
1
4
0
BNSL 10 20 30 40 50

t (ms)

FIG. 10. Loading of a BNSL with n = 20 from an initial atomic
cloud (see text for details). The lattice intensity is ramped linearly
from Vy = 1Ep+ to Vo = 10Eg+ over a duration of 50 ms. The fig-
ure shows the evolution of the density distribution over time, within
a single cell of the BNSL (shown in the inset). Here, ¢; = ¢, = 0.

quantum-degenerate gas in the ground state of a harmonic
trap. By increasing the intensity Vj of the BNSL, one can first
squeeze the atomic cloud into the minimum of each cell of the
effective lattice. Then, by further increasing Vj, the atoms can
be adiabatically transferred to the lowest energy sites. In other
words, in a BNSL, the dynamics along the lattice direction
can be effectively frozen either at the scale d_ of the slowly
varying envelope or at the scale d,. of the rapidly oscillating
lattice, by progressively increasing the lattice intensity Vj. By
selecting the appropriate lattice phases, either one or two sites
can be conveniently targeted. To provide a specific example,
we consider the loading of a noninteracting sample of K into
a BNSL potential with »; = 1013.7 nm and n = 20, as used
in the experiment of Ref. [17]. For simplicity, we assume a
one-dimensional setup. The system is initially prepared in the
ground state of a combined potential, consisting of a shallow
BNSL with V, = 1Ep+ and a harmonic trap with frequency
o, = 21 x 50 Hz. The harmonic trapping ensures that all
atoms remain confined within a single well (a cell) of the
effective potential. Then, the BNSL is ramped linearly up to
Vo = 10Ep+ over a time t,mp = 50 ms. As shown in the top
panel of Fig. 10, this results in 99% of all the atoms being con-
fined within a single-lattice site of the BNSL. Higher loading
efficiencies can be achieved using BNSLs with smaller values
of n, that are characterized by larger energy gaps [see Eq. (8)].

Note that at Vy = 10Ep+, the BNSL already provides the
same energy gap that would require higher intensities in a
single-wavelength lattice with periodicity d_ (see Fig. 9).
This naturally leads to a reduction in the radial confinement
induced by the finite size of the laser beams, a reduction that
is particularly advantageous in two-dimensional (2D) physics
experiments where a large number of radial modes below the
first energy gap of the lattice are needed. Similarly, the fact
that a BNSL can provide much stronger confinement than
a single-wavelength lattice at equal intensities can be espe-
cially beneficial for producing an interacting condensate in the
2D regime, for which the condition o < & must be fulfilled,
where & is the healing length and o is the longitudinal size of
the condensate [41].
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B. Array of double-well potentials

Double-well potentials have been used to realize atom
interferometers using Bose-Einstein condensates trapped in
two spatial modes [42,43]. The operation of such devices
is strongly affected by trapping instabilities and new con-
figurations immune to noise sources might lead to superior
performances. One interesting solution is offered by a super-
lattice composed by two lattices with one spatial periodicity
equal to half the other [19]. This configuration realizes an
array of double wells where the two modes are spatially sep-
arated by half the value of the shorter wavelength, when the
optical lattices are realized with beams retroreflected on a mir-
ror. Unfortunately, typical visible or near-infrared radiation
leads to submicron distances and strong confinement in each
well. High densities and consequent strong three-body losses
limit the maximum atom number that can be manipulated in
such potentials. One way out is to realize large spacing optical
lattices using beams crossing at small angles, but this put
severe limitations to the stability of the potential that becomes
very sensitive to misalignment [44—46].

The solution we investigate in this section is the use of a
pair of large spacing BNSLs. Considering that each BNSL is
realized with two lasers one might think that four different
wavelengths are required. However, we show that the array
of double wells can be achieved using only three laser beams
whose wavelengths fulfill the conditions

Ai=n/(n+ Diz, Az =n/(n— 1Ay, ©)
with n being an odd integer > 1. The beating between the
individual lattices of A| and A, creates an effective lattice with
lattice spacing nA;, and the same occurs for the beating be-
tween the lattices of A, and A3. The two effective lattices with
spacing nA; cancel out when their phases satisfy the balanced
double-well condition, as we show below. In addition, the
beating between the lattices of A; and A3 generates an effective
lattice with spacing ni,/2, which is exactly half the spacing
of the other two.

The main conceptual steps are outlined here, while the
details of the calculation are provided in the Appendix A 2.
We start by considering the potential

Vas(x) = Y Vsin® (kix + ¢0), (10)
i=1,2,3

where k; = 27 /A;. Then, in the perturbative regime, we calcu-
late the corresponding effective potential (see Appendix A 2),
aiming to express it as a single optical lattice with a slowly
varying amplitude. This requirement, which cannot be met
for arbitrary A;, is satisfied when the wavelengths fulfill the
commensurability condition indicated above. We first note
that lattice 1 and lattice 3 generate a BNSL with a fast spatial
modulation with wave vector ler’S = (k1 + k3), which, for the
chosen lattice wavelengths, is exactly equal to 2k,. For this
reason, it is possible to derive an analytic expression for the
sum of the BNSL potential and the second lattice, featuring
a fast spatial variation equal to A,/2 and a slowly varying
amplitude that defines the effective potential [see Eq. (A13)].
In particular, setting ¢; = ¢, and ¢3 = ¢ + 7 /2 results in an
array of balanced double wells, as shown in Fig. 11(a). In this
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FIG. 11. Plot of the BNSL potential Vp3(x) from Eq. (10) (blue
solid line) alongside the corresponding effective potential V.g(x)
from Eq. (A13) (red dot-dashed line). (a) Balanced case: ¢5 =
¢ + /2, where the effective potential reduces to the simplified
expression in Eq. (11). (b) Unbalanced case: ¢35 = ¢ + 37 /4. In
both cases, the remaining parameters are set to V; = 4V,, V53 = 0.5V},
and ¢; = ¢, = 0.

configuration, the effective potential simplifies to

(Vi = Vs)Vscos (k3x)  ViV; cos (2k13x)
Ver() = = 16E + 16E ’
R2 RZ
(11)

where k'? = k; — k3 = 2k, /n and Eg, = h*k3/2m. With this
lattice configuration in mind, one can first load the atoms into
the minima of the effective potential created solely by lattices
1 and 2 (with V3 = 0), which has an amplitude of V;V,/16Ek, .
Once the atoms are localized, lattice 3 is raised, introducing
a barrier at the center of each well with an amplitude of
V1V3/16Eg,. Simultaneously, the interference between lattices
2 and 3 reduces the amplitude of the effective potential with
wave vector k13, which vanishes entirely when V3 = V;. The
energy imbalance between the right and left modes within
each double well can be tuned by adjusting ¢ [see Eq. (A13)],
as shown in Fig. 11(b). It is also interesting to note that
maintaining the condition ¢; = ¢, while varying the value
of ¢; produces a shift in the fast spatial modulation rela-
tive to the slowly varying envelope Vig(x), but it does not
alter the overall profile of the effective potential. We expect
that this trapping potential configuration might offer superior
stability in comparison to former double-well trapping poten-
tials and simultaneous operation of several interferometers for
residual common noise cancellation [47]. Finally, we would
like to stress that an array of double wells with large spac-
ings and with interferometric stability might be relevant also
for engineering Hubbard couplings for quantum simulation
applications as recently reported in [48].

C. Kapitza-Dirac interferometry

The BNSL has already been used to perform multimode
interferometry on a trapped condensate with time-pulsed
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lattices, the so-called Kapitza-Dirac (KD) interferometry
[18,49]. Here the distinct advantage of the BNSL is the
possibility to split the original condensate in momentum
components finely spaced, p; = 2hk_j with j integer, while
suppressing the generation of the “large” momenta associated
to the individual lattices, i.e., the integer multiples of 2/ik; (k5).
Indeed, while in KD interferometry there is no precise energy
resolution, we can exclude the (high) Fourier frequencies
required to generate the momentum states at 2%k (kp) by
elongating the time duration of the pulsed lattice.

To do so, we consider the time evolution of the
single-particle state |p =0), subject to the BNSL for
0 <t < T. First, it is useful to recall that Vz(x) = (V,/2)

J

[1 —cosRkix)] + (V2/2)[1 — cos(2kox + 2¢p)] amounts to a
sum of translation operators in momentum space, namely,

Vi+V,

Vi
S P - 71(|p+ 2k1) + |p — 2ky))

Ve(x)|p) =

V- . .
- 72(6’2"’ |p + 2ky) + e 2 |p— 2k2)); (12)

hereafter we use ¢ = 0 for simplicity.

In interaction representation, the unitary evolution operator
Ui(T,0) is given by the Dyson series that, arrested to the
second order, reads

1 (7 : , 1 (7 n ; ; -
U(T,0)=1+ E / dtle(l/h)H()tl VB(x)ef(l/h)Hon + (sz) / dr, / dtze(z/h)Hotl VB(x)ef(l/h)Ho(Il 7t2)VB(x)ef(l/h)Hotz_
0 0 0

In this case, Hj is the single-particle free Hamiltonian; the
eigenstates of Hy are also eigenstates of the momentum, with
eigenvalues that can be taken as discrete and numbered. We
consider the evolution of the initial state |0) having momen-
tum |p = 0). The evolved state is

T _(E,T
Uy(T,0)10) =0) =i |m) (m| V5 |0) EF( h )

1 T
+iy_ |m) (m| Vg |n) 7 (Vs 10) —

m,n n

F EmT F (Em_En)T 13
[ ()] o

with F(x) = —i(e” — 1)/x = */*sinc(x/2). Clearly, the
function F (x) enforces energy conservation, since it vanishes
for large x.

With this result in hand, we consider the transition ampli-
tude towards the large momentum state, e.g., towards |2k;), at
the leading first order in Vp:

T

Ex, T
AzklE(ZkﬂU,(T,O)IO):—lEF w ) (14)

where E; = h*k?/(2m) is the kinetic energy of a particle with
momentum k.

Then we consider the transition amplitude towards small
momentum, 7Q = 2hk; — 2/ik,, at the leading second order
in Vp:

Ag = (Q|U((T, 0)]0)

TV (EgT\( 1 1
~ s A 2p(Rel ) .35
h 4 ( h )(EZIq +E72k2 (13)

neglected F[(Eg — Ex,)T/k] and

where we have
FI(Eg — E—y)T/il.
Since the ratio between the two amplitudes is

A Ey. T\[V> [EoT 1% -
() o+ )]
Ao 7 2 7 2E_y,

(

by choosing the time duration of the BNSL such that
h/Ey, < T <« h/Eg, we suppress the large-to-small mo-
mentum components ratio. With the above condition,
F(EQT /h) ~ 1 and F (Ey, T /B) ~ (Ex, T/2R)~", and

i V. v
~ ( CHRTC ) (16)
E2k1 T 2E2kl 2E72k2

A |
Ag

As detailed in Appendix C, the “small” momentum com-
ponent hQ is generated by four-photon processes whereas
the “large” momentum component 2/ik; is generated by two-
photon processes. In principle, one would expect the former
to be suppressed with respect to the latter, but, as stated, the
opposite holds true due to the Fourier content of the time
pulses.

D. Bragg spectroscopy

Bragg spectroscopy is an important tool to measure
the excitation spectrum in many-body quantum gases [50].
In general, two laser beams with unequal frequencies are
employed to transfer energy and momentum in a two-
photon process. The transferred energy is controlled by
adjusting the frequency difference between the two beams;
instead, the transferred momentum is usually varied through
the angle formed by the two beams. Obviously, the control
of the frequency difference is much more precise and accurate
than the control of the angle. The BNSL allows one to achieve
metrological accuracy also for the momentum transfer, since
hk_ is determined by the wavelengths of the two BNSL
components. First we notice that, given a pair of counterprop-
agating beams with different frequencies, we can always find
a reference frame where the beams have the same frequency
and the lattice they form is at rest. However, in the most
general case, for the BNSL the two lattices will be at rest in
different reference frames, thus we do not restrict our analysis
to lattices at rest.

For Bragg spectroscopy, each time-dependent lattice is ob-
tained by two plane waves with equal amplitude:

Ej(x, [) x e—let(elije—léjt + e—lijelajl), ] — l, 2’
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so that, neglecting the DC and uniform terms, the potential
reads

Vie . . .
VB()C, t) - _ Z[EIZklxg 28t te 12k1x€128]t]

_ %[eﬂkzxe—iﬂzt + e—i2k2x6i262t]. (17)

J

S
Q
|

= (QIU)(T,0)0)

In a many-body system, the corresponding Hamiltonian is
[51]

\
H —— _6—1251:‘
5 4

with p, = Zilv:, exp(igx,).

Again, we consider the transition amplitude from an initial
many-body state |0) towards a final state with small total
momentum, iQ = 2hk; — 2hk,, at the leading second order
in Hg:

V- .
P2y — 226_[252[,02@ +Hec.  (18)

>~ j—
h 4 h

LIV <(EQ + 208, — 2h81)T> [(QI pi, 1) (] p, 10)

where we have neglected F[(Eg — E, —2/é,)T /h] and
F[(Eg — E,, —2h8;)T /h]; |n) and |m) are many-body states
with total momentum 27k, and —27k,, respectively.

With the additional control of the frequency differences
28, and 28,, Bragg spectroscopy yields the capability of
energy resolution, meaning that we can tune the frequency dif-
ferences to have (Eg + 2A8, — 2h81)T /i < 1, while (Eg —
E, —2h8,)T/h > 1 and (Eg — E,, —2hé,)T /i > 1. The
same control allows one to off-resonantly suppress the exci-
tation of states of large total momentum +2%k; and £27hk,,
originating in two-photon processes, i.e., first order in Hp.

VI. CONCLUSIONS AND OUTLOOK

We have reported a detailed theoretical analysis of BNSLs
over different regimes of lattice parameters. To begin with, we
identified the range of depths for which the BNSL behaves
like a large spacing effective lattice, providing a rigorous per-
turbative calculation to support this analogy. For intermediate
lattice depths, we studied the dependence of the interband
energy gaps on the relative phase between the two lattices. In
addition, we quantified the energy mismatch between different
effective sites as a function of the ratio of the lattice wave-
lengths, focusing on specific commensurate values. For large
lattice depths, we determined the energy spectrum and studied
the transition from the ground-state wave function, localized
in a single effective cell of the BNSL, to the single site of the
rapidly oscillating lattice potential.

Finally, we have identified three possible scenarios where
the BNSLs might be relevant for current experiments with
ultracold gases. First, BNSLs could be used as a tool to load
atoms in a single site of an optical lattice, starting from a
weakly confined cloud, without any particle loss. In addition,
we have shown that a pair of BNSLs could be used to create
an array of double wells with arbitrarily large spacing and
interferometrical stability. Such a configuration could find
application in atom interferometry with trapped Bose-Einstein
condensates and might offer a significant improvement in the
performance of these devices. Finally, we have derived the
range of applications of BNSLs for the realization of Bragg
pulses with transferred momentum smaller than that associ-
ated with a single lattice.

(Ol pox, Im) (m| p}y, |0>}’ (19)

E, —2hé, E, + 256,

The analysis presented in this work could be a valuable
guide for experimentalists aiming to implement BNSLs. Al-
though the implementation of a beatnote lattice requires the
use of two distinct laser sources, its use is certainly advanta-
geous compared to other techniques when the stability of the
trapping potential for atoms is a critical requirement. More-
over, its realization requires less optical access compared to
other experimental methods. It is therefore realistic to expect
that it will be employed in various applications, particularly
those related to emerging quantum technologies with ultracold
quantum gases.
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APPENDIX A: MULTICHROMATIC POTENTIALS
1. Effective potential of a BNSL

Let us first consider Eq. (1). By using the bisection trigono-
metric formula, it can be written as

Vi
Vp(x) = Y [l — cos(2kix + 2¢1)], (A1)
i=1,2 2
which, by simple algebra, can be conveniently recast as

Vi+V,

Va(x) = > 11— cos(2kix +2¢)]

i=1,2
Vi — V- A
- % > (=) cos(2kix +2¢1).  (A2)
i=1,2

Using the prosthaphaeresis formula on the two pairs of cosines
inside each sum, we eventually get

Vi V;
Vp() =~

+AX)cos[kix + ¢ —0()],  (A3)

where ki = k| & k», and similarly ¢.. Here, both A(x) and
0(x) are slowly varying functions of x. In particular, we have

A@) = 1 JVE 4 V242V VacosRhox +200).  (Ad)

and
c0s8(x) = — 1 er Va cos (k;();j ) (AS)
sino(r) = A Vasintex+¢-) (A6)
2 A)

Finally, by means of the perturbative approach of Sec. III, we
obtain

2
Vi v Vivs
V) =3 (2 - ) - 2% x +2¢_),
err(x) ;<2 32153+) T, COS(Zh-x+20-)

(AT)
which matches Eq. (6) when V| =V, = V,,.

2. Array of double-well potentials

The above approach can be extended to the case of a
potential obtained by superimposing by the three sinusoidal
lattices, as in Eq. (10). In particular, we consider the case in
which the three wavelengths fulfill the commensurate condi-
tions Ay = n/(n+ 1)A; and A3 = n/(n — 1)1,. Therefore, it
is convenient to consider first the BNSL formed by the first
and the third lattice that Eq. (A3) can be written as

Vi+ V-
Vit = =2 ; 2 AN cosklx + L3 — 013 ()],

(A8)

where we have introduced the superscript 1,3 to identify the

lattices the above expression refers to. Notice that kP =k +

ks = 2k;. As a consequence, the total potential
Va3(x) = V3 (x) + Va sin® (kox + o) (A9)

results from the sum of two potentials characterized by the
same fast spatial periodicity of A, /2. Their sum can be easily
calculated analytically. We apply the half angle trigonometric

identity on the second term of Eq. (A9) and then the sum
formula of the derived expression to get

3
1
Vpa(x) = > Z V; + B(x) cos (2krx) + C(x) sin (2kpx),
i=1
(A10)
where

B(x) = —% cos (2¢) — A3 (x) sin [¢L3 — 03 — g]
(A11)
and
Clx) = %sin (2¢y) — A3 (x) cos [¢L3 — 013 (x) — %]
(A12)

are slowly varying functions. As a consequence the overall
potential can be written, except constant terms, as a single
lattice with periodicity A,/2 and amplitude /B2(x) + C2(x).
According to Eq. (6) the effective potential is Velf%“(x) =
—[B*(x) + C*(x)] /Eg,. After some algebra, we get

Verr(x) = — [ViVs cos (k'3x + 2¢12) + VoV

16Ex,
x cos (kx4 2923 4 ViVs cos (2k'2x + 2¢12)],
(A13)

modulo a constant term.

APPENDIX B: ANALYTIC SIGNAL ANALOGY

In this section, we draw a useful analogy with analytic
signal processing. An analytic signal is a complex-valued
function that has no negative frequency components, where
the real and imaginary parts are related by a Hilbert trans-
form. Therefore, starting with a real signal—in our case, an
amplitude-modulated lattice potential V (x)—we can obtain its
analytic representation by defining

Va(x) =V (x) +iH[V (0)], (BI)

where H[-] represents the Hilbert transform [52,53]. To accu-
rately determine the envelope of V (x), it is useful to remove
the zero-frequency component, commonly referred to as the
DC offset, defined as Vpc = limy oo (1/2L) f_LL V(x)dx. The
envelope of V(x) is then obtained as |V,(x) — Vpc| + Vbe,
which is also known as the instantaneous amplitude in the
case of time-varying signals.

Let us then consider a generic BNSL potential as given
in Eq. (Al). By defining Vi, = Vo(1 £ «), y = k_x, we can
rewrite it in a dimensionless form, without loss of generality,
as follows:

Ve (y)

1
Vo) =— = —5 {1 +o)cosny + ¢, +¢-)
0

+(1 —a)cos[2(n+ 1)y + ¢ — ¢_1}, (B2)

where we have disregarded the DC offset V; of the BNSL.
By computing the Hilbert transform, the analytic signal
representation can be written in compact form, after some

043323-11



T. PETRUCCIANI et al.

PHYSICAL REVIEW A 112, 043323 (2025)

—T 0 T

y+o-

FIG. 12. Plot of the potential V(y) in Eq. (B2), for n = 20,
o = 0.1, and two different values of phase: ¢, = 0 (solid blue line)
and ¢, = 7 (solid orange line). The red line depicts the envelope
[Va(»)| in Eq. (B4).

algebra, as
Va(y + ¢-) = —[cos(y) + ia sin(y)]e >0, (B3)
with 6(y) = (n+ 1)(y + ¢—) + ¢+, so that the envelope is

Va + 9] = yJeos?() +a2sin(y).  (B4)

Notice that the envelope is sensitive only to the amplitude
difference between the two optical lattices, proportional to
«. It does not depend on ¢, whereas the relative phase
¢_ represents only a rigid shift. An example configuration is
shown in Fig. 12.

At this point, we are able to establish the connection be-
tween the above formulation and the effective potential for
the perturbative regime. To begin with, it is straightforward to
verify that the above expression (B4) is equivalent to that of
the amplitude A in Eq. (A4), given by |V,(y)| = A(y). Then,
the effective potential in Eq. (A7) is found to be proportional,
modulo a constant DC term, to the square of the amplitude of
the corresponding analytic signal:

Verr(y) o — V(). (B5)

APPENDIX C: PERTURBATION THEORY

1. Optical potential

Generally speaking, the optical potential as written in
Eq. (1) amounts to the ac Stark shift of the atomic ground
state and it arises from second-order perturbation theory of
the electric dipole Hamiltonian:

Hy = —d - e3ER)[exp(iot) + c.c.].

Indeed, with the evolution operator in interaction repre-
sentation we find the probability amplitude to remain in the
ground state:

(01U (T, 0)[0) _1+(h)22/ dtl/ dn,

X e(i/h)Eotl eiwtl we,

(i/WE1

e(i/h)Ent2e—iwt2 hQ"z(R) e—(i/h)Eolz

2
=1—iT Z ngR) [1 — ™/ 2sinc(5,T/2)],

where we have defined the “single-photon” Rabi frequencies
and detunings

2, = (n| d0) - eE(R),
hé, = ho — (E, — Ep).

It is convenient to represent the probability amplitude with
a diagram:

10) n) 0)
—_— - ————
Q”e—“"’t?

It is clear that the first interaction at time #, absorbs a photon,
while the second interaction at time #; > #, emits a photon.
Notice that time flows from right to left. For simplicity, we
redraw the diagram as

whereby a photon is first emitted and then absorbed, is
smaller by a factor §,/(w + E, — Ep) and usually neglected
(“rotating-wave approximation”).

At sufficiently long timescales, i.e., for §,7 >> 1, the sinc
function vanishes:

2()

(01 Uy (T, 0)10) ~1 — Z ~ exp [—iQer(R)T],

Q*R
Qeir(R) =) Z((S )-

The “two-photons” effective Rabi frequency defines the
optical potential: V(R) = liQ.(R). With multiple fields at
different frequencies, the dipole Hamiltonian reads

1
Hy=—d- za:eaié'a(R)[exp(iwat) +ccl,
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and the above amplitude (0| U;(T,0)|0) contains crossed
terms where the photon absorbed is at a frequency different
from the photon emitted, corresponding to diagrams

wa

i

N,

However, these terms are not energy conserving and are
suppressed by the function sinc[(w, — wg)T /2]. Thus, in the
stationary case the optical potential is simply obtained sum-
ming the potentials generated by the individual frequencies:

2 o (R)

Qer(R) = Z Z T

2. Bragg transitions

Let us first consider a single-frequency standing wave
formed by adding two running waves with equal amplitudes

Aol
ER) = Aplexp(ikx) + c.c.].

Alongside the optical potential, arising from considering
the two running waves individually, we can calculate the
amplitude probability for a Bragg transition, that changes the
atomic momentum:

(0; p = 2hk|U(T, 0)|0; p = 0)

e ()= ()]

with 722, = (n|d |0) - € Ay. This corresponds to the diagram

showing that it is also a two-photon process (henceforth we
omit the label of the atomic internal state).

With the BNSL we have two standing waves at frequencies
w; and w,. In principle, a two-photon Bragg process could
lead to the state of low momentum 7(k; — k), according to
the diagram

However, the probability amplitude

(p = (ki — k)| U(T,0)|p =0)

, Q1,2 ,(R) Wy — W) 82,1
= —iT : : F T)-—F —T
l Z 451, [ ( 2 ) (2 >]

vanishes as soon as |w, — w;|T > 1, again because of the
energy mismatch >~ /i(w, — w;) between the final and initial
states.

Instead, Bragg transitions towards low-momentum states
2h(k; — ky) are possible via four-photon processes

e----o e----o
—ko N +kq
~ <k

Notice that, since we consider subsequent absorption and
emission of the photons of the same frequency, the probability
amplitude of these two processes gives the same result that
we obtained using perturbation theory from the optical po-
tential [see Eq. (15)]. By doing so, we neglect the following
processes

that give rise to amplitudes smaller by factors ~Ey, /(fiw, —
hiwy) with respect to the two former diagrams.

APPENDIX D: BAND STRUCTURE

In this section, we provide some complementary informa-
tion regarding the computation of the band structure of the
BNSL. We consider the BNSL potential defined in Sec. II,
with commensurate wavelengths obeying the condition
(n+ 1)A; = nxy = A_. For simplicity, here we consider the
case ¢+ = ¢_ = 0. Then, by changing variables to y = k_x
[see Eq. (B2)], the Hamiltonian can be written as

V V.
H, = —Vyz — ?1 cos(2ny) — 72 cos[2(n + 1)y], (D1)

where energies are measured in units of the recoil energy
E_ = h*k% /(2m) and we omitted a constant offset term.
Equation (D1) is a two-frequency Mathieu-Hill equation that
has been studied extensively in the literature [54—59]. Accord-
ing to Bloch’s theorem, the wave functions can be expanded
in a plane-wave basis ¢,(y) = e/ huq(y) where ¢ is the
quasimomentum and the functions u,(y) have the same pe-
riodicity as the Hamiltonian, u,(y + 7) = u,(y). Substituting
this ansatz into the Hamiltonian and taking the Fourier trans-
form of u,(y) =1/ 2 Zm cq,meiz’"y, we obtain the discrete
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FIG. 13. The Hamiltonian matrix and band structure correspond-
ing to the periodic potential of (a) Eq. (D2) for a BNSL and
(b) Eq. (D3) for a single-lattice potential (see parameters in text).
Although the lowest-energy bands are largely identical, the under-
lying structure of the Hamiltonian matrices is completely different.
Spectroscopically this difference appears only at the higher energy
n = 20 bands.

matrix equation
Vi
(q — 2mk_ )ZCq,m + Z(Cq,ern + Cq,mfn)

2
+ Z(Cq,m+n+l + Cq,m—n—l) = EqnCq,m>» (D2)

which can be diagonalized to compute the band structure.

Equation (D2) is a generalization of a single-lattice eigen-
value equation, and it reduces to it for V, =0 and n = 1. In
particular, as we did in Fig. 3, it is interesting to compare
the general case with the single-lattice effective potential of
Eq. (6). In the dimensionless notation used above, the Hamil-
tonian of the latter reads

H, = —V? v
=

Y T 16 By cos(2y), (D3)

which is obtained from Eq. (D1) by the substitution V; —
VZ(E_/Eg+)/8, along with setting n = 1 and V, = 0. The dif-
ferent structure of the Hamiltonian matrices for the two cases
is shown in Fig. 13. Both matrices have nonzero elements only
on the diagonals, with the main diagonal being the same, as it
corresponds to the kinetic energy term. In the single-lattice
case only the £1 diagonals are populated, whereas in the case
of the BNSL, both the n and n + 1 diagonals are populated.

Figure 13 shows the first 30 lattice bands obtained by diag-
onalizing Eq. (D2) in the reciprocal space, for the single lattice
in Eq. (D3) and the BNSL in Eq. (D2). These are obtained
for (a) n =20 and V; =V, =70 [in units of E_, as used
here, which corresponds to Eg+ /(n + 1/2)*] and for (b)n = 1,
Vi = 1.457, and V, = 0. The energy gaps and bandwidth of
the lowest-energy bands are practically identical. The origin
of these low-energy gaps, however, is different in the two
cases: in the single-lattice case, it arises from a direct two-
photon process, where the photons have the same and opposite
quasimomenta, while in the BNSL case, it corresponds to an
effective Raman process at k; — k;. The direct processes for
the BNSL can be seen as opening the gaps between the n and
n + 1 bands.

[1] A. D. Ludlow, M. M. Boyd, J. Ye, E. Peik, and P. O. Schmidt,
Optical atomic clocks, Rev. Mod. Phys. 87, 637 (2015).

[2] L. Bloch, J. Dalibard, and S. Nascimbéne, Quantum simulations
with ultracold quantum gases, Nat. Phys. 8, 267 (2012).

[3] A.D. Cronin, J. Schmiedmayer, and D. E. Pritchard, Optics and
interferometry with atoms and molecules, Rev. Mod. Phys. 81,
1051 (2009).

[4] M. Saffman, T. G. Walker, and K. Mglmer, Quantum in-
formation with Rydberg atoms, Rev. Mod. Phys. 82, 2313
(2010).

[5]1 O. Morsch and M. Oberthaler, Dynamics of Bose-Einstein
condensates in optical lattices, Rev. Mod. Phys. 78, 179
(2006).

[6] M. Kasevich and S. Chu, Atomic interferometry using stimu-
lated Raman transitions, Phys. Rev. Lett. 67, 181 (1991).

[7] L. Bloch, Ultracold quantum gases in optical lattices, Nat. Phys.
1, 23 (2005).

[8] R. W. P. Drever, J. L. Hall, F. V. Kowalski, J. Hough, G. M.
Ford, A. J. Munley, and H. Ward, Laser phase and frequency
stabilization using an optical resonator, Appl. Phys. B 31, 97
(1983).

[9] R. Scheunemann, F. S. Cataliotti, T. W. Hansch, and M. Weitz,
An optical lattice with single lattice site optical control for
quantum engineering, J. Opt. B: Quantum Semiclassical Opt.
2, 645 (2000).

[10] K. D. Nelson, X. Li, and D. S. Weiss, Imaging single atoms in
a three-dimensional array, Nat. Phys. 3, 556 (2007).

[11] M. Albiez, R. Gati, J. Folling, S. Hunsmann, M. Cristiani, and
M. K. Oberthaler, Direct observation of tunneling and nonlinear
self-trapping in a single bosonic Josephson junction, Phys. Rev.
Lett. 95, 010402 (2005).

[12] T. C. Li, H. Kelkar, D. Medellin, and M. G. Raizen, Real-
time control of the periodicity of a standing wave: an optical
accordion, Opt. Express 16, 5465 (2008).

043323-14


https://doi.org/10.1103/RevModPhys.87.637
https://doi.org/10.1038/nphys2259
https://doi.org/10.1103/RevModPhys.81.1051
https://doi.org/10.1103/RevModPhys.82.2313
https://doi.org/10.1103/RevModPhys.78.179
https://doi.org/10.1103/PhysRevLett.67.181
https://doi.org/10.1038/nphys138
https://doi.org/10.1007/BF00702605
https://doi.org/10.1088/1464-4266/2/5/312
https://doi.org/10.1038/nphys645
https://doi.org/10.1103/PhysRevLett.95.010402
https://doi.org/10.1364/OE.16.005465

LONG-WAVELENGTH OPTICAL LATTICES FROM ...

PHYSICAL REVIEW A 112, 043323 (2025)

[13] G. Valtolina, K. Matsuda, W. G. Tobias, J.-R. Li, L. De Marco,
and J. Ye, Dipolar evaporation of reactive molecules to below
the Fermi temperature, Nature (London) 588, 239 (2020).

[14] S. Hirthe, T. Chalopin, D. Bourgund, P. Bojovi¢, A. Bohrdt,
E. Demler, F. Grusdt, I. Bloch, and T. A. Hilker, Magnetically
mediated hole pairing in fermionic ladders of ultracold atoms,
Nature (London) 613, 463 (2023).

[15] L.-C. Ha, L. W. Clark, C. V. Parker, B. M. Anderson, and C.
Chin, Roton-maxon excitation spectrum of Bose condensates in
a shaken optical lattice, Phys. Rev. Lett. 114, 055301 (2015).

[16] D. Barredo, S. de Léséleuc, V. Lienhard, T. Lahaye, and A.
Browaeys, An atom-by-atom assembler of defect-free arbitrary
two-dimensional atomic arrays, Science 354, 1021 (2016).

[17] L. Masi, T. Petrucciani, G. Ferioli, G. Semeghini, G. Modugno,
M. Inguscio, and M. Fattori, Spatial Bloch oscillations of a
quantum gas in a “beat-note” superlattice, Phys. Rev. Lett. 127,
020601 (2021).

[18] L. Masi, T. Petrucciani, A. Burchianti, C. Fort, M. Inguscio, L.
Marconi, G. Modugno, N. Preti, D. Trypogeorgos, M. Fattori,
and F. Minardi, Multimode trapped interferometer with nonin-
teracting Bose-Einstein condensates, Phys. Rev. Res. 3, 043188
(2021).

[19] J. Sebby-Strabley, M. Anderlini, P. S. Jessen, and J. V. Porto,
Lattice of double wells for manipulating pairs of cold atoms,
Phys. Rev. A 73, 033605 (2006).

[20] V. Novicenko, J. Ruseckas, and E. Anisimovas, Quantum dy-
namics in potentials with fast spatial oscillations, Phys. Rev. A
99, 043608 (2019).

[21] O. Morandi and M. Modugno, Multiband envelope function
model for quantum transport in a tunneling diode, Phys. Rev.
B 71, 235331 (2005).

[22] N. Ashcroft and D. Mermin, Solid State Physics (Saunders
College, Philadelphia, 1976).

[23] The derivation of this equation makes use of Eq. (9.13) from
Ref. [22], setting K; = 0,

e +Y g )’

K20 (5k &k

|Uk |*

where &) corresponds to the free-particle dispersion, and Uy
denotes the Fourier components of the potential, which is fixed
by an arbitrary offset such that Uy = 0. For a potential of the
form U (x) = —Vpa cos(kyx), the only nonzero components are
Uik = —Vpa/2, with K = k. After some algebra, and upon
reinstating the constant term, this yields Eq. (5).

[24] 1. Bloch, J. Dalibard, and W. Zwerger, Many-body physics with
ultracold gases, Rev. Mod. Phys. 80, 885 (2008).

[25] This approximation works reasonably well for n > 1.

[26] F. Gerbier, A. Widera, S. Folling, O. Mandel, T. Gericke, and
I. Bloch, Interference pattern and visibility of a Mott insulator,
Phys. Rev. A 72, 053606 (2005).

[27] 1. Natcz, L. Masi, G. Ferioli, T. Petrucciani, M. Fattori, and J.
Chwedenczuk, Sensitivity bounds of a spatial Bloch-oscillation
atom interferometer, Phys. Rev. A 102, 033318 (2020).

[28] Note that the dependence of the bandwidth on the ratio A,/A,
for low amplitudes, V/Ep+ < 1, does not contradict the valid-
ity of the effective potential. It simply reflects the fact that the
value of k_, which defines the first Brillouin zone, increases
with A, /Ay, and consequently, so does the bandwidth (think of
the free-particle dispersion relation, in the limit V; — 0).

[29] Z. Hadzibabic, P. Kriiger, M. Cheneau, B. Battelier, and
J. Dalibard, Berezinskii—Kosterlitz—Thouless crossover in a
trapped atomic gas, Nature (London) 441, 1118 (2006).

[30] For large n, this occurs when § = hiw, leading to Vy =~
2[(2n + 1)/m*Eg+.

[31] M. Boll, T. A. Hilker, G. Salomon, A. Omran, J. Nespolo,
L. Pollet, I. Bloch, and C. Gross, Spin- and density-resolved
microscopy of antiferromagnetic correlations in Fermi-Hubbard
chains, Science 353, 1257 (2016).

[32] G. Salomon, J. Koepsell, J. Vijayan, T. Hilker, J. Nespolo, L.
Pollet, I. Bloch, and C. Gross, Direct observation of incommen-
surate magnetism in Hubbard chains, Nature (London) 565, 56
(2019).

[33] M. Gall, N. Wurz, J. Samland, C. F. Chan, and M. Kohl,
Competing magnetic orders in a bilayer Hubbard model with
ultracold atoms, Nature (London) 589, 40 (2021).

[34] T. Hartke, B. Oreg, N. Jia, and M. Zwierlein, Doublon-hole
correlations and fluctuation thermometry in a Fermi-Hubbard
gas, Phys. Rev. Lett. 125, 113601 (2020).

[35] Z. Hadzibabic, S. Stock, B. Battelier, V. Bretin, and J. B.
Dalibard, Interference of an array of independent Bose-Einstein
condensates, Phys. Rev. Lett. 93, 180403 (2004).

[36] W. Lechner and P. Zoller, From classical to quantum glasses
with ultracold polar molecules, Phys. Rev. Lett. 111, 185306
(2013).

[37] F. Cinti, D.-W. Wang, and M. Boninsegni, Phases of dipolar
bosons in a bilayer geometry, Phys. Rev. A 95, 023622 (2017).

[38] G. Anich, N. Hollrigl, M. Kreyer, R. Grimm, and E. Kirilov,
Comprehensive characterization of an apparatus for cold elec-
tromagnetic dysprosium dipoles, Phys. Rev. A 110, 023311
(2024).

[39] J. F. Sherson, C. Weitenberg, M. Endres, M. Cheneau, 1. Bloch,
and S. Kuhr, Single-atom-resolved fluorescence imaging of an
atomic Mott insulator, Nature (London) 467, 68 (2010).

[40] J. L. Ville, T. Bienaimé, R. Saint-Jalm, L. Corman, M.
Aidelsburger, L. Chomaz, K. Kleinlein, D. Perconte, S.
Nascimbene, J. Dalibard, and J. Beugnon, Loading and com-
pression of a single two-dimensional Bose gas in an optical
accordion, Phys. Rev. A 95, 013632 (2017).

[41] The longitudinal size o is determined by the effective trap-
ping frequency provided by the lattice potential at each
lattice site, which is related to the first energy gap by the
relation A > Hweg.

[42] Y. Shin, M. Saba, T. A. Pasquini, W. Ketterle, D. E. Pritchard,
and A. E. Leanhardt, Atom interferometry with Bose-Einstein
condensates in a double-well potential, Phys. Rev. Lett. 92,
050405 (2004).

[43] T. Berrada, S. van Frank, R. Biicker, T. Schumm, J.-F. Schaff,
and J. Schmiedmayer, Integrated Mach—Zehnder interferometer
for Bose—Einstein condensates, Nat. Commun. 4, 2077 (2013).

[44] J. Esteve, C. Gross, A. Weller, S. Giovanazzi, and M. K.
Oberthaler, Squeezing and entanglement in a Bose—Einstein
condensate, Nature (London) 455, 1216 (2008).

[45] A. Trenkwalder, G. Spagnolli, G. Semeghini, S. Coop, M.
Landini, P. Castilho, L. Pezze, G. Modugno, M. Inguscio,
A. Smerzi, and M. Fattori, Quantum phase transitions with
parity-symmetry breaking and hysteresis, Nat. Phys. 12, 826
(2016).

[46] G. Spagnolli, G. Semeghini, L. Masi, G. Ferioli, A.
Trenkwalder, S. Coop, M. Landini, L. Pezze, G. Modugno, M.

043323-15


https://doi.org/10.1038/s41586-020-2980-7
https://doi.org/10.1038/s41586-022-05437-y
https://doi.org/10.1103/PhysRevLett.114.055301
https://doi.org/10.1126/science.aah3778
https://doi.org/10.1103/PhysRevLett.127.020601
https://doi.org/10.1103/PhysRevResearch.3.043188
https://doi.org/10.1103/PhysRevA.73.033605
https://doi.org/10.1103/PhysRevA.99.043608
https://doi.org/10.1103/PhysRevB.71.235331
https://doi.org/10.1103/RevModPhys.80.885
https://doi.org/10.1103/PhysRevA.72.053606
https://doi.org/10.1103/PhysRevA.102.033318
https://doi.org/10.1038/nature04851
https://doi.org/10.1126/science.aag1635
https://doi.org/10.1038/s41586-018-0778-7
https://doi.org/10.1038/s41586-020-03058-x
https://doi.org/10.1103/PhysRevLett.125.113601
https://doi.org/10.1103/PhysRevLett.93.180403
https://doi.org/10.1103/PhysRevLett.111.185306
https://doi.org/10.1103/PhysRevA.95.023622
https://doi.org/10.1103/PhysRevA.110.023311
https://doi.org/10.1038/nature09378
https://doi.org/10.1103/PhysRevA.95.013632
https://doi.org/10.1103/PhysRevLett.92.050405
https://doi.org/10.1038/ncomms3077
https://doi.org/10.1038/nature07332
https://doi.org/10.1038/nphys3743

T. PETRUCCIANI et al.

PHYSICAL REVIEW A 112, 043323 (2025)

Inguscio, A. Smerzi, and M. Fattori, Crossing over from attrac-
tive to repulsive interactions in a tunneling bosonic Josephson
junction, Phys. Rev. Lett. 118, 230403 (2017).

[47] T. Petrucciani, A. Santoni, C. Mazzinghi, D. Trypogeorgos,
F. S. Cataliotti, M. Inguscio, G. Modugno, A. Smerzi, L.
Pezzé, and M. Fattori, Mach-Zehnder atom interferome-
try with non-interacting trapped Bose Einstein condensates,
arXiv:2504.17391.

[48] T. Chalopin, P. Bojovi¢, D. Bourgund, S. Wang, T. Franz, L.
Bloch, and T. Hilker, Optical superlattice for engineering Hub-
bard couplings in quantum simulation, Phys. Rev. Lett. 134,
053402 (2025).

[49] W. D. Li, T. He, and A. Smerzi, Multimode Kapitza-Dirac
interferometry with trapped cold atoms, Phys. Rev. Lett. 113,
023003 (2014).

[50] J. Stenger, S. Inouye, A. P. Chikkatur, D. M. Stamper-Kurn,
D. E. Pritchard, and W. Ketterle, Bragg spectroscopy of a Bose-
Einstein condensate, Phys. Rev. Lett. 82, 4569 (1999).

[51] S. Stringari and L. Pitaevskii, Bose-Einstein Condensation
(Clarendon, Oxford, 2003).

[52] R. Bracewell, The Hilbert transform, The Fourier Transform
and its Applications, 3rd ed. (McGraw-Hill, Singapore, 2000),
Ch. 13, pp. 359-367.

[53] E. W. Weisstein, Hilbert transform, from MathWorld—
A Wolfram Web Resource, https://mathworld.wolfram.com/
HilbertTransform.html.

[54] D. Trypogeorgos and C. J. Foot, Cotrapping different species
in ion traps using multiple radio frequencies, Phys. Rev. A 94,
023609 (2016).

[55] T. L. Harte, E. Bentine, K. Luksch, A. J. Barker, D.
Trypogeorgos, B. Yuen, and C. J. Foot, Ultracold atoms in mul-
tiple radio-frequency dressed adiabatic potentials, Phys. Rev. A
97, 013616 (2018).

[56] C. J. Foot, D. Trypogeorgos, E. Bentine, A. Gardner, and M.
Keller, Two-frequency operation of a Paul trap to optimise
confinement of two species of ions, Int. J. Mass Spectrom. 430,
117 (2018).

[57] D. Jordan and P. Smith, Nonlinear Ordinary Differential Equa-
tions: An Introduction for Scientists and Engineers, 4th ed.
(Oxford University Press, Oxford, 2007).

[58] N. V. Konenkov, M. Sudakov, and D. J. Douglas, Matrix
methods for the calculation of stability diagrams in quadrupole
mass spectrometry, J. Am. Soc. Mass Spectrom. 13, 597 (2002).

[59] H. Broer and C. Simd, Hill’s equation with quasi-periodic
forcing: resonance tongues, instability pockets and global
phenomena, Bull. Braz. Math. Soc. 29, 253 (1998).

043323-16


https://doi.org/10.1103/PhysRevLett.118.230403
https://arxiv.org/abs/2504.17391
https://doi.org/10.1103/PhysRevLett.134.053402
https://doi.org/10.1103/PhysRevLett.113.023003
https://doi.org/10.1103/PhysRevLett.82.4569
https://mathworld.wolfram.com/HilbertTransform.html
https://doi.org/10.1103/PhysRevA.94.023609
https://doi.org/10.1103/PhysRevA.97.013616
https://doi.org/10.1016/j.ijms.2018.05.007
https://doi.org/10.1016/S1044-0305(02)00365-3
https://doi.org/10.1007/BF01237651

