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We investigate Quantum Target Ranging in the context of multihypothesis testing and its applicability to real-
world LiDAR systems. First, we demonstrate that ranging is generally an easier task compared to the well-studied
problem of target detection. We then analyze the theoretical bounds and advantages of quantum ranging in the
context of phase-insensitive measurements, which is the operational mode of most LiDAR systems. Additionally,
we adopt a background noise model more suited to optical frequencies, as opposed to the typical single-mode
thermal noise model used in quantum target detection theory. Our findings indicate that a significant exponential
quantum advantage can be achieved using simple photon-counting receivers across a broad range of parameters,
thereby validating the efficacy of the quantum approach for LIDAR implementations.
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In the context of quantum sensing [1-10], improving tar-
get detection and ranging by leveraging quantum correlations
and entanglement has received large attention in the last 15
years [11-15], stemming from the proposal of the quantum
illumination (QI) protocol [16,17]. This huge interest is justi-
fied by the perspective of a potential disruptive advancement
of the radar and LiDAR technology [18,19], widely used
in surveillance, both civil and military aviation, automotive,
environment monitoring, and even biological imaging [20].

The problems of quantum target detection (QTD) and rang-
ing (QTR) are closely related. In QTD one uses a probe state
to asses whether a target is present or not at a given a priori
position. On the other hand, in QTR one assumes that the
object is present and tries to localize it. It is clear that any
real-world application would most likely need to address both
tasks.

For the detection problem schematically represented in
Fig. 1(a), Tan ef al. [21] showed that 6 dB of quantum advan-
tage can be obtained in the exponent of error probability decay
with the number of probe usages L when compared to the opti-
mal classical case. The latter is given by a coherent transmitter
paired with homodyne detection. The most intriguing thing is
that this advantage is obtained in highly "hostile" conditions:
small mean signal photon number p < 1, large mean back-
ground pp > 1, and low target reflectance ¥ < 1, a regime
where delicate quantum states are typically not expected to be
useful.

Despite a large number of theoretical [22-26] and experi-
mental studies [27-30], the challenges in the realization of an
optimal receiver [31,32], the decoherence-free storage of the
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ancillary modes, and the required large time—bandwidth prod-
uct of the transmitter still make QI inconvenient in practical
scenarios.

Surprisingly, only recently has the problem of QTR been
addressed [26]. This problem can be tackled in different re-
lated formalisms: as an estimation problem, establishing the
ultimate range-delay accuracy in a continuous time measure-
ment approach [33]. In the framework of hypothesis testing is
the task of determining which of many range-delay resolution
bins contains a target that is known to be present in one of
them [34,35], as depicted in Fig. 1(b). Those analyses show
a quantum enhancement of QTR similar to the QI’s one in
the same range of parameters, leaving similar concerns on the
practical utility.

Many real-world LiDARs for two- and three-dimensional
(2D and 3D) applications operate measuring the time of flight
just by direct intensity measurement of short time pulses
[36]. This is because homodyne detection requires phase-
locking of the traveling signal with a local oscillator, which
is usually hard in the presence of environmental phase noise,
sample roughness, and without information on the object dis-
tance. Also heterodyne-detention-based LIDAR, although to
a lesser extent, suffers similar issues [37]. Phase-insensitive
measurements are more and more practical and efficient, es-
pecially now that single photon detector technology has few
ps jitter [38], corresponding to submillimeter resolution in
space [39]. Thus, in many practical cases, the optical classi-
cal coherent receiver benchmark may become too restrictive;
rather, it makes sense to compare quantum and classical
ranging schemes limited to phase-insensitive measurements
using direct photon-counting (PC) receivers [40,41]. Note
that photon counting paired with coherent transmitters, being
able to access the photon statistics, can provide an advantage
with respect to mean intensity measurement—based LiDAR
[42]. Along the same spirit, the usual QI theoretical model
for the noise that combines coherently a highly populated

Published by the American Physical Society
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FIG. 1. Sensing and detention schemes. (a) QTD: A signal mode in the state pr interacts with a target of reflectance « and reflected back
at the receiver immersed in a background. An ancillary mode (in faint color) correlated with the signal may be used in a joint measurement.
(b) QTR: the target is in one among m longitudinal space slots of size Ax. The returning signal arrives in a certain corresponding temporal
time bin, while the other bins only detect background. An ancillary-assisted strategy, exploiting a bipartite state and postprocessing correlation
measurements, may be used, represented in fainted colors. (c) Uncorrelated noise model: Each receivers intercepts a large number M >> 1 of
low-mean-photon-number background modes. In this limit the noise and the probe photon statistics are approximated as independent.

single-mode thermal state with the transmitted probe mode in
a beam-splitter-like model is more suited for the microwave
regime rather than for the optical domain where blackbody
thermal radiation is negligible at operating temperatures, and
other sources of noise, like sun irradiance, with very low
coherence times (of the order of fs) contribute. Thus, here we
consider the QTR problem with a different model of noise
background as represented in Fig. 1(c), where the detector
integrates over a large number of independent optical back-
ground modes (both temporal and spatial modes within the
integration area and time of the detector) and the signal cou-
ples with just one or a comparatively small number of them,
randomly. The mean photon number for each background
mode is usually small so that it can be considered in the limit
of Poisson photon statistics.

QTD with PC measurements has been previously con-
sidered in literature [14,43—45]; however, while strong time
correlation in the photon entangled pairs is used to reduce
the background effect, the classical transmitter typically lacks
any narrow-temporal synchronization with the detectors, in-
hibiting any possibility of time filtering of the noise through
time gating. Referring to Fig. 1(b), in this work we consider
the time resolution At as fixed, for example, set by the detec-
tor time bin (or jitter) and both quantum correlation coherence
time and classical single-shot signal pulse duration shorter
than At. This ensures a fair comparison. Our analysis can be
expanded to schemes involving multiplexed frequency detec-
tion to further reduce the noise contribution [46,47].

The model. The scheme of target detection is shown in
Fig. 1(a). A transmitter probe state pr is sent to detect a
given partially reflecting target. A measurement is performed
at the receiver on the returning signal state pg. The target is
immersed in a background in the state pg with mean photon
number wp. The effect of the signal interaction with the target
and the background modes is described by a noisy and lossy
channel & ,,, where « is the reflectance of the target. The
resulting state at the receiver is p, = &, (07 ). In particular,
if the target is absent, i.e., k = 0, only the background reaches
the detector, so the final state is p,—o = pp. Target detection
is formally described as a binary hypothesis testing problem

with hypotheses H; : pg = p, and Hy : pr = pp, where here-
inafter p, is intended with « # 0.

On the other hand, in target ranging, the measurements are
performed on m time slots as depicted in Fig. 1(b). Since the
modes in each time slot are considered independent, denoting
as H; the hypothesis of the target in the jth time slot, the
ranging becomes an m-ary hypotheses testing problem among
{H1, ..., Hm} defined through the corresponding output states,

m—1
Hj:pr=pj:= P,E”@pg), (D
i)

where p® is the state of the ith time slot.

This formulation for the ranging problem assumes that the
target is present in one and only one bin. Other definitions of
ranging could be analyzed with the same formalism by mod-
ifying the hypotheses set, for example, by adding hypotheses
contemplating more than one target or no target at all, but their
analysis is beyond the scope of our work.

QTR: Relation with QTD. Clearly, detection and ranging
are different tasks; nevertheless, we can derive a connection
between them, which holds independently from the particular
input states por and form the interaction channel & ,, that
can be either the conventional single-mode beam-splitter-like
mixing with a thermal noise contemplated in literature or our
multimode optical noise channel of Fig. 1(c).

We characterize the relation between QTR and QTD in the
asymptotic regime of multicopy states, where the exponential
decay rate of the probability of error in a quantum hypothesis
testing is given by the quantum Chernoff information [48].
In the asymptotic regime the decay rate of the probability
of error in multihypotheses testing is the same as the binary
one of the two "closest" hypotheses in the set [49] and is
thus independent of the number m of hypotheses, making a
comparison between detection and ranging fair. We detail our
analysis in the Appendix.

Our results give a direct relation between the quantum
Chernoff information of target ranging, &g, and the quantum
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Bhattacharya information of target detection, Bp:
&R = 2B > &mp- (2

On the right-hand side, &rp denotes the quantum Chernoff
information of target detection, and the inequality follows
from the concavity of the « information (see Appendix).
Equation (2) states that asymptotically the task of ranging,
given previous knowledge on the presence of the target, can
be performed with better accuracy than target detection, re-
gardless of the number of time slots m considered. This result
is completely general, meaning that it does not depend on
the form of the probe states and on the kind of measurement
performed.

QTR: Phase-insensitive measurement. As explained in the
Introduction, now we focus on the research of the quantum
advantage when considering phase-insensitive PC measure-
ment, for both classical and quantum states of the transmitter
at a fixed number of signal photons per single use of the
probe or equivalently, at a fixed probe power (i.e., photon
energy divided by At). In particular, we will compare the
performance of a coherent transmitter py = pcon, acting as a
classical benchmark, with the nonclassically correlated bipar-
tite state pr = pg defined in the following. Note that since we
are fixing the power rather than the total energy, the Chernoff
information is enough to characterize the best classical perfor-
mance. We do not expect classical correlation to outperform
the coherent transmitter in this context (see our analysis in
the Supplemental Material (SM) [60]). The QTR is performed
using a multicopy transmitter’s state of the form ,o;m. Fixing
the measurements to photon counting yields a classical hy-
pothesis testing. Its optimal asymptotic probability of error
decay rate is given by the classical Chernoff information [50].
In the Appendix we cover this problem in more detail and we
show for the classical Chernoff information a similar result
to that already presented in Eq. (2) for the quantum case,
&k = 2Bpp.

We denote quantities with the superscript “cla” to indicate
that they refer to Chernoff, Bhattacharya and « information
of probability distributions after fixing the measurement to
PC, i.e. the classical version of the previously defined quan-
tities for quantum states. In the following we will omit the
superscript for brevity of notation. In our model for the noise,
we always assume that the background can be approximated
having a Poisson distribution, Pg(n) = P,,(n), and the statis-
tics of the photo-counts in the only slot receiving the probe’s
photons is the convolution of the background noise with
the signal, i.e they sum up incoherently. For the coherent
state transmitter, pr = pcon, the probe’s distribution is also
a Poissonian P, so that P.(n) = P, * P, (‘* stands for
convolution). In this case, the Chernoff information of the
target ranging task, can be found analytically, as reported in
the SM [60], as

Scoh = KL+ 2up — 2/ g/ 1B + KL, 3

where p is the mean number of photons in the probe state pr
and wp is the mean number of background photons.

The quantum probe that we will consider is a collection of
a large number of two mode squeezed vacuum (TMSV) states,
po = (ITMSV)(TMSV|)®R. The TMSV state is defined
as |TMSV) =Y c*in,n)s (n,n|, with |cff0|2 a thermal
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FIG. 2. Asymptotic quantum advantage. (a)The quantum advan-
tage Q defined in the text is plotted against the mean number of
probes’ photons w(k = 0.1). (b)Quantum advantage as a function of
k (i = 0.1). Colors represents different values of the background
wg. The black-dashed line is the empirical limit defined in the text.

distribution with mean pg. This state is entangled and presents
perfect correlation between signal and idler photon numbers.
Taking R copies of this state preserves the photon number
correlation and in the limit of small uy and large R gives
a marginal photon-number distribution that is Poissonian in-
stead of the thermal one of the single-copy state [51]. We
chose this configuration because a narrower marginal distri-
bution has the potential to provide an advantage in a broader
range of parameters [51,52]. Note how in some regimes it may
be convenient to use a single-mode TMSV (see SM [60]). For
a fair comparison with the coherent case, we set Riyg = o
that both probes have the same number of signal photons. The
results found above are easily extended to a bipartite system
considering the joint distributions of signal and idler in place
of the signal one, and &y for the quantum probe py can be
computed in terms of the Bhattacharya information of the
detection task. The evaluation of &j is performed numerically.

In Fig. 2(a) we report the quantum advantage O = &p/&con
in the regime of small reflectance (x = 0.1) as a function
of the mean number of probe photons p for different val-
ues of background photons pup = 0.02, 0.2, 2. Interestingly,
it turns out that when k¥ < 1 and wpg > 1 (in practice, up = 2
seems enough to fulfill the condition) the quantum advantage
reaches the empirical bound Qemp = 1 + 1/, represented by
the black dashed line. Qcmp corresponds to the square of the
ratio among the maximum phase-sensitive field correlation,
(aiay), allowed for the quantum, ~+/u(u + 1), and classical,
~u, bipartite Gaussian states, which is known to be the origin
of the quantum advantage in Gaussian state QI [53]. However,
note that in our scheme we do not use the classical bench-
mark of a correlated classical state, rather a coherent state.
Figure 2(a) shows that in general the quantum advantage is

L022059-3



GIUSEPPE ORTOLANO AND IVANO RUO-BERCHERA

PHYSICAL REVIEW RESEARCH 7, L022059 (2025)

1000

(a)
0.5 ~——
04F 1
§ 0.3 I
o —_—p) (1= 0.1) P (n=1)
© —py (1 =0.1) P’ (n=1)
-5 0.2r
o
0.1r 1
0 ‘ ‘ ‘
0 200 400 600 800
L

(b)

0.08 - — logpI/L(D) wnes £o5 (D)
0.06! log[pt™)/L (11) o (ID)
0.04
0.02

0.17

—10g[pO1/L(1)  wees gop (1)
Eep (1)

log[py”]/L (1)

0.05+

(L) (L)

FIG. 3. Nonasymptotic probabilities of error. (a) Classical and quantum error probabilities, p-~ and p,,”, are compared as a function of the

(L)

number of probes’ copies L (up = 2, k = 0.1). (b) Scaling of the logarithmic error probabilities (solid lines), p;” (top panel) and p(CL) (bottom),
and the corresponding Chernoff bound (dotted), for two sets of parameters: (I) up =2, u =2,k = 0.1, and (Il) up =1, » = 0.1,k = 0.1.

significant in the region of u < 1, eventually approaching
Q = 1, i.e., no advantage, in the opposite regime. Figure 2(b)
shows that the dependence of Q from the target reflectance
« has a nontrivial behavior, only for u = 10 > 1 (the red
curve) the Q dependence from « is negligible. In the other
situation, the highest advantage is found in the two extreme
regions of either very high or very low reflectance. The low-
reflectance regime « <« 1 is the one providing an advantage
in the conventional model of quantum illumination, while
the high-reflectance regime, « > 1, is where the quantum
reading protocol [51,52,54,55] finds the best quantum gain.
The asymptotic behavior of the probability of error gives no
information about the dependence on the number m of time
slots. This dependence can be derived by setting an optimal
postprocessing strategy to compute the exact probability of
error. We address the dependence on m in the Appendix.

QTD: Nonasymptotic quantum advantage. The nonclas-
sically correlated probe pgp introduced in the asymptotic
analysis of L > 1 is unable to outperform the coherent state
transmitter in ranging in the single-copy scenario with photon
counting. This is due to the fact that knowledge of the idler
does not change the optimal Bayesian decision, which re-
mains to pick the higher signal count regardless of the idler. In
other words, in the single-shot ranging with photon counting,
the performance depends only on the marginal signal photon
number statistic. Thus a quantum advantage in this scenario
can be obtained by a probe with sub-Poisson marginal distri-
bution, such as the one in a Fock state.

In this section we will instead consider a finite number
L of repetitions and explore the advantage of pp in this
nonasymptotic regime, which is arguably of the most prac-
tical interest. The outcome of the PC measurement in QTR
scheme of Fig. 1(b), with the input state ,oS’L ,1s an array fig =
{f, ..., fi,,} for the signal, with each fi; being L-dimensional
vectors of integers. For the idler the outcome is a single
L-dimensional vector ii; = {~;1), e ﬁ;L)}, with ﬁ;’) scalar inte-
gers. In the following we show that an asymptotically optimal
decision rule, at least for a small number of photons and

dominant background, is to consider for each of the m slots
the scalar product c¢; := fi; - fi; and select as an outcome the
slot j = argmaxc;. A similar strategy for PC-based QDR is
known to be optimal [40]. The probability of error of this
strategy can be evaluated with numerical analysis, and we
denote it as p(L).

On the other hand, for a coherent probe in the state pc the
best strategy for an L-copy state is to select the time slot with
the highest total count after summing on the L copies. In other
words, for a probe consisting of L copies of a coherent state
each with ; mean photons achieves the same performance
of a single coherent state with L mean photons and a total
background Lug. It follows that the nonasymptotic multicopy
optimal probability of error is p(CL)([L, Up) = p(Cl)(L/,L, Lug).

In Fig. 3(a) we compare the probabilities of error p(cm and
pg) as a function of L, showing that a sensible quantum
advantage can be found also in the nonasymptotic regime.
Just for simplicity and without loss of generality, we refer
to the case m = 2. The comparison is shown for two val-
ues of the probe mean photon number (1« = 0.1 and u = 1)
while the other parameters are kept fixed. In Fig. 3(b) we
plot the logarithm of the error probabilities normalized to
L (solid lines) to show that they approach asymptotically
the corresponding Chernoff information &y and &, (dashed
lines). Thus, the Chernoff bounds being asymptotically tight,
the corresponding practical decision strategies are asymptot-
ically optimal. In this work we have shown that QTR is in
general an easier task than QTD. Calculating the optimal
bounds to the error probability in the asymptotic regime for
phase-insensitive measurement, we have found that QTR with
an entangled transmitter can achieve an exponent advantage
inversely proportional to the mean photon number for a single
use of the probe with respect to the best classical transmitter
if both are paired with a PC receiver. Simple photon number
correlationlike measurement is asymptotically optimal, and
its advantage persists also in the nonasymptotic case. Our
analysis represents a significant step in the analysis towards
a real implementation of quantum LiDAR.
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Appendix.

1. Relation between detection and ranging. Given a bi-
nary hypothesis problem H,/#; characterized respectively
by the corresponding final states pg/p; occurring with the
corresponding prior probabilities 7y + ; = 1, the probability
of error is given by the Helstrom bound [56].

Consider now a sensing performed with a multicopy input
state pP*, where the transmission channel &, is assumed
to act independently on each copy. In this multicopy case
the Helstrom bound can be difficult to compute. However, in
the asymptotic regime of L — oo, a useful upper limit to the
optimal probability of error is given by the quantum Chernoff
bound:

Perr(p§", PPY) < demtecst,

where we fixed m; = 1/2, meaning that no prior information
is available. The bound in Eq. (A1) is tight in the error ex-
ponent for L >> 1 [48]. Here, &qcg is the quantum Chernoff
information [48], defined as

(AD)

&ocs(Ho, H1) = Jnax. Cu(p0s 1), (A2)
i.e., by the maximization of the « information, C,, be-
tween the single-copy states py and p;: Cy(po, p1) :=
— log(Tr[p§ ,011’“]). C, is concave in « over the interval o €
[0, 1]. Notably, in the asymptotic limit L >> 1, the exponential
decay rate for a set of m hypotheses {H, ..., H,,}, §™, is equal
to [49]

EGen = min &y (Hi, H)). (A3)
This relation has been proven for finite-dimensional Hilbert
spaces, and it holds in our analysis due to the assumption that
the sensing is performed at a finite fixed energy p, meaning
that the states can be projected to a finite-dimensional trun-
cated space [57]. In other words, in the asymptotic regime, the
exponential decay rate of multihypotheses testing is the same

as the binary one of the two "closest" hypotheses in the set.
Thus, it makes sense to compare QTR and QTD in this limit.
For the symmetry of the states in Eq. (1), we can arbitrarily
chose two hypotheses of the set to substitute in Eq. (A3),
obtaining by Eq. (A2),

m—2 m—2
§TR = Jmax, Co (pK ® pB ® PB> PB @ P ® PB)

= max Ca(pl( ® PBs PB ® IOK)
agl0,1]

=2C2(p«c, pB) := 2B1p = Co (k. PB),

where we introduced the quantum Bhattacharya information
for target detection Brp. The first equality follows from dis-
carding additional systems in a tensor product that are the
same under both hypotheses, and the last equality is demon-
strated in the SM [60]. Note that C, is symmetrical at o =
1/2, i.e., Ci2(px, pB) = Ci/2(pB, pc)- The last inequality de-
rives directly from the concavity of the « information.

2. Photon counting: Classical Chernoff information. In this
paragraph we address the case of measurement fixed to photon
counting. Initially, let us consider py a single-mode state
addressed to the target. For the target in the jth time slot, the
single-copy state at the receiver p; is given in Eq. (1). Given
|n;) the eigenstate with eigenvalue n; of the number operator
n = &j'&[ of the field in the ith slot and defining the multi-
mode Fock state [n) = ), |n;), the photocounts probability
distribution is then, P;(m) = Tr(p;|n)(n|). The best-ranging
performance will depend on the set of classical probability
distributions {P;(n), ..., P,(n)}, corresponding to a classical
m-hypotheses test on the set of measurement outcomes. The
probability of error decays exponentially with L at the rate
fixed by the so-called classical Chernoff information §gg).
Similarly to the measurement-independent (quantum) case of
Eq. (A3), the m-ary problem can be reduced to a binary test,
where [58]

(A4)

& = frllljn §cp(Pi(m), Pj(m)). (A5)
The binary classical Chernoff information is defined as
[50,59]

&cs(P, Pj) = Jmax, —log (Zpi(n)apj(ll)]_“). (A6)

Following the notation used for the states, let us label Pg
and P, the photon number distributions at a given time slot,
with only background or background plus returning signal,
respectively. Following similar steps used to derive Eq. (A4),
starting from Eq. (A6), one gets for the PC quantum target
ranging,

3= max C*(PyP,, P.Pp) = 2BB53. (A7)
ael0,1]
A detailed derivation of this result is given in the SM [60].
3. QTD: Time slot dependence. Let us consider a single-shot
scenario, i.e., let us fix L = 1. For a coherent state transmit-
ter the single-shot measurement outcome at the receiver is
an array of photon counts fi = {7, ...7ii,,} referring to each
of the m time slots. Given fi the best Bayesian decision is
to select the time slot with the highest photon count [56],

L022059-5
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FIG. 4. Error probability dependence on the number of time slots.
The probability of error pg) is reported as a function of the mean
number of transmitted photons . The three colors refer to different
numbers m of time slots according to the legend (target reflectance
« = 0.1, mean number of background photons wp = 1). The main
graph is in linear-log scale, while the insert shows the same functions
in log-linear scale.

choosing randomly if the highest count is repeated in more
than one slot. This yields the following probability of error

(see SM [60]):

PED () =1 - m_le_""Gm(l +Kﬂ>, (A8)

B

where we introduced the generating function G,,(x):

Gu(x) = x"(Quy(n+ 1)" = ()™,

n=0

Q,(m)=T(n,n)/T'(n) being the regularized incomplete
gamma function.

In Fig. 4 we plot pg:l)(u) for different numbers of time
slots, m = 2, 10, 100. In the main graph, we show the curves
in linear-log scale to highlight their similar asymptotic ex-
ponential decay rate in the limit of w > 1, which results to
be independent from m. Note that in the particular case of
coherent states, as discussed in the main text, p(CL)(;L, UB) =
p(cl)(LpL, Lup), thus the asymptotic slope is in fact determined
by the Chernoff information.

The insert of Fig. 4 shows, in a different scale, how each
curve starts with a probability of error of 1 — 1/m at u = 0,
corresponding to a random guess, as expected.
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