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We study the effect of magnetic domain wall curvature on its dynamics in the creep regime in sys-
tems displaying Dzyaloshinskii-Moriya interaction (DMI). We first derive an extended creep model that
is able to account for the finite curvature effect in magnetic bubble domain expansion. We then discuss the
relative importance of this effect and discuss its dependence on the main magnetic and disorder parame-
ters. We show this effect can be easily measured in Pt/Co multilayer samples, reporting a strong velocity
reduction below a sample-dependent threshold value of the magnetic bubble radius. We finally show, both
theoretically and experimentally, how the radius of magnetic bubbles can have a strong impact on the
reproducibility of DMI measurements.

DOI: 10.1103/fh8q-7m45

I. INTRODUCTION

Magnetic domain wall (DW) motion in ferromagnetic
thin films is a complex phenomenon displaying a vari-
ety of dynamical regimes, identified as creep, depinning,
steady flow, and precessional flow [1–4]. Depending on
which regime we are accessing, the measurement of the
DW velocity in response to externally applied fields allows
us to extract some key magnetic parameters of the sample.
Among these magnetic parameters is the Dzyaloshinskii-
Moriya interaction (DMI) [5,6] strength, which is becom-
ing increasingly relevant because it can enhance the
potential functionality of magnetic materials: we men-
tion the stabilization of skyrmions [7–10] as potential
information carriers for in-memory computing platforms,
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as well as enhanced DW velocity, useful to increase the
performances of magnetic racetrack memory devices [11].
Measuring the DW velocity in the creep regime has the
advantage of being possible under very easily accessible
experimental conditions (low fields, long pulse duration,
room temperature), but lacks a unified model relating the
DW velocity to the magnetic properties of the sample [12–
15]. The measurement of DMI strength via DW velocity
methods in the creep regime [15–17] is a clear exam-
ple of the need for more accurate models, as there have
been accounts of large discrepancies in the reported DMI
strength values, especially when comparing these values
with those obtained via Brillouin light scattering (BLS)
[13] or other disorder-independent methods (such as mea-
surements in the flow regime) [18]. One factor that has
seldom been inspected in the modeling of DW dynamics
in the creep regime is the curvature of the DW [19–22]. In
this paper, we address this issue by investigating the DW
dynamics of magnetic bubble domains, taking into account
the initial radius of the nucleated bubble. We demon-
strate that the size of the circular magnetic domain in the
creep regime can play a significant role in determining the
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speed of the magnetic domain wall. As a consequence, all
the associated properties that are measured on the basis
of the creep velocity require a precise knowledge of the
initial bubble radius. In particular, we show how the con-
sideration of a finite radius of the magnetic bubble can
have very important consequences on the reproducibility
of measurements of the DMI strength.

The paper is organized as follows: In Sec. II, we intro-
duce the theoretical models describing magnetic bubbles
and provide a brief overview of the theory of magnetic
DW motion in the thermally activated (creep) regime. In
Sec. II A we propose an extension of the creep model,
which accounts for the DW curvature radius within the
rigid bubble approximation. In Sec. III we report the model
predictions, discussing which parameters are expected to
have a greater impact on the relevance of the effect. In
Sec. IV we provide experimental details regarding the
measurement techniques, the sample characteristics, and
the data analysis methods used to extract the DW veloc-
ities. In Sec. IV B we present our experimental results
and show how our model can interpret the experimen-
tally measured decreased DW velocity for small bubbles.
We subsequently demonstrate how the incorporation of the
bubble radius in the DW velocity model can improve the
reproducibility of DMI measurements when dealing with
bubbles with variable sizes. Finally, in Sec. V, we pro-
vide our conclusions and an outlook on future explorations
regarding the radius dependence of the DW velocity.

II. THEORETICAL BACKGROUND

As mentioned in the Introduction (Sec. I), the dynamics
of a magnetic DW under an applied out-of-plane (OOP)
field displays several distinct regimes [23,24]. While the
flow regime (and beyond) can effectively be described
without taking into account the disorder potential [25,26]
in which the magnetic domain wall moves, in the creep
regime the DW follows an Arrhenius-type law [27], v ∝
exp(−Fb/kBT), where the velocity is determined by the
competition between the energy barrier Fb imposed by the
pinning potential and the thermal energy kBT (kB repre-
senting the Boltzmann constant and T the temperature in
Kelvin, see Appendix B). When a driving force f such
as an applied OOP magnetic field is applied, the energy
barrier scales with the creep power law Fb ∝ f −μ, where
μ is the creep critical exponent that depends on funda-
mental properties of the system such as its dimensionality
and the range of interactions [23]. In typical ferromag-
netic thin films, the value of the creep critical exponent
is μ = 1/4 [28,29]. The study of domain wall dynamics
in the creep regime is crucial as it can reveal key magnetic
properties under easily accessible experimental conditions.
One particularly important property that can be extracted
from the DW velocity is the DMI strength. This, among

(a) (b)

FIG. 1. (a) Bubble domain in a typical bilayer structure [heavy
metal (HM)/ferromagnet (FM)] with Dzyaloshinskii-Moriya
interaction and perpendicular magnetic anisotropy. � represents
the domain wall (DW) width, Rb represents the bubble radius,
and δ � Rb represents the sample thickness. The red and blue
regions represent areas of opposite magnetization. (b) Magnetic
bubble parameters: θ represents the angle that parameterizes the
location of the bubble edge and φ represents the in-plane mag-
netization angle in the middle of the DW, i.e., where we do not
have a vertical component mz .

other methods, can be achieved by utilizing the symmetry-
breaking effects of an additional in-plane (IP) magnetic
field, which, in the presence of DMI, induces a measurable
distortion of the magnetic bubble [16]. This asymmet-
ric expansion along the profile of the bubble originates
from the modification of the domain wall energy density
caused by the interplay between the DMI and the applied
IP field [11,17]. Assuming a magnetic bubble domain in
the presence of perpendicular magnetic anisotropy (PMA),
interfacial Dzyaloshinskii-Moriya interaction, and applied
IP field along the bubble profile [see Fig. 1(a)], the DW
surface energy density σ̄DW ([σ̄DW] = J/m2) is given by
[17]

σ̄DW(Hx, θ , φ) = 4
√

AKeff − πMs�μ0(HD cos(θ − φ)

+ Hx cos(φ)) + ln(2)

π
δμ0M 2

s cos2(θ − φ),

(1)

where A represents exchange stiffness, Keff is the effec-
tive anisotropy, Ms is the saturation magnetization, � =√

A/Keff is the DW width, HD is the DMI effective field,
δ is the sample thickness, and {φ, θ} represent, respec-
tively, the domain wall magnetization angle and the angu-
lar coordinate along the circumference of the bubble [see
Fig. 1(b)]. We identify the angle θ dependent equilibrium
energy density of the magnetic bubble as

ĒDW(Hx, θ) = min
φ∈[0,2π)

σ̄DW(Hx, θ , φ). (2)

This equilibrium domain wall energy density translates
to the angle-dependent velocity v(θ) of the bubble as
follows [17]:

024044-2
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FIG. 2. (Top) Domain wall velocity as a function of the angle
θ [see Eq. (1)] for three different values of the Dzyaloshinskii-
Moriya interaction (DMI) field with a constant applied in-plane
(IP) field μ0Hx = −80 mT. The parameters used are Ms = 1.2
MA/m, Keff = 0.513 MJ/m3, α0 = 15.47 T1/4, ln v0 = 40.5, and
the out-of-plane (OOP) field is given by μ0Hz = 13.4 mT.
(Bottom) Representative illustration (left) of the experimentally
measured asymmetric bubble expansion (right) in the presence
of DMI, IP applied field μ0Hx, and an OOP field μ0Hz . Rb
represents the radius of the initially nucleated bubble.

v(θ , Hz) = v0 exp

⎛
⎝−α0

(
ĒDW(Hx, θ)

ĒDW(0, θ)μ0Hz

)1/4
⎞
⎠ , (3)

where v0 and α0 are experimentally measured creep param-
eters (see Sec. IV). v(θ) can then be used to fit the exper-
imentally determined angle-dependent velocity of the DW
and extract important physical parameters of the sample
such as the DMI strength [17] (see Fig. 2).

A. Extended creep model

Up to this point, we have completely omitted any radius
dependence in the energy density, effectively treating the
domain wall velocity with a true one-dimensional model
[16]. If instead we introduce a domain wall energy den-
sity that takes into account the bubble curvature [30,31]
(see Appendix A for a brief reminder of the derivation),
the energy density of Eq. (1) becomes

σDW(Hx, θ , φ, Rb)=
[
4
√

AKeff − πMs�μ0(HD cos(θ −φ)

+ Hx cos(φ)) + ln(2)

π
δμ0M 2

s cos2(θ − φ)

]
+ 2A�

R2
b

(4)

= σ̄DW + 2A�

R2
b

, (5)

where we have defined σ̄DW as the radius-independent part
of the energy density, equivalent to Eq. (1). The corre-
sponding equilibrium energy density of the DW at each
angle θ is

EDW(θ , Hx, Rb) = min
φ∈[0,2π)

σDW(Hx, θ , φ, Rb)

= ĒDW + 2A�

R2
b

. (6)

We can now write the equations of motion of a DW
parameterized by the collective coordinates {Rb(t), 	(t)}
by expressing the Lagrangian density L and the Rayleigh
dissipation function F as follows [32,33]:

L = σDW + μ0Ms

γ0
2π	̇R2

b, (7)

F = 2παμ0MsRb

γ0

(
Ṙ2

b

�
+ �	̇2

)
, (8)

where 	 = θ − φ represents the magnetization angle
along the border of the bubble and Rb represents the bubble
radius [see Fig. 1(a)]. Since we are primarily interested in
the dynamics of the DW coordinate Rb(t) (i.e., the velocity
of the DW), we neglect the dynamics of the magnetization
angle 	(t) and only derive the DW velocity Ṙb using the
Euler-Lagrange-Rayleigh equation,

Ṙb ∝ α

[
Hz − 1

2μ0MsRb

(
σ̄DW − 2A�

R2
b

)]

+ 1
2

(
πHD sin 	 − ln(2)

2π�
δMs sin(2	)

)
. (9)

Neglecting higher orders in 1/Rb, we can rewrite the
equation of the DW velocity as

Ṙb ∝ α

[
Hz − σ̄DW

2μ0MsRb

]

+ 1
2

(
πHD sin 	 − ln(2)

2π�
δMs sin(2	)

)
+ O

(
1

R2
b

)
.

(10)

At this point we can observe how the term σ̄DW/2μ0MsRb
can be interpreted as a Laplace pressure term [20,21]
competing with the external field Hz (see Fig. 3). In the
following, we show what effects this additional term might
have on the velocity of the DW in the creep regime, and
the relative consequences for the determination of physi-
cal quantities related to it. First, let us consider a straight
DW that is deformed through the application of an external
force such as an applied magnetic field Hz perpendicular
to the plane of the sample. We shall assume that the lateral
deformation is of size L and the longitudinal displacement

024044-3
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(a) (b)

FIG. 3. (a) Macroscopic picture of the force balance at the
boundary of a magnetic bubble in the presence of an applied
magnetic field Hz and a competing Laplace pressure generated
by the surface tension of the bubble. The inset depicts a more
realistic picture of an actual boundary between domains [15,23]
(observe the irregular pattern). (b) Microscopic picture of the
domain wall (DW) segment deformation in response to the appli-
cation of a driving force (FZeeman) and a competing Laplace force
(FLaplace). L and u represent the geometrical parameters of the
DW deformation.

of the wall is identified by u (see Fig. 3). The energy
balance �Ebalance(u, L) determining the dynamics of the
DW in the creep regime is expressed by the competition
between:

(1) Zeeman energy gain

−μ0MsHz
δLu

2
,

(2) elastic energy cost

2
u2

δL
EDW,

(3) pinning energy gain

−
√

γ ξ 2L,

where γ has units [γ ] = J 2/m3 and represents the typi-
cal pinning potential strength, while ξ has units [ξ ] = m
and represents the correlation length of the pinning centers
[15,23,24].

If we now consider the finite radius of the bubble,
according to Eq. (10), there is an additional term acting on
the energy balance in a fashion similar to the hydrostatic
pressure (or Laplace pressure) acting on the surface of a
soap bubble [19–21],

ĒDWδLu
2Rb

, (11)

where Rb represents the radius of the magnetic bubble. As
can be seen from this expression, the Laplace pressure term

competes with the driving force ∝ Hz and can therefore be
included in the energy balance as

�Ebalance(u, L)

= EDW
2u2

δL
−
√

γ ξ 2L +
(
ĒDW

Rb
− MsHzμ0

)
δLu

2
,

(12)

which can easily be recast in the form [15]

�Ebalance(u, L) = EDW
2u2

δL
−
√

γ ξ 2L − μ0MsH̃z(Rb)
δLu

2
(13)

by modifying the applied field Hz by an Rb-dependent
effective field H̃z(Rb),

H̃z(Rb) =
(

Hz − ĒDW

μ0MsRb

)
. (14)

The advantage of this approach is that it allows us to gener-
alize the creep theory immediately by modifying the force
term H−1/4

z → H̃z(Rb)
−1/4 in the expression of the veloc-

ity in the creep regime of Eq. (3). The DW velocity as a

(a) (b)

(d)(c)

FIG. 4. Effect of different physical parameters on R̃b of
Eq. (18). (a) Effect of exchange stiffness A, (b) effect of the creep
parameter α0, (c) effect of Dzyaloshinskii-Moriya interaction
(DMI) strength D, (d) effect of applied field μ0Hz . The applied
out-of-plane field in all cases except in (d) is μ0Hz = 15 mT. The
areas highlighted in gray are a guide to the estimated strength of
the effect and refer to the regions of interest (reported on the x
axis of the plots) for the experimental parameters of the present
samples [12]. The nonchanging parameters used in the respective
plots are A = 11.2 pJ/m, Ms = 1.2 MA/m, Keff = 0.513 MJ/m3,
α0 = 15.47 T1/4, μ0HD = −30 mT.
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FIG. 5. Normalized velocity v(Rb)/v(Rb → ∞) as a function
of the initial bubble radius Rb in the presence of an additional
in-plane field μ0Hx as predicted by Eq. (16). The parameters
used are Ms = 1.2 MA/m, Keff = 0.513 MJ/m3, α0 = 15.47 T1/4,
ln v0 = 40.5, μ0HD = −20 mT, μ0Hz = 15.45 mT.

function of the initial radius Rb of the bubble domain can
be expressed as

v(θ , Hx, Hz, Rb)

= v0 exp

⎡
⎣−α0

(
(ĒDW(θ , Hx) + 2A�/R2

b)

H̃z(Rb)(ĒDW(θ , 0) + 2A�/R2
b)

)1/4
⎤
⎦ ,

(15)

where we have used the fact EDW = ĒDW + 2A�/R2
b to

make the radius dependence of the velocity explicit. To
compare the velocity behavior across a variety of different
samples, it is useful to normalize Eq. (15) with respect to
the value of the velocity in the case of a straight DW, i.e., a
magnetic bubble with an approximately infinite radius. In
the absence of applied IP fields we can write

v(0, 0, Hz, Rb)

v(0, 0, Hz, Rb → ∞)

= exp
[
−α0μ

−1/4
0 (H̃z(Rb)

−1/4 − H−1/4
z )

]
. (16)

To assess the effect of the different physical parameters on
the strength of the radius-dependent effect, we can invert
Eq. (16) and define R̃b as the radius value for which the
DW velocity is halved, i.e.,

v(R̃b)

v(Rb → ∞)
:= 1

2
(17)

⇒ R̃b = ĒDW

2μ0Ms

1[
H−1/4

z + μ
1/4
0 ln 2
α0

]4 . (18)

R̃b can function as a metric for the strength of the pressure
effect on the dynamics of the DW.

FIG. 6. Effect of the finite radius on the velocity profile of
the bubble according to Eq. (15) for different values of the
Dzyaloshinskii-Moriya interaction strength. The parameters used
are Ms = 1.2 MA/m, Keff = 0.513 MJ/m3, α0 = 15.47 T1/4,
ln v0 = 40.5, while the out-of-plane field is μ0Hz = 13.4 mT.

III. MODEL PREDICTIONS

As a first step to understanding the importance of the
Laplace pressure term [see Eq. (16)] in samples with vary-
ing magnetic and disorder properties, we observe how the
different physical parameters affect its strength, which we
quantify through the R̃b parameter of Eq. (18). In Fig. 4 we
show how exchange stiffness A [Fig. 4(a)], creep param-
eter α0 [Fig. 4(b)], DMI strength D [Fig. 4(c)], and the
applied field μ0Hz [Fig. 4(d)] can affect the parameter R̃b
[see Eq. (18)]. The gray region in Fig. 4 indicates a typ-
ical range of physical parameters that might be observed
in samples exhibiting bubble domains, such as the Pt/Co
multilayers studied here. As we can see by comparing
Figs. 4(c) and 4(a), the DMI strength has a smaller effect
on the R̃b parameter when compared to the effect of the
exchange stiffness A. We also emphasize how the creep
parameter α0, which, at fixed ĒDW, depends on a combina-
tion of the disorder parameters introduced in Sec. II [15,23]
(see Appendix C), has an effect on R̃b, showing how the
magnitude of this effect in the creep regime can also be
influenced by the disorder characteristics of the material
and not only by its magnetic properties.

The determination of the DMI strength from the exper-
imental measurement of DW velocity in the creep regime
requires the concurrent presence of an IP field Hx, as this
is necessary to introduce the asymmetry in the bubble
expansion [16,17]. The presence of this additional Hx field
indeed alters the strength of the effect on the radius depen-
dence (see Fig. 5) and induces a noticeable change on the
velocity profile of the bubble. In Fig. 6 we can clearly see
how the model predicts a marked change in the velocity

TABLE I. Co-based samples with Pt and Ir heavy metal layers.

Sample
Bottom

layer (nm)
Ferromagnetic

layer (nm)
Top layer

(nm)

a4 Ta(5)/Pt(3) Co(0.8) Ir(1)/Ta(3)
a3 Ta(5)/Pt(3) Co(0.8) Ir(3)/Ta(3)

024044-5
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TABLE II. Experimentally obtained physical parameters of the a4 and a3 samples. Ms represents the saturation magnetization, Keff
represents the effective anisotropy, A represents the exchange stiffness. α0 and ln v0 represent, respectively, the slope and the intercept
of the creep data (see IV A and Fig. 7).

Sample Ms (MA/m) Keff (MJ/m3) A (pJ/m) α0 (T1/4) ln v0

a4 1.20 ± 0.09 0.513 ± 0.002 11 ± 2 15.5 ± 0.4 40 ± 1
a3 1.14 ± 0.05 0.414 ± 0.001 10 20 ± 1 49 ± 3

profile of the DW along the circumference of the bubble
with different μ0HD and initial radius Rb combinations.
Therefore, the radius dependence cannot be neglected in
models aiming at describing bubble DW motion in a more
general sense (i.e., across different bubble sizes).

IV. EXPERIMENTAL METHODS

A. Materials and methods

As discussed in Secs. II and II A, the presence of the
additional Laplace pressure term [see Eq. (16)] can lead

(a)

(b)

FIG. 7. Linear fit of Eq. (20) on the experimentally measured
values of the domain wall velocity v as a function of the applied
out-of-plane field μ0Hz [see Eq. (20)]. The top figure (a) refers to
the creep measurement performed on sample a4 and the bottom
figure (b) represents the creep measurement performed on sample
a3 (see Table II). The values in the legend correspond to the creep
parameters.

to a significant change in the velocity of the DW when
the radius of the bubble domain is small enough. To val-
idate this theoretical prediction and its implications, we
have conducted a series of DW velocity measurements
in both the presence and absence of IP fields at fixed Hz
while varying the initial radius Rb of the bubble domain.
We investigated two common magnetic Pt/Co multilayer
compositions that are known to display sizable DMI [12].
Sample a4 has a composition of Ta(5 nm)/Pt(3 nm)/Co(0.8
nm)/Ir(1 nm)/Ta(3 nm), while sample a3 has composi-
tion Ta(5 nm)/Pt(3 nm)/Co(0.8 nm)/Ir(3 nm)/Ta(3 nm) (see
Table I).

The saturation magnetization Ms was measured using
a superconducting quantum interference device vibrat-
ing sample magnetometer (SQUID-VSM). The effective

(a)

(b)

FIG. 8. (a) Radius dependence of the domain wall (DW)
velocity in the a4 sample (see Table II). The red curve repre-
sents a best fit of exchange stiffness A performed on the function
of Eq. (16). The parameters used are Ms = 1.2 MA/m, Keff =
0.513 MJ/m3, α0 = 15.47 T1/4, ln v0 = 40.5. (b) Radius depen-
dence of the DW velocity in the a3 sample (see Table II). The
red curve represents a suitable choice of exchange stiffness A
performed on the function of Eq. (16). In this case a numeri-
cal failure prevented a true fitting procedure, and thus, an error
estimation. The parameters used are Ms = 1.14 MA/m, Keff =
0.414 MJ/m3, α0 = 19.62 T1/4, ln v0 = 50.29 For both curves, a
value of μ0HD = −20 mT is used.

024044-6
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(a) (b)

(c)

FIG. 9. Sample a4: Domain wall velocity as a function of the θ angle (see Fig. 1). We show the comparison of the fit between using
the experimentally measured Rb (orange curve) and a larger value of Rb (green curve). The three plots represent measurements and
fits performed on bubble domains of initial radius Rb ≈ 25 µm and in-plane (IP) field μ0Hx = 80 mT (a), Rb ≈ 8 µm and IP field
μ0Hx = −102 mT (b), Rb ≈ 2.3 µm and IP field μ0Hx = 110 mT (c). The parameters used are Ms = 1.2 MA/m, Keff = 0.513 MJ/m3,
α0 = 15.47 T1/4, ln v0 = 40.5, μ0Hz = 13.4 mT.

anisotropy Keff in the thin-film limit can be approximated
by [34]

Keff = Ku − 1
2
μ0M 2

s , (19)

where Ku represents uniaxial magnetocrystalline anisotropy
and −1/2μ0M 2

s represents the demagnetization energy
density contribution and is obtained by measuring
magneto-optical Kerr rotation loops as a function of an in-
plane magnetic field. The results were then fitted by min-
imizing the energy density E = Keff sin2 θ + Keff sin4 θ −
HextMs cos(θ − φ), where θ is the angle between the
applied field Hext and Ms, and φ is the angle between H
and the easy axis [3].

The exchange stiffness was extrapolated by measuring
the velocity as a function of initial bubble radius, following
model predictions (see Secs. III and IV B for the details).
The error could not always be estimated, as fitting on sam-
ple a3 resulted in numerical failure, requiring a manual
selection of A. All measured values are reported in Table II.
The extraction of the creep parameters α0, v0 necessary for
the correct estimation of the DW velocity in the model of
Eq. (16) was performed on the velocity curve of the DW
as a function of the applied field Hz in the creep regime.
Equation (3) in the absence of IP fields (i.e., μ0Hx = 0)

can be expressed as [23]

ln v = ln v0 − α0(μ0Hz)
−1/4, (20)

which can then be used as a linear fit on the experimen-
tal data to extract α0 (corresponding to the slope) and v0
(corresponding to the intercept), as can be seen in Fig. 7.
To obtain an independent estimate of the value of the DMI
coupling constant D, samples a3 and a4 was also studied
by BLS. As a matter of fact, by measuring the Stokes–anti-
Stokes peak asymmetry it is possible to extract a value
of D, as explained in detail in Ref. [12]. BLS measure-
ments were repeated in several different areas of the sample
surface in order to obtain an average value that could be
representative of the whole sample. The resulting value is
DBLS(a4) = −0.8 ± 0.1 mJ/m2.

B. Results and discussion

Figure 8 shows the normalized DW velocity as a func-
tion of the initial bubble radius Rb. Both samples a4 and a3
display a decrease of the DW velocity below certain val-
ues of Rb. We furthermore notice how the experimentally
measured trends are followed by the theoretical prediction
expressed with the velocity formula of Eq. (16) (observe
the continuous curves in Fig. 8). We fit Eq. (10) and extract
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the exchange stiffness A from the data reported in Fig. 8.
For both curves in Fig. 8, a value of μ0HD = −20 mT
was used. This is reasonable since the DMI has a small
influence on R̃b with respect to the exchange stiffness in
these samples [see Fig. 4(c)]. The obtained values for A are
reported in Table II and are used in the following. We high-
light the fact that the obtained exchange stiffness values are
higher than those obtained in Ref. [12] for the same sam-
ples but are closer to literature values reported for similar
samples [15]. We notice how the range of accessible initial
bubble radii Rb is larger in sample a4 as compared to sam-
ple a3: this is due to the higher nucleation density of bubble
domains in sample a3 causing a narrower window of bub-
ble radii in which domain expansion can occur without
colliding with neighboring ones. The radius dependence
of the DW of velocity displayed in Fig. 8 shows how
additional care might be required in the determination of
physical quantities measured via DW expansion in the
creep regime.

The DW Laplace pressure may have a strong influence
on the experimental determination of DW speed from bub-
ble expansion experiments in the creep regime. This leads
to implications for measurement purposes, as is the case
for the DMI strength measured via the protocol proposed
by Ref. [17] (see Appendix C). We therefore performed
domain expansion experiments under the application of IP
fields on a variety of bubble sizes. In particular, we mea-
sured asymmetric bubble expansion with an IP field for
bubbles with an initial radius of Rb ≈ 2.3, 8, and 25 µm
in sample a4 (see Fig. 9) and Rb ≈ 8 and 77 µm in sample
a3 (see Fig. 10). After the experimental determination of
v(θ) (see Fig. 2) for the different bubbles, we proceeded
to fit v(θ , Rb) from Eq. (16) on the measured data in the
samples a4 and a3. To highlight the initial radius Rb depen-
dence, we use the following scheme: in one case we use
a larger Rb value in the v(θ , Rb) from Eq. (16) to show
the effect of neglecting the correct bubble radius (see the
green curves in Figs. 9 and 10), while in the other case we
use the experimentally measured bubble radius Rb (see the
orange curves in Figs. 9 and 10). Focusing on sample a4,
we can observe [Fig. 9(a)] how, in the case of large bubbles
(Rb ≈ 25 µm), considering the correct radius has a small
effect on the success of the fit: fitting the curve with either
Rb = 25 µm or Rb = 60 µm causes the value of μ0HD to
change by 2 mT. On the other hand, in the regime where
the Laplace pressure becomes sizable (see Fig. 6), the
experimentally determined DW velocity becomes highly
sensitive to even small variations in Rb. The sizable effect
of the Laplace pressure needs to be taken in considera-
tion here, as the fits of Figs. 9(b) and 9(c) (observe the
green curves) evidence how the incorrect assumption of
the bubble radius Rb results in the failure of the fitting pro-
cedure. Using the correct values of Rb, on the other hand
[see the orange curves of Figs. 9(b) and 9(c)], shows the
success of the fit and how the consistency of the μ0HD

is preserved across different bubble dimensions. An anal-
ogy can be found using the same procedure on sample a3,
where, in Fig. 10(a), the relatively large initial radius of the
bubble (77 µm) causes the error to be small compared to
Fig. 10(b), where taking into account the correct value of
the initial radius (Rb ≈ 8 µm) has a visible impact on the
success of the fit. As a final remark, we emphasize how the
obtained values of the DMI effective field [μ0HD(a3) ≈
−22.1 ± 0.6 mT and μ0HD(a4) ≈ −33 ± 4 mT] are in
agreement with the values reported in Ref. [12]. The
higher values of the DMI energy obtained through D =
μ0HDMs� [D(a3) = −0.124 ± 0.006 mJ/m2, D(a4) =
−0.18 ± 0.03 mJ/m2] are related to the higher values of
exchange stiffness A. We also note that the higher D values
are closer to (yet still smaller than) DMI energy strength
values obtained through independent BLS measurements
[DBLS(a4) = −0.8 ± 0.1 mJ/m2 and DBLS(a3) = −0.5 ±
0.1 mJ/m2 [13]]. The discrepancy between DMI values
reported via DW speed measurements in the creep regime
and BLS measurements is a well-known issue [13] that will
be addressed in future work. The modified creep model
of Eq. (16), which accounts for the additional Laplace
pressure felt by magnetic bubble domains, eliminates the

(a)

(b)

FIG. 10. Sample a3: Domain wall velocity as a function of
the θ angle (see Fig. 1). We show the comparison of the fit
between using the experimentally measured Rb (orange curve)
and a larger value of Rb (green curve). The two plots repre-
sent measurements and fits performed on bubble domains of
initial radius Rb ≈ 77 µm (a), Rb ≈ 8 µm (b). Both the measure-
ments were performed with an in-plane field of μ0Hx = −80 mT.
The parameters used are Ms = 1.14 MA/m, Keff = 0.414 MJ/m3,
α0 = 19.62 T1/4, ln v0 = 50.29, μ0Hz = 12.96 mT.
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inconsistency of the DMI values obtained by fitting the
v(θ) curves with the Rb → ∞ model [i.e., that of Eq. (3)].
This not only improves the measurement reproducibility,
but can also prove necessary in cases where the actual
space to allow for a complete expansion of a bubble
domain under an IP field without impinging on sample bar-
riers or other bubbles is lacking. In particular, the method
discussed in Ref. [17] enhanced by the radius depen-
dence of the velocity of Eq. (16) could allow for the
in situ measurements of DMI on patterned samples for
device applications in which the surface area of magnetic
material might be severely reduced compared with fully
homogeneous films.

V. CONCLUSIONS

In this paper, we demonstrate how the DW velocity of
magnetic bubble domains in the creep regime displays a
significant reduction below a sample-dependent threshold
radius [19] in thin-film Pt(3 nm)/Co(0.8 nm)/Ir(1 nm) and
Pt(3 nm)/Co(0.8 nm)/Ir(3 nm) samples. We show that this
phenomenon is due to the Laplace pressure felt by the mag-
netic bubble and provide an extension of the creep model
for DW motion that is able to describe this dependence. To
have a consistent description of the phenomenon, we have
to include a radius-dependent term both in the energy den-
sity of the DW, and in the driving force term of the creep
law [see Eq. (15)]. To highlight the possible consequences
of neglecting this term in models describing DW motion
in the creep regime, we study the case of the determination
of the DMI strength from asymmetric bubble expansion
[16,17]. We show how accounting for the Laplace pres-
sure term is necessary for obtaining reproducible DMI
measurements when dealing with bubbles of varying size
(Figs. 9 and 10). We also stress the fact that the radius
dependence becomes increasingly relevant when the creep
regime is only accessible with low OOP fields. Therefore,
we conclude that a reproducible measurement of magnetic
properties related to creep DW velocity in magnetic bub-
bles requires an initial assessment and study of the radius
dependence of the DW velocity. The technique introduced
in Ref. [17], when coupled with the radius-dependent cor-
rection of Eq. (16), can be used to measure the DMI on
reduced portions of magnetic materials such as patterned
surfaces, as might be the case for in situ measurements of
finished devices.
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APPENDIX A: DERIVATION OF DOMAIN WALL
ENERGY DENSITY FOR A BUBBLE DOMAIN

In the following we provide a brief reminder of how to
derive the domain wall energy density for a curved domain
as opposed to the usual derivation for linear domains [33].
The starting point is the energy density of a magnetized
body of volume V with PMA,

E =
∫

V

⎧⎪⎨
⎪⎩

A|∇m|2︸ ︷︷ ︸
Eexch

− D[mz(∇ · m) − (∇ · m)mz]︸ ︷︷ ︸
EDMI

− 1
2
μ0Msm · Hd + Ku(m · ûz)

2

︸ ︷︷ ︸
Eanis

−μ0Msm · H︸ ︷︷ ︸
EZeeman

⎫⎪⎪⎬
⎪⎪⎭

d3r,

(A1)

where m(r, t) = M(r, t)/Ms is the normalized magne-
tization vector, A represents the exchange stiffness, D
represents the DMI constant, Hd is the magnetostatic
field, and H is the applied field. If we express the
normalized magnetization vector in spherical coordi-
nates m(r, t) = (sin θ̃ cos φ, sin θ̃ sin φ, cos θ̃ )T [where the
angles θ̃ (r, t), φ(r, t) manifestly depend on the position r
and the time instant t], we can write the different energy
terms as

Eexch = A[(∇ θ̃ )2 + sin2 θ̃ (∇φ)2], (A2)

EDMI = D

[
cos φ

∂θ̃

∂x
+ sin φ

∂θ̃

∂y

+ sin θ̃ cos θ̃

(
sin φ

∂φ

∂x
− cos φ

∂φ

∂y

)]
, (A3)

Eanis = K0 sin2 θ̃ + K sin2 θ̃ sin2 φ, (A4)

EZeeman = μ0Ms(Hx sin θ̃ cos φ + Hz cos θ̃ ). (A5)

We have written the Eanis term in a compact fashion as is
usually done in the literature [33]: K0 represents the effec-
tive anisotropy while K is the shape anisotropy. Converting
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the integration to cylindrical coordinates

x → r cos θ (A6)

y → r sin θ (A7)

z → z′ (A8)

and making use of the Bloch ansatz for the DW profile [33]

{
tan(θ̃(r)/2) = exp

(
r−Rb

�

)

φ(θ) = θ + 	,
(A9)

we can rewrite the integral of Eq. (A1) as

E = δ

∫ 2π

0

∫ Rt

0

⎧⎨
⎩A

⎡
⎣
(

∂θ̃

∂r

)2

+ sin2 θ̃

r2

⎤
⎦

− D

[
∂θ̃

∂r
+ cos θ̃ sin θ̃

r

]
cos 	 + (

K0 + K sin2 	
)

× sin2 θ̃ − μ0MsHz cos θ̃

⎫⎬
⎭ r dr dθ , (A10)

where δ represents the thickness of the sample. We empha-
size the distinction between θ̃ , which represents the mag-
netization angle with respect to the global ẑ axis, and
θ , which represents the polar angle used to parameter-
ize space (see Fig. 11) To obtain the above form, we
have exploited the fact that the energy density is inde-
pendent of the z coordinate, i.e., the energy density is
assumed constant along the z direction. At this point, to
derive the energy density of the DW, we have to inte-
grate out the r variable. To do so, we first of all notice
that, from the ansatz of Eq. (A9), we have ∂θ̃/∂r =
sin θ̃/� = (1/�)sech

(
(r − Rb)/�

)
. Making the substitu-

tion η = ((r − Rb)/�), we obtain

E = δ

∫ 2π

0

∫ (Rt−Rb)/�

−Rb/�

{
A sin2 θ̃

[
1

�2 + 1
(�η + Rb)2

]

− D

[
sin θ̃

�
+ cos θ̃ sin θ̃

�η + Rb

]
cos 	 + (

K0 + K sin2 	
)

sin2 θ̃

− μ0Ms(Hz cos θ̃ + Hx sin θ̃ cos 	)

}
(�η + Rb) dr dθ ,

(A11)

FIG. 11. Representation of the polar coordinates used to per-
form the integration of the energy density of Eq. (A10).
which, in the limit Rb/� � 1 and limRt→∞, is asymptoti-
cally equivalent to

E ∼ δ�

∫ 2π

0

∫ ∞

−∞

{
A sech2(η)

[
1

�2 + 1
(�η + Rb)2

]

− D

[
sech(η)

�
+
√

1 − sech2(η) sech(η)

�η + Rb

]
cos 	

+ (
K0 + K sin2 	

)
sech2(η)

− μ0Ms(Hz

√
1 − sech2(η) + Hxsech(η) cos 	

}

× (�η + Rb) dη dθ . (A12)

We can now use some known integration formulas for
hyperbolic functions (see, e.g., Ref. [36]),

∫ ∞

−∞
η sech2(η)dη = 0, (A13)

∫ ∞

−∞
sech2(η)dη = 2, (A14)

∫ ∞

−∞
sech(η)dη = π , (A15)

∫ ∞

−∞

√
1 − sech2(η) sech(η)dη = 2, (A16)

as well as the fact that integrals of the form

∫ ∞

−∞

sech2(η)

�η + Rb
dη, (A17)

only converge in the limit Rb/� � 1, to obtain

∫ ∞

−∞

sech2(η)

�η + Rb
dη ≈ 2�

Rb
. (A18)

Combining the above mentioned identities with Eq. (A12),
we finally obtain the surface energy density of the bubble
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σDW as a function of the bubble radius Rb and the angle 	

(see Fig. 1),

E
2π tRb

:= σDW =
(

4
√

AKeff − πD cos 	 + 2�K sin2 	
)

+ 2A�

R2
b

− 2πμ0MsHzRb. (A19)

APPENDIX B: BRIEF REMINDER OF CREEP
THEORY

In the following we provide a brief reminder of the
origin of the creep relation reported in Eq. (20). For an
in-depth review of the topic, we suggest Ref. [1] and ref-
erences therein. As mentioned in Sec. II, the velocity of a
domain wall in the creep regime is determined by the com-
petition of thermal energy and energy barrier. The energy
barrier encodes all the energy costs (elastic energy) and
gains (Zeeman and pinning energy) the magnetic DW is
subject to as a function of its dimension and configuration.
The energy barrier is given by Eq. (13) in the main text.
The velocity of the DW is determined by the ability of ther-
mal fluctuations to overcome the highest possible value of
the energy barrier, i.e., the extremal value of �E(u, L) [see
Eq. (13)], where u and L are the geometrical parameters of
the DW displacements displayed in Fig. 3(b). An impor-
tant point, however, is that u and L are not independent of
one another and are related by the exponential relation

u(L) = uc

(
L
Lc

)ζ

, (B1)

where uc represents the transverse scaling parameter [37]
and Lc represents the so-called Larkin length [38]. The
Larkin length Lc is a characteristic length scale obtained
by the optimal balance of the pinning energy and the elas-
tic energy of Eq. (13) when the DW has jumped exactly
one pinning center, i.e., u = ξ .

Lc = 2

(
2
ĒDWξ 2

γ

)1/3

. (B2)

On the other hand, ζ represents the critical exponent of
this relation and is often referred to as the roughness expo-
nent. Much like the creep critical exponent μ = 1/4, ζ =
2/3 depends on very fundamental properties of the the-
ory, such as the dimensionality of the interface, etc. [39].
Equipped with u(L), we can readily plug this expression
into �E(u(L), L) and maximize it to obtain the energy
barrier Fb.

Fb = max
L

�E(u(L), L) = 4
55/4

u9/4
c

√
γ

ξ

(
ĒDW

HzMs

)1/4

,

(B3)

FIG. 12. Output of the bubble edge detection code based on
the C2V PYTHON library [40].

which can then finally be plugged into the velocity to
obtain the well-known creep law [23]

v = v0 exp(−α0H−1/4
z ),

where the creep parameter α0 is

α0 ∝ 4
55/4

u9/4
c

√
γ

kBTξ

(
ĒDW

Ms

)1/4

. (B4)

APPENDIX C: BUBBLE EXPANSION
MEASUREMENT METHOD

The analysis of the bubble domain expansion is per-
formed using polar Kerr magneto-optic principles, while
the data analysis and the extraction of the velocities as a
function of the angle v(θ) is performed using a custom
written PYTHON-based user interface code. The user has to
provide the center of the initial bubble manually and then
the code proceeds to detect the edges using the PYTHON
C2V library [40]. In Fig. 12, the left image represents the
result of the edge detection analysis while the right image
reports the measured velocities as a function of the θ angle
(see Fig. 2 in the main text). The obtained velocity curves
as a function of the θ angle are then used to perform the
fits described in the main text (see Figs. 9 and 10).
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