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Abstract: This Guide isintended for harmonization of interlaboratory comparisons of categorical — nominal
(qualitative, i.e., non-quantitative) and ordinal (semi-quantitative) — characteristics of a substance, material,
or object. It provides guidance for application of relevant methods of mathematical statistics for design of
such interlaboratory comparisons and analysis of the obtained data, when the methods developed for
continuous quantitative values (e.g., ANOVA — analysis of variance) cannot be used without violation of their
basic assumptions. The proposed approach employs recently-developed two-way nominal analysis of vari-
ation CATANOVA and two-way ordinal analysis of variation ORDANOVA. The Guide also addresses corre-
lation between the categorical characteristics, as well as correlation between these characteristics and the
chemical composition of the material or object. A multisensory quality index of a product, combining
information on its categorical characteristics, is detailed. It allows for comparison of the quality of the same
material produced by different producers. The examples provided in the Guide are from the fields of
macroscopic examination of weld imperfections, comparison of odor intensity of drinking water, and
comparison of sensory (ordinal) characteristics of a sausage. A corresponding calculation tool with an Excel
spreadsheet including macros, and programs written in the R environment, are available in the specified
references.
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1 Introduction

Interlaboratory studies are widely used for estimation of proficiency/competence of calibration and testing
(including chemical analytical and medical) laboratories in specific measurements, tests, calibrations, exami-
nations, inspections or sampling;' for development of certified reference materials;* for validation of
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measurement and testing methods;** and for evaluation of calibration and measurement capabilities of national
metrology institutes and designated institutes participating in key and supplementary comparisons.” When the
reference value for the measurand is unknown, agreement (consistency) of the measured values obtained by the
participating laboratories is investigated.®” If suitable agreement is observed and outliers are absent or treated,
the laboratory results may then be used for estimating (building) a consensus value of the measurand that is
applicable in the absence of a known reference value.*'° The consensus value typically is an arithmetic mean of
measured values, when their distribution is approximately symmetric and associated measurement
uncertainties are approximately equal; a weighted mean of the values with weights depending on their mea-
surement uncertainties; a Bayesian estimator;""'* or a robust estimator of a population mean.""> When the
reported measurement uncertainties do not sufficiently cover the actual differences between laboratory results,
an interlaboratory “dark” uncertainty component, not considered by the laboratories but contributing to the
uncertainty of the consensus value, is evaluated.™ Then the consensus value and its associated uncertainty are
applied for determination of a laboratory’s success. Another application is to assign the measurand value and its
uncertainty for a candidate reference material.">'® In a method validation, the consensus value is used for
evaluation of the method reproducibility.”

Consensus building for datasets of measured values of the same measurand obtained in different labora-
tories, in different years, by different measurement methods allows evaluation of a physical constant™ or a
quantitative substance property."” The method of DerSimonian and Laird, and other statistical procedures, are
used for meta-analysis of such datasets, including statistical samples of small size.”” Meta-analysis is also widely
applied in medical studies.”*

However, no algebraic operations and mathematical functions can be directly applied to the outcome of
categorical characteristics of a substance, material, or object, whether the categories are expressed in words, by
alphanumeric codes, barcodes, or pictograms.”>* Categorical variables are nominal/qualitative (non-quantita-
tive) or ordinal/semi-quantitative. For example, kinds of weld imperfections® and descriptors of water odor® are
nominal variables, whose occurrences can be only equal or unequal, i.e., can belong to the same or different
categories. At the same time, intensity of water odor or sausage taste from very bad to excellent *”*® relate to
ordinal variables, which are able to be “equal/unequal” or “greater than/less than”. Nominal variables are studied
in identification tasks and detection (presence/absence) tasks,?>° while ordinal variables are used for charac-
terization of properties of a substance, material, or object and its quality, e.g., in sensory analysis.**** Such
variables are also applied for modeling in psychology, clinical, and social sciences.** A consensus numerical value
(an equivalent of a mean) in an interlaboratory comparison or meta-analysis of categorical properties is not
applicable. Statistical techniques for interlaboratory comparisons of nominal and ordinal properties of a sub-
stance, material, or object are less studied and not harmonized.>**

In sociology, consensus of opinions within a given group of individuals is described as “cohesiveness” or
“closeness”, i.e., the degree to which the members of the group agree.***’ For example, it may be the cohesiveness
of opinions of members of a society choosing one of a few candidates for the chair of the society or one of the
alternative programs for the society’s activities. Ideal consensus by this concept means a lack of dispersion of
opinions or choices, while a minimal consensus corresponds to their maximal dispersion reflecting a disagree-
ment or dissent.***° Consideration of such consensus is applied in studying decision making by experts,**
nursing care (clinical practice),***° psychology,*® and other fields. Likert (satisfaction) scales of expert responses,
similarity functions describing the distance between opinions of the experts, rank aggregation (when members of
a group decide which issue is collectively preferred), and kappa coefficients interpreting a consensus as a value on
the interval from 0 to 1, are used in the cited references for a consensus “measurement”.

Consensus of laboratories participating in an interlaboratory comparison, classifying a substance, material,
or object according to its nominal and ordinal characteristics, could also be interpreted as cohesiveness. Recently
developed two-way factorial analysis of variation of nominal variables CATANOVA * and of ordinal variables
ORDANOVA," applied first in refs.” and,*®® respectively, answer the question “is a consensus among partici-
pating laboratories achieved?” The answer is based on testing hypotheses about homogeneity of the between-
laboratory and within-laboratory variation components, as well as the components caused by other factors under
study.*® This is analogous to two-way ANOVA for continuous quantitative variables, but the variations are
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calculated here from relative frequencies of the responses for specified categories. Similar hypotheses about the
influence of different factors on the laboratory responses (and on the consensus), according to the applied
experimental design and decomposition of the total variation, are tested as hypotheses on the homogeneity of
corresponding variations. Homogeneity testing of nominal variables in the CATANOVA framework is based on
the application of a y?-distribution. Testing of ordinal variables in the ORDANOVA framework applies empirical
distributions obtained using random Monte Carlo (MC) draws from a multinomial distribution. Since the number
of participating laboratories is small in many cases, not only the level of confidence (probability of a Type I error
or a-risk*®) but also the power of the test (the probability of a Type II error or B-risk™) is important for a correct
interpretation of the test results.”* >

The present Guide describes a harmonized approach to design of experiments for interlaboratory com-
parisons of categorical characteristics of a substance, material, or object and interpretation of the obtained data
based on two-way CATANOVA and ORDANOVA. The examples provided are from the fields of macroscopic
examination of weld imperfections, comparison of odor intensity of drinking water, and comparison of sensory
(ordinal) characteristics of a sausage.

1.1 Scope and field of application

This Guide is developed for harmonization of interlaboratory comparisons of categorical characteristics of a
substance, material, or object. It will be helpful also for a correct interpretation of categorical data on properties
of substances, materials and objects, the validation of corresponding methods of characterization (e.g., methods
of sensory analysis), the development of reference materials with categorical properties, and similar tasks.

The document is intended for quality control, measurement and testing chemical analytical laboratories,
metrologists and analytical chemists, specialists involved in the laboratory accreditation activity, laboratory
customers, quality managers, and regulators.

1.2 Terms and definitions

Terms and definitions used in this Guide are sourced from the International Vocabulary of Metrology (VIM),Z the
ISO Vocabulary of Statistics,>**° the ISO Quality Measurement Systems — Fundamentals and Vocabulary,”” and
the IUPAC Compendium of Terminology in Analytical Chemistry (The Orange Book).*® A definition is given as a
phrase that can be substituted in a sentence for the term, following ISO practice.*

The most relevant terms and definitions relating to the categorical characteristics of a substance, material, or
object applied in this Guide are given below.

1.2.1 Categorical characteristic

Distinguishing feature described by a specified set of categories

NOTE 1 A category (a class or division of values) can be represented in words, by alphanumeric codes,
barcodes, or pictograms.

NOTE 2 A categorical characteristic can be physical, chemical, biological, sensory (relating to smell, touch,
taste, sight, hearing), etc.

NOTE 3 A categorical characteristic can be nominal (qualitative, i.e., non-quantitative) or ordinal (semi-
quantitative).

NOTE 4 The term “value” regarding a categorical characteristic is intended in a broad sense including
qualitative or semi-quantitative information.

NOTE 5 A categorical characteristic can be related to an inherent property of a substance or material.
However, in a detection task (if a substance is present or absent) or in an identification task (if a substance is
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identified or not), like determination of a blood group or a kind of weld imperfection, the categorical charac-
teristics are related to the sample under examination, the tested environmental compartment, etc.
Adapted from the Vocabulary of Statistics [*°clauses 1.1.1 and 1.1.3], and ISO 9000 [*’clause 3.10].

1.2.2 Categorical data

Data of a categorical characteristic, each value of which is one of the specified categories

NOTE 1 Categorical data have neither measurement units nor quantity dimensions.

NOTE 2 No algebraic operations among categorical data can be performed. Their differences and ratios,
where categorical data are expressed numerically, have no physical meaning.

NOTE 3 Categorical data can be nominal data or ordinal data.

NOTE 4 Binary categorical data (yes/no, detected/not detected, identified/not identified, etc.) can be classed as
nominal data or as ordinal data.

Adapted from the Orange Book [*®entry 2.4].

1.2.3 Consensus of laboratories

Interlaboratory consensus

Consensus

Cohesiveness (closeness, agreement) of responses of different laboratories participating in an interlaboratory
comparison of categorical data

NOTE 1 The term “consensus” means statistical homogeneity of responses, which can be tested using relevant
statistical methods for analysis of categorical data variation.

NOTE 2 Evaluation of a consensus is performed as estimation of a power of the homogeneity test of the
responses and corresponding probabilities of false decisions on the homogeneity (if the consensus was achieved
or not).

NOTE 3 When the purpose of the interlaboratory comparison of categorical data is characterization of a
material (e.g., a candidate reference material>*°), the consensus achieved with the acceptable power and prob-
abilities of false decisions can be used for assignment of categories to the examined properties of the material. If a
laboratory is out of the consensus of other participating laboratories, responses of the outlying laboratory
(inhomogeneous with other responses) should be investigated.

NOTE 4 The consensus achieved in a laboratory proficiency testing supports the proficiency of the partici-
pating laboratories. However, when the (homogeneous) responses of the laboratories differ from the assigned/
certified category of the test item property,’ an investigation of the reasons for the difference is necessary.

1.2.4 Interlaboratory comparison of categorical data

Comparison of categorical data

Design, performance, and evaluation of categorical data related to qualitative or semi-quantitative cate-
gorical characteristics of the same or similar items (results of their examination) by two or more laboratories in
accordance with predetermined conditions

NOTE 1 The term “laboratories” is used to cover all organizations that provide information on items based on
experimental observation, including inspection, sampling, measurement or testing, and examination.

NOTE 2 Interlaboratory comparison is a generic term; the purpose and detailed objectives of an inter-
laboratory comparison (e.g., proficiency testing; a procedure validation; characterization of a candidate refer-
ence material) must be specified.

Adapted from ISO/IEC 17043 ['clause 3.4]; and the Orange Book [**entry 13.62].
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1.2.5 Nominal data

Categorical data with unordered labeled categories or categories ordered by convention

EXAMPLES Color of a spot test; sex; blood group; sequence of amino acids in a polypeptide; sensory response
to a kind of a water smell or taste; type of fault.

NOTE 1 Nominal data have no magnitude; they can be only equal or unequal.

NOTE 2 Nominal data are used in chemical qualitative analysis [**~>***entry 1.3].

Adapted from VIM [%, clause 1.30]; the Vocabulary of Statistics [*°clause 1.1.6]; and the Orange Book [*®entries
1.3 and 1.55].

1.2.6 Ordinal data

Categorical data with ordered categories according to the inherent magnitude of the data

EXAMPLES Rockwell C hardness; octane number for petroleum fuel; sensory response to intensity of a food
smell or taste, severity of a fault according to an expert assessment.

NOTE 1 Ordinal data are arranged according to ordinal scales by the data categories, e.g., from very bad to
excellent or from 1to 5. However, numeric codes of categories should not be treated as continuous quantities since
the distance between numbers 1 and 2 on an ordinal scale may not be the same as between 2 and 3, or 3 and 4.

NOTE 2 Ordinal data can have empirical relations only; they can be equal or unequal, greater than or less than.

NOTE 3 Ordinal data are used in chemical semi-quantitative analysis.®*®*

Adapted from VIM [Zclause 1.26]; the Vocabulary of Statistics [*°clause 1.1.7]; and Orange Book [**entry 1.58].

1.2.7 Response variable of a categorical characteristic

Variable that represents the observed results of the examination of a categorical characteristic

NOTE 1 The observed results may be responses of experts participating in the examination.

NOTE 2 The distribution of the response variable of a categorical characteristic can be described by absolute
or relative frequencies of responses of each of the specified set of categories.

Adapted from the Vocabulary of Statistics [*°clause 3.5.14].

1.3 Symbols

a risk to reject null hypothesis Hy when it is true (probability of a Type I error)

B risk of failure to reject the null hypothesis Hy when in fact it is not true (probability of a Type II error)

B, risk of a failure to reject null hypothesis Hy when in fact it is not true, related to factor X/, /=1o0r 2

Vko intercept (cutoff point) for category k in the ordinal logistic regression model

¥4 0 Vm logistic regression coefficients (slopes) of components contents ¢; to ¢,

Cs between(inter)-laboratory component of the sample total variation Vr

Z‘f, component of variation Cg caused by factor X/, /=1 or 2

G tocy measured values of contents of chemical components

dfs number of degrees of freedom of variation Cs

dfr number of degrees of freedom of variation Vr

dfw number of degrees of freedom of variation Vw

dfx number of degrees of freedom of variation fs,, /=1or2

dfi number of degrees of freedom of chi-square distribution Xg,,, I=1or2

E expected value

Fi cumulative theoretical probability of ordinal responses up to the k-th category

I?,jk sample (observed) cumulative relative frequency of ordinal responses up to category k at the i-th level of factor X1 and j-th
level of factor X2

Fix sample cumulative relative frequency of ordinal responses up to category k at level i of factor X1; a dot in a subscript symbol

means the index of summation (for averaging) of the corresponding frequencies, e.g., j in
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Pijk

Pi

P

Pk
pseudo-R?
q

Qindex

exc
index

SIx
SIg"

Sy
S:IKA”J
SIX/,A
w
Xl

X

sample cumulative relative frequency of ordinal responses up to category k at level j of factor X2
sample total cumulative relative frequency of ordinal responses up to category k

null hypothesis

alternative hypothesis

logistic regression coefficients (slopes) of components contents ¢; to ¢, equivalent of —y; to —y,,
index of a level of factor X1,i=1,2,...,1

number of levels of factor X1

cellin a cross balanced design

index of a level of factor X2,j=1,2, ...,/

number of levels of factor X2

index of a category of the responses, k=1, 2, ..., K

number of categories of the responses

parameter of non-centrality of a distribution

index of a factor X/, /=1or 2

estimated likelihood

number of considered chemical components

full regression model with predictors

regression model without predictors, i.e., containing only the intercept

number of replicate responses

vector of response frequencies by categories (n,ny, ..., nk)

number (frequency) of responses of category k at i-th level of factor X1 and j-th level of factor X2
frequency of responses of category k

total number of responses

probability; used also with subscripts related to a property, e.g., properties p1 to p5

sample estimate of P

probability of a joint event (intersection)

sample estimate of Pjoin

power of a test for assessing interlaboratory consensus, equal to probability 1 — 8, /=1 or 2
vector of the response probabilities by categories (p;,p,, ..., px)

probability of a response of category k

vector of the sample probabilities (relative frequencies) of responses by categories (P 1,0 5, ..., )
sample probability (relative frequency) of nominal responses of category k at i-th level of factor X1 and j-th level of factor X2
sample probability (relative frequency) of nominal responses of category k at i-th level of factor X1
sample probability (relative frequency) of nominal responses of category k at j-th level of factor X2
sample probability (total relative frequency) of nominal responses of category k

McFadden’s statistics for evaluation of goodness-of-fit of logit models

index of a category of the responses (like k), g=1,2, ..., K

quality index

index of a product having imagined excellent quality

significance index (test statistics) for evaluation of effect of factor X/, /=1 or 2

critical value of significance index §I,; under null hypothesis Hy, /=1 0or 2

significance index generated with the MC method, /=1 or 2

significance index, shifted/modified under alternative hypothesis H; with parameter of non-centrality A,/ =1 or 2
significance index, shifted/modified under alternative hypothesis H;, generated with MC method, / =1 or 2

effect of the statistical sample size for the chi-square test

factor 1 or factor 2 (/=1 or 2)

critical value of chi-square distribution )(ﬁ,ﬁ, /I=10r2

chi-square distribution with df; degrees of freedom, /=1 or 2

non-central chi-square distribution shifted under alternative hypothesis H; with parameter of non-centrality A, degrees of
freedom dfj, and /=1 or 2

variance

sample total variation of the response variable Y, normalized on [0, 1] interval

within(intra)-laboratory component of V; caused by factor X2 and/or “residual” variation due to unknown reason(s)
random quantity on a categorical scale, ¥ = n; used also with subscripts related to a property, e.g., properties p1 to p5
intersection of events
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1.4 Abbreviations

ANOVA Analysis of Variance

CATANOVA Categorical (nominal) Analysis of Variation

CDF Cumulative Distribution Function

CITAC Cooperation on International Traceability in Analytical Chemistry
exp exponential function

IBM SPSS Statistical Package for the Social Sciences of the International Business Machines Corporation
IEC International Electrotechnical Commission

I1SO International Organization for Standardization

IUPAC International Union of Pure and Applied Chemistry

logit logarithmic odds of ordinal responses

MASS Modern Applied Statistics with S programming environment

MC Monte Carlo

ORDANOVA Ordinal Analysis of Variation

PDF Probability Density Function

PMF Probability Mass Function

VIM International Vocabulary of Metrology

2 Design of experiment

The provider of the interlaboratory comparison shall design and plan those activities which directly affect the
validity of the comparison and shall ensure that activities are carried out in accordance with prescribed pro-
cedures as detailed, for example, in ISO/IEC 17043." For an interlaboratory comparison in the field of sensory
analysis according to ISO 6658, there are important requirements for the qualification of the experts of
participating laboratories (sensory assessors by ISO 8586 %) and conditions of examination of the test items.

2.1 Test items

Choice and preparation of test items having homogeneity and stability of the properties of interest fit for purpose
of a planned interlaboratory comparison is a task of the comparison provider." When test items are consumer
products (e.g., samples of a packaged sausage) from different producers, purchased simultaneously from a
market for comparison,®* they shall be examined before their expiration dates.

2.2 Responses
2.2.1 Modeling responses

An expert response for a given property (characteristic of a substance, material, or object) can be modeled as a
random quantity Y on a categorical scale with K > 2 categories (classes or levels) characterized by a probability
vector p = (p;, Py --.» Px ), Where p, with k = 1,2, ..., K denotes the theoretical probability of responses related to
the k-th category, such that YX_, p; = 1. Then, for ordinal values, F; denotes the cumulative theoretical probability
up to the k-th category, i.e., Fx = Z’;ﬂ P, and F = 1. In practice, there is a set (vector) of response frequencies
n= (m,ny, ..., Ng), where ny > 0 denotes the number (frequency) of responses related to the k-th category, and
YK, ni = N is the total number of responses. The probability P of receiving such set of response frequencies can
be evaluated based on the multinomial distribution with parameters (N,p) as the probability mass function
(PMF):®
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When some of the numbers n, of responses related to the k-th category are equal to zero, factorial 0! = 1, and
corresponding p;* = 1. Therefore, if two only ny are different from zero (i.e. K = 2), the multinomial distribution
in Eq. (1) simplifies to the binomial distribution. Note that the multinomial distribution, being a generalization of
the binomial distribution, is applicable to nominal as well as ordinal variables.

2.2.2 Factors influencing the responses

In an interlaboratory comparison, variability in the responses of ¥ may be explained by independent fixed effects
of two main factors (two independent categorical variables). The first factor, i.e., the variable X1, having I levels
(laboratories participating in the comparison, denoted as i = 1, 2, ..., I), and the second factor, the variable X2,
having J levels (e.g., | different temperatures of the water samples for examination of the water odor, denoted as
j=1,2,...,]).Each of the N possible responses falls into one of the I levels i of the first factor X1, and into one of the |
levels j of the second factor X2. Besides, each of the responses belongs to one of the k = 1,2, ..., K categories of Y.

2.2.3 Interaction of the factors

Asarule, an interaction between such factors as a laboratory and a fixed condition of the item examination (like a
temperature of a water sample) is unrealistic. Therefore, only one response at the specified levels of the factors is
required in ISO/IEC 17043," when an interlaboratory comparison is used for proficiency testing of the partici-
pating laboratories. However, in a case of another simultaneous aim, e.g., checking abilities of a new trained
technician versus an experienced one (expert) for examination of the items in the same laboratory, the absence of
an interaction between the factors is less obvious and may need to be tested.

2.3 Cross-balanced design

A design of an interlaboratory comparison without replication at any (i, j) cell, when IJ = N, is the simplest cross-
balanced design. It is shown in Table 1, where ny; denotes the number of responses obtained in the i-th laboratory
at the j-th condition, related to a k-th category. No interaction between the two factors can be analyzed when all
Ny = 1.

In general, a cross-balanced design may contain (i, j) cells with the same number n > 1 of replicate responses
and the total number of responses N = niJ. The design with replication allows testing of the interaction between
the factors.”*’

Mathematical issues of random effects of factors for a nominal scale were described recently in ref. .

Table 1: Cross-balanced design without replication.

Factor X1 - laboratories Factor X2 - levels of a condition Total counts
1 j i

1 Mk Njk Mk J

i Nik ik Nigk ]

I Npk e Nyjk e Ny /

Total counts I I I N
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3 Analysis of the response variation
3.1 Total variation

Treating N responses as a statistical sample, and the number of responses n;; as a random variable, then
Dk = Nij/N and Fijk = 25:1 Djjq denote the sample (observed) relative frequency of responses belonging to the
k-th category and the sample cumulative relative frequency of responses up to the k-th category in cell (i),
respectively. The sample total cumulative relative frequency of all responses belonging to the k-th category is
denoted by

1

)
™M~
M\

Fjok=12,.. K @)

~

i=1 j=1

-
I

Here, Fix =3 Y/ Fye (i=12,..,15 k=12 ,K)and Fj =3 Y1, Fype (j=1,2,....J; k=12,...,K) denote the
sample cumulative relative frequency of responses up to the k-th category at level i of factor X1 and at level j of
factor X2, respectively. Dots in a subscript symbol mean the indices of summation (for averaging) of the corre-
sponding frequencies, e.g., i and j in F .

The observed (sample) total variation of the response variable Y, normalized on the [0, 1] interval, is
estimated in two-way ORDANOVA for ordinal variables *’ as

- 1 K1 -
Vi=———F Y Fx(1-F
T K-1)/a kZ::1 “k( ..k) 3
with degrees of freedom df; = N — 1. A similar estimate in two-way CATANOVA for nominal variables ¢’
- K AZ
Vy = , @
KD ( kzl” ")

where p , = n /N is the sample proportion (relative frequency) of data belonging to the k-th category and
Zlk(zl Py=1

3.2 Decomposition of the total variation
In the model without replication, the total sample variation Vr is partitioned into the between(inter)-laboratory

component Cy and the within(intra)-laboratory component Vy, caused by the second factor and/or “residual”
variation due to unknown reason(s). For ordinal data,*” this is

VT:E‘B‘}'Vw, (5)
where
- 1 K-1 I oy 1 o,
G=x_17 T Fix-F. - Fy-F 6
P = w0 |1 5 P Fe) g Z(Er ) ®)
and
7 K11 1]
’ L F _F 1- i F —F . 7
w = (K - 1)/4,(1[]121];( k + Fjk k)( [ K+ Fj k]) ™

The degrees of freedom of the variation components are dfg = I-1)+ (J-1) and dfw = I-1)(J -1),
respectively.
The individual effects of factors X1 and X2 can be estimated using the next decomposition of the variation Cg:
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~ ~B ~
Cp = Cyy + Cyy, 8)
where

B 1 K11 Lo
TOK-D/MAEIE
_B 1 K11/ . ~ \2
Coyp=———+ Y =Y (Fy—F. 9
=K -1)/4 ,(;J;( w=F)
with degrees of freedom dfy; =I —1and dfy, =] - 1, respectively.
A similar decomposition for nominal data ®’ leads to

S K K11 _ - \2 ~B K kK11
Cor=5—2 = i and C,,=—— > =

X1 K-1 z Iz:z:l(plk pk) X2 K_]-kzljjzl
Such decomposition may include a component related to the possible interaction between the two factors. In
addition, decomposition by response categories was discussed in papers.” ' Note also that the sample estimators
by Egs. (3-10) are biased from the corresponding population variations.**®

(pjk - IA’“k)z- (10

LN

3.3 Null and alternative hypotheses

The null hypothesis H, of homogeneity of the responses states that the probability of classifying the responses as
belonging to the k-th category does not depend on the levels of the first factor (levels i) nor on those of the second
factor (levelsj), i.e., pj = ppforalli=1,2,...,Iandj = 1,2, ..., J. Under this hypothesis, the following relations are

applicable for both nominal and ordinal data:

N R R ~B ~B
L (= O O o e o o
afp  dfs  dfw  dfn  df, N’
where E is the expected value. The numerator of the last term in Eq. (11) is the population total variation Vy
corresponding to the probability vector p = (p,, p,, ..., Dx ). The alternative hypotheses H; are that one or both the
studied factors influence the probability vector p, i.e.,
~B

E[Cxl] Vr d/
>— and/or

dfsy, N

~B
ELZZ] > % . 12)

To test the statistical significance of both the factor effects, the following significance indices (test statistics) have
been defined:*’

Cofdfa  Chfdf
—— and SIp=———. 13)
7x [ df 7x [ df

SIx =

3.4 Hypothesis testing for nominal variables

Distributions of the statistics df; SIx;, I = 1, 2, for nominal variables are asymptotically approximated by the chi-
square distributions )(fiﬁZS withdfy = (K-1)(I -1)and df, = (K —1)(J — 1), respectively. They have the following
expectations and variances:

E[dfSIy| = df;and VAR|df; S| = 2df;. a4)
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This approximation allows the application of a chi-square test for testing the null and alternative hypotheses.®’
The null hypothesis H, regarding the equivalence of the levels of factor X1 (p; = py), i.e., insignificance of the

effect of factor X1 on the response variable Y, is rejected when df; STy exceeds the critical value x; of the chi-
square distribution )(filf1 at the (1 - a)100 % level of confidence, i.e., when the probability P( dfy STy, > xl) =a.ltis
the probability of a Type I error, which may be interpreted as the a-risk of a false decision that a consensus of
laboratories is absent, when it is actually achieved. Similarly, the H, regarding the levels of factor X2 (pl jk = pk) is
rejected when df; SIx; exceeds the critical value x; of the chi-square distribution Xéfz . This also means that the null

hypothesis H related to factor X1is rejected when SIx; exceeds x;/df; at the (1 - a)100 % level of confidence. The
a-risk here is the probability of a false decision of the significance of the influence of factor X! on the responses,
when it is insignificant.

The alternative hypothesis H; by Eq. (11) corresponds to the shifted/modified distribution of the statistics
dfi SIx; which would be valid under the null hypothesis Hy. The modified distribution is denoted further as

df; SIx; ;, where A is the parameter of non-centrality, i.e., the shift in the distribution. The following expectations
and variances related to the modified distribution are

E[dfiSIxiz] = dfi + A, VAR[df; SIx, 2] = 2df; + 42, 5)
and
_ A - 2 42
E[SIx2] =1+ VAR[SIxi ;| = o=+ ——. (16)
[STx.1] i ST, ] TR

This modified distribution is approximated by the noncentral chi-square distribution Xgifz, ,/°. The values are

calculated as A = w?N, where w is the effect of the statistical sample size on the chi-square test. Conventionally, a
value of w = 0.1 is considered as a small effect, w = 0.3 — a medium effect, and w = 0.5 — a large effect.” As the
sample size N = IJ is equal for both factors X1 and X2, the same A is applicable.

Then, values of the power of the homogeneity test of the responses at different levels of the factor X1 (levels i)
and factor X2 (levels ) can be calculated as the power P, [ =1 or 2, of the corresponding chi-square test:’>”

Py =1-f=1-CDEy% ; (X, 17

where CDF means cumulative distribution function, and f5; denotes the probability of a Type II error. It may be
interpreted in the case of factor X1 as the S-risk of a false decision of a consensus of the laboratories, when the
consensus was not achieved. If the influence of factor X2 is tested, this is the S-risk of a false decision of the factor
insignificance, when it is significant.

An example of the power values versus numbers of the factor levels and categories, calculated and plotted in
R programming environment,*®”* is available in Annex A, Example 1. An evaluation of the consensus (the power
and S-risk at the set a-risk) of laboratories which participated in a comparison of weld imperfections that are

nominal weld characteristics, is in Annex A, Example 2.

3.5 Hypothesis testing for ordinal variables

Testing the null hypothesis Hy on the effect significance for ordinal variables also requires knowledge of an
asymptotical distribution for the indices SIx; and SIx; by Eq. (13), in order to calculate the critical values of the
indices SIS} and SIS at the (1- a)100 % level of confidence.

A calculation tool using random MC draws from a multinomial distribution — an Excel spreadsheet with
macros " - calculates (from the empirical data) the sample vector of relative frequencies p = (P 1,D 3, ....D ), as
well as the variation components ( E‘?}l, f‘f}z, Vw, V) and the values of the indices SIx; and Slx.. At each iteration,
the calculator performs random draws from the multinomial distribution with K categories and the vector of
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relative frequencies p, and stores the calculated values of the significance indices. Finally, for each significance
index, an empirical CDF is constructed and relative frequency (%) plots of the simulated values (empirical

distributions of Q,I\flc, 1 = 1,2) are displayed. The critical values SIS, for the significance indices, as an equivalent
of x;/df; for nominal variables, are recovered as the points, where the (1 - a)100 % level of confidence of the

empirical CDF is achieved. The null hypothesis H is rejected when the significance index SAIz[,C exceeds the critical

value SIE}"Zit at the (1 - a)100 % level of confidence.
The alternative hypothesis H; is represented by the shifted/modified empirical distribution of the signifi-

cance index SAIE,CA =1+ A/df;)SAIy,C. Thus, the power value P; of the criterion for testing homogeneity of the
responses at different levels of the factor XIis P =1 - CDF (1)

XLA
The tool was applied, for example, for evaluation of the consensus of laboratories which participated in a

comparison of intensity of odors (ordinal characteristics) of different drinking water samples.? This is Example 3
in Annex A.

4 Relationship between categorical and quantitative
characteristics

4.1 Sensory evaluation and chemical composition

Categorical characteristics of a substance, material, or object may be correlated with its quantitative charac-
teristics, such as contents of main chemical components and impurities. For example, relationships between
sensory evaluation and the chemical composition of meat and meat products have been a subject of research.”®"®
Regression analysis is the known tool for studying and modeling such relationships. However, as in applications
of ANOVA, the additivity assumption should not be violated when applying regression analysis.” This is possible
with multinomial ordered logistic regression (ordered logit), quite commonly applied in medicine,®® financial
activity,® in a study of consumer purchasing behavior,** and in other fields.

4.2 Multinomial ordered logistic regression

The ordered logit model is based on the following concepts. When ¥ is an ordinal outcome with K categories, the
cumulative probability of the responses of categories g, which are less than or equal to a category k, is P(q < k).
The odds of the responses being less than or equal to a category k, are defined as P(q <k)/P(q> k), when
k=1,...,K -1 For k = K, the denominator is zero and the odds cannot be defined. The log odds, called logit, is
defined as logit (P (q < k)) = log (P(q < k)/P(q > k)). The ordinal logistic regression model is parameterized as

logit(P(q <Kk)) = Yio + Vi€t + =+ + Vs (18)

where yyo is the intercept (cutoff point) for category k; c; to ¢, are the measured component contents (mass
fractions), i.e., the observable continuous variables; y; to y,,, are the corresponding regression coefficients (slopes),
constant across categories. Note that this model is based on the parallel regression (proportional odds)
assumption: the logit dependences on the compositions are parallel hyperplanes for different categories k and,
hence, the intercepts are different for each category but the slopes are constant across categories. The odds of
being less than or equal to category k are

P(q=k)/P(q>k) =exp(Vxo + V1€t + = + ViuCm)- 19)

Calculation of the model parameters in R programming environment, including their confidence intervals and
goodness-of-fit measures for the model, is described, for example, at the webpage.83 The following notation is used in R:
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logit(P(q <k)) = Yo = €1 = *** = NyuCis (20)

where n; = —y; for all the regression coefficients of components contents c; to ¢,,,. Inverting Eq. (20), the probability
of getting a response of a certain category k or below can be obtained®* as

P(q<k)=1logit " (P(q<k)) =1/[1+1/ exp(yso = 111C1 = =+ = NuCm)]. (eAY)

The R function “polr” of the MASS package® is used to fit multinomial ordered logistic models to the experimental
data, while the function “predictorEffects” of the Effects package® is helpful for calculating and plotting prob-
abilities of getting a response equal to a certain category k.

The goodness-of-fit of a model can be evaluated by calculating several pseudo-R statistics,®” which estimate
the variability in the outcome of the fitted model. For example, McFadden’s pseudo-R” is defined as

pseudo-RZ =1- InL (Mfull)/ InL (Mintercept)> (22)

where My is a full model with predictors; Mintercep: iS the model without predictors, i.e., containing only the
intercept; and L is the estimated likelihood.

When the Mg, model does not predict the outcome better than the My ercep: model, its In L(Mz,y) is not much
larger than In L(Minercept), hence the corresponding ratio is close to 1 and the McFadden’s pseudo-R2 is close to 0:
the model has poor predictive value. Conversely, when the Mg, model is good, its In L(Mg,y) is close to zero since
the likelihood value for each observation is close to 1, and McFadden’s pseudo-R? is close to 1, indicating successful
predictive ability. When comparing two models on the same data, McFadden’s pseudo-R* would be higher for the
model with the greater likelihood.

The R function “PseudoR2” of the DescTools package® is applicable to the corresponding calculations. Note
that correlations between contents of the chemical components may affect the regression coefficients and p
values, but they do not influence the predictions, precision of predictions, and the goodness-of-fit statistics.*’

An example of multinomial ordered logistic regression of sensory responses to the quality of a sausage from
different producers versus the chemical composition of this sausage, is available in Annex A, Example 4.

5 Multisensory quality index

A quality index summarizing the responses to different properties of a product is an important measure for
assessing the quality of commercial products.’® °* It can be useful in comparative testing of the same product
from different manufacturers® and for prediction models of a consumer choice. However, when the responses
are ordinal quality characteristics, the problem of the published approaches to the index calculation is again that
they use different kinds of mean, while the corresponding algebraic operations with categorical data cannot be
performed (Sec. 1.2.2, Note 2). An additional difficulty is caused by multisensory perception® > which leads to
possible interactions (correlation) of the responses to different product properties.?®

5.1 The index for independent responses

The probability mass function P by Eq. (1) of a multinomial random variable ¥, characterized by a vector p of
response probabilities, is the probability that the event ¥ = n occurs. For example, five such multinomial
variables, each corresponding to a product quality property, will be used further with corresponding subscripts
from p1 to p5 in the symbols of variables and parameters related to these quality properties.

The probability Pjin, Of the joint (intersection) event, consisting in the expert responses to the five properties

simultaneously, is:**%’

Pjoine = P({Yp1 = N} N {¥2 = Ao} 0 {V3 = My} 0 { Y = Apa} 0 {Y 5 = Mys}), 23)

where N is the symbol of intersection of events.
The Venn diagram of the joint event is shown in Fig. 1.
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Fig. 1: Venn diagram of the joint event. The event ¥, = ny,;, when the probabilities of the
responses to property 1 by categories are as in the specific vector py,, is shown with a semi-
transparent brown ellipse 1; similar color ellipses indicate 2 (green) — the event Y, = n,; for
property 2; 3 (violet) — the event ¥y, = n; for property 3; 4 (blue) — the event Y, = np, for
property 4; and 5 (yellow) — the event ¥,,5 = nys for property 5. The joint (intersection) event,
consisting of the corresponding responses to the five properties simultaneously, is highlighted
by the central red non-transparent shape.?®

When responses to these five quality properties are independent, the probability of the joint event (joint
probability) is the product:

Pjoint:Ppl'PpZ'PpB'Pp4'Pp5' (24)

Treating N responses to each quality property as a separate statistical sample, and corresponding frequencies ny
as random variables, the probability vector p = (p;, P, ..., Px) is estimated for the quality property as a vector of
relative frequencies p = (P, Py, ..., g ), Where Py, = ni/N. Then, an estimate of Py by Eq. (1) is Ppy, similarly for
other probabilities, while the estimate of the joint probability by Eq. (24) is Pjoint = Pp1 * Ppa * Pps - Ppa - Pps. The
estimate f’joim is the probability that the product will have these, and no other, quality characteristics, expressed
as the sensory property values on their ordinal scales.

The product quality index Qjnqex can be formulated as the negative common logarithm (-logyo or — 1g) of the
estimate of the joint probability:

Qindex = ~18(Pioint ) = —[18(Pp1) +18(Ppz) +18(Pps ) +18(Ppa) +18(Pps) |- (25)

When the probability estimates P of the five quality properties tend to 1, the quality index approaches its
minimum value Q;,4ex = 0. In any other case Q;,qex > 0. A greater Q;,q.x value means smaller values of the joint
probability Pjyin and its estimate pjoim: i.e,, agreater chance that the product quality properties will differ from the
claimed ones. In this sense, greater Q4. values are worse, and the estimation of Q; 4. can be compared with, for
example, counting a number of defects. Being the negative logarithm by Eq. (25), the quality index is related to the
entropy (a measure of uncertainty’® ") of the probability distribution of that product quality properties.

Note that there are no assumptions concerning the contribution of each quality property to the quality index,
either being equal or different: the formulated quality index is not a kind of geometric or weighted mean of the
property values with probabilities as the weights. Determining the quality characteristics and their categories (the
ranges on the ordinal scale), as well as the relevance of these characteristics to consumers, are not the task of this Guide.
They are a part of the product specifications in a standard or another regulatory document related to the product.

5.2 The index for responses which might not be independent

When responses to two or more quality properties might not be independent, the probability of the joint
(intersection) event Pjin can be represented numerically by a Gaussian copula-based procedure.”'** This
procedure is used for generating samples from a discrete multivariate random variable with the prescribed
experimental marginal cumulative distributions Fy 1, Fx pa, Fi ps» Fx pa> Fx ps and an empirical correlation matrix
of those quality properties. When a large number of those multivariate samples, each of size N, are
generated, an estimate f’joint of Pjoine Can be calculated as the relative frequency of realization of the
intersection event ({¥p1 = np} N {¥p2 = npo} N {¥p3 = nps} 0 {¥pa = npa} N {¥ s = nys}). Then, the quality index
Qindex = —18 (Pjoint) is obtained.
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5.3 Variability of the quality index

Arepresentative dataset of responses to each property is necessary for an estimation of the vector of relative frequencies
and PMFs by Eq. (1). It may be a dataset containing results of examination of samples from one batch. The quality index
characterizes this batch in such a case. When the dataset is accumulated by examination of batches during a specified
term, the quality index characterizes the product (and production in the specified term) in general. The variability of the
Qinaex Value for N > 100 is decreasing and may be considered as negligible at the quality index evaluation.

However, it is important that the Qy,4¢; value depends on the definition of the joint probability Pj;, and its estimate
P joint- FOr example, the quality index may also be formulated as the negative common logarithm of the joint probability
of the product with some specified (preferred) categories of its quality properties. In particular, in the case of an “ideal”
product with the excellent (highest) category of each examined property, the joint probability means the probability that
the product will be made at the same production conditions as other products of the same kind during the studied term.
Then, the corresponding quality index Q%% is the negative common logarithm of the joint probability of the event
when the vector of frequencies of responses of the highest category is obtained for each of the properties.

Such quality indices are discussed in Annex A, Example 5, using the described approach for analysis of a
dataset related to a sausage from two producers.”®

6 Implementation

In practice, the purposes of comparisons and the number of laboratories (producers) able and ready to participate
in a comparison may be different, and the number of test items may be small or large. When a consensus is not
achieved (the responses are inhomogeneous), outlying laboratory responses should be investigated. The outlier(s)
may be removed from the dataset for calculation if the laboratory finds that the conditions of the experiment
were violated. If a violation was not detected, removing outliers is not recommended*' as this action decreases
the power of the test and increases the risks of false decisions.

In any case, a fit-for-purpose algorithm is to be elaborated for correct treatment and interpretation of the
obtained data, especially in the complex interlaboratory comparisons of responses correlated with chemical
composition of an object or correlated responses to different properties of the same product. Such an algorithm
can be represented as a flow chart.

6.1 Algorithms for data treatment

When a property of samples of a product of different producers is examined in one laboratory/institution by a
group of experienced experts, and the chemical composition of each sample is known from a certificate provided
by its producer, a flow chart of data treatment is shown in Fig. 2. It starts from calculation of the frequencies of
expert responses (of different categories), and evaluation of the total variation. The next step is decomposition
of the total variation into components with the purpose to assess the effects of two factors influencing the
variation — “producer” (X1) and “expert” (X2).

The components of variation obtained are used for testing the hypotheses on homogeneity of the producers
(i.e., the responses to their product quality properties) and homogeneity of the experts (their responses to a
property of the same product sample). When responses of different experts are inhomogeneous, and/or the
responses to different producers are homogeneous, the analysis is ended. Otherwise, it is assumed that the
difference between responses to the product quality of different producers is caused by the differences in the
product chemical composition. This hypothesis is tested with multinomial ordered logistic regression analysis. If
any of the regression coefficients are statistically significant, probabilities of obtaining a response related to a
specific category for different components of the chemical composition are calculated. The last step is plotting
such probabilities for visualization of the results and their discussion like in Annex A, Example 4.

Another algorithm is necessary, when the chemical composition of each sample of a product under exami-
nation is known and correlations between the responses to different properties of the product are considered.
Such an algorithm may start from testing the homogeneity of the datasets of chemical composition that able to
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Fig. 2: Flow chart of the data treatment for interlaboratory comparison of
End categorical characteristics of a substance, material, or object.”

influence the responses. For samples, for which the hypothesis on homogeneity of the chemical composition is not
rejected, ORDANOVA is implemented. Then only testing correlation of the responses to the different quality
properties can be performed. If correlation is not statistically significant, a quality index of the product can be
calculated by Eq. (25). Otherwise, the quality index is calculated numerically by a Gaussian copula-based pro-
cedure as explained in Sec. 5.2 and Annex A, Example 5.

6.2 Limitations

This Guide discusses the risks of false decisions on consensus as probabilities, not considering the severity of their
consequences: quality loss, aesthetic and taste worsening in a product, financial loss, etc. There are also typical
limitations of the applied methods of mathematical statistics: the use of any model is a simplified reflection of
reality; adequacy of the treatment of a dataset of item-to-item (batch-to-batch) and/or expert-to-expert responses;
the goodness-of-fit of experimental and theoretical distributions, etc.
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Annex A: Examples

Example 1. Calculation of power of the test for nominal variables
A-1-1 Introduction

The aim of this example is to illustrate the dependence of values of power, P; and P,, on the number of
laboratories I = 3 to 50, and the number of levels of the second factor (condition) J = 2 to 10, at the number of
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categories of the responses K = 3and 10. Calculations are based on the application of the chi-square distribution
in R programming environment.*® The least number of categories K = 3 is set as binary categorical cases (K = 2)
have already been discussed in previous publications.**“ The least number of laboratories is I = 3 since bilateral
interlaboratory comparisons (I = 2) are a specific case in metrology>'®® not considered here. The range for J
starts at J = 2, which is usual for testing the influence of a comparison condition on the responses.*®

A-1-2 Examples of the power calculations for nominal variables

The calculated results for P; and P, are shown as the yellow and blue transparent surfaces in Figs. 3 and 4,
respectively. The calculations are performed at the probability of a Type I error a = 0.05 and the medium effect of
the sample size w = 0.3. Plots (a) and (b) in each figure correspond to K = 3and 10, respectively. Smoothing each
surface plot from corresponding discrete values was performed using R.”*

Note that the axes of the plots in the figures do not start from zero, but correspond to the set ranges (from 3 for I,
and from 2 for J) and the minimal calculated power values P; > 0. The ranges of power P; values in Fig. 3 are from

a) b)
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Fig. 3: Power P; of the test of the hypothesis on significance of the effect of factor X1 in dependence on the number I of laboratories (levels of

factor X1) and the number J of conditions (levels of factor X2). Plots (a) and (b) correspond to the number of response categories K = 3 and 10,
respectively.*®

a) b)

50 50

2 10 201

Fig.4: Power P, of the test of the hypothesis on significance of the effect of factor X2 in dependence on the number I of laboratories and the
number J of conditions. Plots (a) and (b) correspond to the number of response categories K = 3 and 10, respectively.*®
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0.08 to 0.86 for K = 3 in plot (a), and 0.06 to 0.43 for K = 10 in plot (b). In Fig. 4 power P, values are from 0.09 to 1.00
for K = 3 in plot (a) and 0.07 to 0.90 for K = 10 in plot (b). Thus, these figures indicate that increasing I and J, which
form the statistical sample size N = I, increases the power of the test for both factors X1 and X2. Comparison of
corresponding plots in Figs. 3 and 4 allows observing power values P; < P, at the same sample size N and number of
categories K. This is due to variances (and corresponding standard deviations) by Egs. (15) and (16), which are
greater at the number of degrees of freedom df; = (K - 1)(I - 1) than at df; = (K —1)(J — 1), when I > J. Besides,
increasing K decreases the power at the same N, i.e., alarger number of categories requires a greater sample size for
achieving the same power of the test. In other words, to solve a more complex task, a greater N is necessary.

Example 2. A comparison of weld imperfections
A-2-1 Introduction

This example demonstrates the implementation of two-way CATANOVA for a case study of nominal variables in
an interlaboratory comparison of responses of technicians who categorized weld imperfections on the images for
macroscopic examination. It is also an example of evaluation of the consensus of the comparison participants
when their responses are nominal values.

A-2-2 Experiment

Three accredited laboratories participated in the comparison, I = 3, and were asked to recognize and classify
weld imperfections according to ISO 6520-1.1°* This standard defines the designation system for macroscopic
examination of weld imperfections according to the following five categories/classes of the weld features, K = 5:1)
cracks, 2) cavities, 3) inclusions, 4) lack of fusion/penetration, and 5) geometrical shape errors. Such imperfections,
caused by failures in the welding process, were visible on the 12 images/macroscopic photographs of different
welded joints used as the test items, sent to each participating laboratory. Ten items had only one feature
(imperfection) to detect, and each of the other two items had two different imperfections. Thus, n= 14
examination results, ie., classes of weld imperfections by opinion of a laboratory technician — nominal
characteristics of the welds, were expected from a participating laboratory. In addition, the laboratories were
interested in comparing the examination results from an experienced technician and a trained novice, J = 2.
Therefore, two datasets, each containing 14 examination results, were considered from each participating
laboratory. The total number of examinations was N = nIJ = 84%.

A-2-3 Implementation of two-way CATANOVA

Numbers of responses by category obtained in each laboratory (technicians 1 and 2) to the 14 imperfections,
i.e, frequencies ny, are presented in Table 2. The total sample variation of the examination results is V1 = 0.952
with df; = 83 by Eq. (4); the between (inter-) laboratory variation is Cg = 0.047 with dfy = 5 by Eq. (6), and the
within (intra-) laboratory variation is Vy = 0.906 with dfyy = 78 by Eq. (7). The C decomposition by Eq. (8) and
Eq. (10) was performed here considering in addition a possible interaction of the factors.

The individual effect of laboratories as factor X1 was Z‘f}l = 0.019 with df; = 8 degrees of freedom, and the
effect of technicians as factor X2 was C,R}z = 0.0149 with degrees of freedom df; = 4. Their significance indices were
SIx1 = 0.834 and SIx, = 1.297, respectively.

Since df SIx; = 6.67 does not exceed the critical value of the chi-square distribution X3 at 95 % level of
confidence x; = 15.51, and df; Sy = 5.19 < x5 = 9.49, the null hypotheses Hy on homogeneity of the laboratories
and on homogeneity of their technicians were not rejected at 95 % level of confidence. In other words, the
influence of both the factors, laboratories X1 and technicians X2, on the responses was found insignificant at
the a-risk, i.e., the probability of a Type I error, a = 0.05. The factors’ interaction was also tested in a similar way
and found insignificant %
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Table 2: Numbers of the responses by laboratory, technician, and categories, .

Category, K Laboratory (X1), i Total

1 2 3

Technician (X2), j

1 2 1 2 1 2
1 1 4 1 4 0 1 11
2 2 3 3 2 2 2 14
3 2 2 1 2 1 1 9
4 6 4 6 2 5 6 29
5 3 1 3 4 6 4 21
Total 14 14 14 14 14 14 84

A-2-4 Evaluation of the consensus

Under hypothesis Hy for the factor X1, the expectation according to Eq. (14) is E [df1 SI X1] = 8, the variance is
VAR[df1 SI Xl] = 16, and the standard deviation is sd; = w/VAR[dfl SI Xl] = 4. The distribution of df; SIx; is
approximated by the chi-square distribution y2. The critical value of y3 at 95 % level of confidence is x; = 15.51.
Under hypothesis H;, at the sample size N = 84 and the medium size effect w = 0.3, the parameter of non-
centrality of the distribution is A = wN = 7.56. By Eq. (15), E[df; SIx1 75¢] = 15.56, VAR [df; STy 756] = 46.24, and
sdy,756 = 6.80. The distribution of df SI x1,756 under Hy is approximated by )(%) 756- 1he probability density
functions (PDFs) of the chi-square distributions for factor X1 are shown in Fig. 5, plot (a). On this plot, the blue line
is the PDF of the chi-square distribution y4 under hypothesis Hy, and the red line is the PDF of 3 ;5 under
hypothesis H;. The vertical black dashed line indicates the critical value x;. Probabilities of a Type I error are
shown by the transparent blue area to the right of the dashed line, and probabilities of a Type II error — by the
transparent red area to the left of the dashed line. The power of the test of insignificance of factor X1is P; = 0.45.

For factor X2 under hypothesis Ho, E[df; SIx| = 4, VAR|df; SIx,| = 8, and sd, = 2.83. The distribution of
dfy SIx, is approximated by y%. The critical value of x2 at 95 % level of confidence is x, = 9.49. Under hypothesis H;
and A = 7.56, E[dfz SAIXZ, 7456] =11.56, VAR [dfz §IX2, 7.56] =38.24, and Sd2)7.56 = 6.18. The distribution of dfz sz, 7.56 is
approximated by y3 ; 5. The corresponding probability density functions of the chi-square distributions x3 and
)(i) 756 for factor X2 are shown on plot (b) in Fig. 5. The notations are the same as on plot (a) in this figure. The power
of the test of insignificance of factor X2 is P, = 0.58.
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Fig. 5: Probability density functions (PDFs) of the chi-square distributions. Plot (a) is for factor X1, and plot (b) is for factor X2. The blue lines
demonstrate the PDF of the chi-square distribution under hypothesis Hy, the red lines - under hypothesis H;. The vertical black dashed lines
indicate the critical values x; and x, for 95 % level of confidence, for plot (a) and for plot (b), respectively. Probabilities of a Type I error a are
shown as the shaded area of transparent blue color, and probabilities of a Type II error 8 - by the shaded area of transparent red color.*®
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In other words, a consensus of the laboratories in assessment of the weld imperfections, and an agreement
between an experienced technician and a trained novice in a laboratory, were accepted at the level of confidence
(1-a)100 % = 95 %. Nevertheless, the probability of a Type Il error, i.e., f-risk of a false consensus indication, was
B, =1 - P; = 0.55 concerning the laboratories, and 8, = 1 — P, = 0.42 concerning the technicians.*’

Example 3. A comparison of the intensity of odors of drinking water
A-3-1 Introduction

The objective of this example is demonstration of the implementation of two-way ORDANOVA without replication
for a case study of ordinal variables in an interlaboratory comparison of sensory responses to the intensity of the
odor of drinking water samples, and an evaluation of the consensus of the comparison participants when their
responses are ordinal values.

A-3-2 Experiment

Two test items, 1 and 2, were prepared for examination of the intensity of a chlorine and a sulfurous odor,
respectively.”® The components of these items were purchased bottled drinking water (from the same producer
and batch), 330 cm®in a plastic container for each item, and the initial solutions of the pure reagents in glass vials:
3 cm® of sodium hypochlorite, 0.544 g/dm?®, for test item 1 providing a chlorine odor; and 3 cm® of sodium sulfide,
0.167 g/dm®, for test item 2 providing a sulfurous odor.

The solution of sodium hypochlorite was mixed with the drinking water before use by each participating
laboratory to obtain the final concentration of sodium hypochlorite in test item 1 equal to 4.9 mg/dm?. This
concentration of sodium hypochlorite corresponds to intensity level 2 of chlorine odor, interpolated between
levels 1 and 3 described in the national standard GOST R 57164.'%° The final concentration of sodium sulfide in test
item 2 equal to 1.5 mg/dm® was obtained by mixing its initial solution with the drinking water, also before use by
each participating laboratory. This concentration of sodium sulfide corresponds to intensity level 4 of sulfurous
odor, interpolated between levels 3 and 5 by ref. 1%,

The assigned categories of the intensity of odor in the prepared items were set according to the preparation
procedure.! The influence of any lack of chemical homogeneity of the initial solutions on the assigned categories
was negligible. The solutions of sodium hypochlorite and sodium sulfide were stable for three weeks, when kept
in tightly-closed glassware between temperatures from 4 °C to 20 °C. The stability of the test items 1 and 2 was not
relevant, as they were prepared immediately before use.

The components of items 1 and 2 were distributed to the 49 ecological laboratories which participated in the
comparison in random order. The examination of the items was performed at a participating laboratory
immediately after preparation of the final solutions in the same conditions as for routine water samples, in six
categories of the intensity for both the water odors according to the national standard.'®> There are
a) imperceptible odor, b) very weak, ¢) weak — does not cause a disapproving response about the water,
d) noticeable — causes a disapproving response, e) distinct — a tester wishes not to drink, and f) very strong — the
water is not potable. To each category, the standard assigns the respective numeric score from 0 to 5. The
temperature of a test item was measured and adjusted to (20 + 2) °C by keeping at room temperature. To adjust a
test item temperature to (60 + 5) °C, the flask with the item was immersed in a water bath for heating.

Finally, 45 laboratories reported. Thus, there were factor X1 — laboratory with I = 45 levels; factor
X2 — temperature of a water sample with J = 2 levels (j = 1at 20 °C and j = 2 at 60 °C); K = 6 categories/levels of
chlorine or sulfurous odor intensity (k from 0 to 5); n = 1 — one response from each laboratory related to a sample
of the specified odor at the specified temperature; N = IJ = 90 responses in total for each chlorine odor and
sulfurous odor.”®
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Table 3: Numbers of the responses by a water sample temperature and categories, nj.

Category, k Chlorine odor Total Sulfurous odor Total
Temperature (X2), j Temperature (X2), j
1 2 1 2
0 2 2 4 0 0 0
1 24 14 38 0 0 0
2 10 19 29 0 0 0
3 9 10 19 10 12 22
4 0 0 0 17 11 28
5 0 0 0 18 22 40
Total 45 45 90 45 45 90

A-3-3 Implementation of two-way ORDANOVA without replication

Numbers of the responses (examination results) obtained from all laboratories by categories at the specified
temperature of a water sample, i.e., frequencies nj, are presented in Table 3.

The total sample variation of the responses for the intensity of chlorine odor is V = 0.366, and for sulfurous
odor, itis VT = 0.345 with dfr = 89 by Eq. (3). The between-laboratory variation for the intensity of chlorine odor is
Cg = 0.256, and for sulfurous odor, it is Cg = 0.250 with dfy = 45 by Eq. (6). The residual variation for the intensity
of chlorine odor is Vyy = 0.110, while for sulfurous odor, it is Vi = 0.096 with dfiy = 44 by Eq. (7).

The significance index of the laboratory factor SIy; = 1.360 by Eq. (13) for the chlorine odor intensity exceeds
its critical value 0f 1.185 at 95 % level of confidence; similarly for the sulfurous odor intensity, STy, = 1.454 exceeds
its critical value of 1.202. At the same time, the significance index of the temperature factor does not exceed its
critical value at 95 % level of confidence for both the chlorine odor intensity (SIxy = 2.423 < 3.010) and the
sulfurous odor intensity (SIx; = 0.511 < 3.248). This means rejecting the null hypothesis H, concerning the (zero)
difference between laboratories in classifying chlorine or sulfurous odor intensity by categories/levels: this
difference is statistically significant at the a-risk, i.e., the probability of a Type I error, a = 0.05. The effect of
temperature in classifying chlorine or sulfurous odor intensity by categories is not significant as Hy, was not
rejected at the same a-risk. Note that this effect might depend on the odorant concentration in water.?®

A-3-4 Evaluation of the consensus

The proposed algorithm using random MC draws from a multinomial distribution was applied to evaluate the
consensus of the laboratories at the given a = 0.05*, The medium size effect used for the power calculations was
assumed equal to w = 0.3, hence A = w?N = 8.10. Critical values of the significance indices are SIS = 1.18 and
SISt = 3.06 at 95 % level of confidence. The PDFs of the significance index Q,hflc under hypothesis Hy, and of the
index SAIZILCA modified under hypothesis H;, for chlorine odor of the water samples are presented in Fig. 6. Plot (a) is
related to factor X1, and plot (b) — to factor X2.

The blue line shows the PDF of SAIEC, the red line is the PDF of SAIE,CA, the black vertical dashed line indicates
the critical value SI?I“. Probabilities of a Type I error a and probabilities of a Type II error f are shown as in
Fig. 5. The power of the test of insignificance of factor X1is P, = 0.10, and for factor X2 it is P, = 0.29. For sulfurous
odor, the obtained PDF of the significance indices and their critical values SIS = 1.20 and SIS = 3.23 were close to
those for chlorine odor. Therefore, the power values P; = 0.10, and P, = 0.28 are here practically the same as for
chlorine odor.

Note that decreasing the level of confidence (increasing the a-risk) leads to increasing the power (decreasing
the S-risk). For example, at 90 % level of confidence (a = 0.10) and the effect of the statistical sample size w = 0.3,
the power values for the intensity of chlorine odor are P; = 0.17 and P; = 0.34, and for the intensity of sulfurous
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Fig. 6: PDFs of the significance index under hypothesis Hy and of the index modified under hypothesis H; for chlorine odor of the drinking
water samples. Plot (a) is related to factor X1, and plot (b) - to factor X2. Blue line shows the PDF ofﬁmc, red line - the PDF of SAI;/;CA black
vertical dashed line indicated the critical value SIS at 95 % level of confidence. Probabilities of a Type I error a and probabilities of a Type IT
error f are depicted as in Fig. 5.4

odor, they are P; = 0.17 and P, = 0.39. Increasing w also increases the power. Hence, at 90 % level of confidence
and w = 0.5, the power values for the intensity of chlorine odor are P; = 0.32 and P, = 0.58, and for the intensity of
sulfurous odor — P; = 0.35 and P, = 0.66*.

Example 4. Multinomial ordered logistic regression of sensory responses to the quality
of a sausage from different producers versus the chemical composition of the sausage

A-4-1 Introduction

The objective of the present example is implementation of two-way ORDANOVA without replication in
combination with a multinomial ordered logistic regression of sensory responses to the quality of a sausage from
different producers, influenced not only by variability of the testing laboratories or their experts, but also by the
chemical composition of the object under examination.

A-4-2 Experimental

Samples of boiled-smoked sausage “Moscowskaya” by the national standard GOST R 55455'°° from I =16
producers were purchased on the market practically simultaneously for the comparative testing of the sausage as
a consumer product.®* Its main chemical components are protein, fat, moisture, and salt. All samples were
examined before their expiration dates (set by the producers) by J = 3 experienced assessors/experts. Five
sensory quality characteristics of the samples were evaluated: 1) appearance and packaging, named further
“appearance”; 2) consistency; 3) color and appearance of cut sausage, named further “color”; 4) taste, and 5) smell.
An expert response related to each quality property was ordered by K = 5 categories from “very bad” to
“excellent” (k=1,2, ...,5). A total number N = IJ = 48 responses was obtained for each property, and 48 x 5 = 240
responses for the five properties. Contents (mass fractions expressed in %) of the m = 4 main components were
taken from the certificates of the producers. In total, mI = 64 continuous quantitative values were obtained.”’

A-4-3 Implementation of two-way ORDANOVA without replication

Numbers of responses by experts and categories, i.e., frequencies nj, are shown in Table 4 for each quality
characteristic of the “Moscowskaya” sausage.
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Table 4: Numbers of responses to the quality of sausages by experts and categories, nj.

Category, k Appearance Consistency Color Taste Smell

Experts (X2), j

1 2 3 1 2 3 1 2 3 1 2 3 1 2 3

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

3 3 0 0 0 0 0 3 1 2 3 3 4 3 2 3

4 4 3 7 3 3 6 7 4 3 6 4 5 6 5 5

9 13 9 13 13 10 6 11 11 7 9 7 7 9 8

Total 16 16 16 16 16 16 16 16 16 16 16 16 16 16 16
Table 5: Results of two-way ORDANOVA in the study of the “Moscowskaya” sausage by different producers.

Property Vr Go Vw  X1&X2  Cy&Cyp  SIn&SIe  dfgq&dfy,  SISH &SIGH

Appearance 0.287 0.184 0.103 Producer 0.162 1.769 15 1.432

Expert 0.022 1.801 2 2.686

Consistency 0.187 0.112 0.075 Producer 0.104 1.740 15 1.550

Expert 0.008 0.980 2 2.892

Color 0.352 0.251 0.101 Producer 0.227 2.019 15 1.422

Expert 0.024 1.621 2 2.554

Taste 0.414 0.293 0.121 Producer 0.289 2.186 15 1.403

Expert 0.004 0.246 2 2.521

Smell 0.389 0.295 0.094 Producer 0.292 2.351 15 1.408

Expert 0.004 0.210 2 2.510

Total variation V7 of the responses by Eq. (4), partitioned into the between-producer variation Cg by Eq. (5)
and the within-producer residual variation V by Eq. (6) are presented in Table 5, which includes the individual
effects Z‘fﬂ and Z‘; of factors X1 and X2 (producers and experts, respectively) evaluated using the Cp
decomposition by Egs. (7)-(9). To check the statistical significance of both the factor effects the significance indices
SIx; and SIx, were calculated by Eq. (13) at the degrees of freedom dfy; = 15 and dfy, = 2. The critical index values
SI§{Iit at 95 % level of confidence in Table 5 were obtained using two-way ORDANOVA tool for simulations of the SI
distributions.*®

There is a statistically significant difference at 95 % level of confidence between the producers related to all
the quality parameters of the sausage (appearance, consistency, color, taste, and smell). This difference is called
the “inhomogeneity” of the producers. At the same time, the significance index values of the expert factor do not
exceed its critical value at 95 % level of confidence, i.e., the null hypotheses Hy on the “homogeneity” of expert
responses regarding to each of the five sausage properties were not rejected.

A-4-4 Implementation of the multinomial ordered logistic regression

The multinomial ordered logistic regression model by Eq. (20) was fitted to the component contents in order to
predict appearance, color, taste, and smell, assessed by experts according to the three categories shown in Table 4,
k =3, 4, and 5. A logistic regression for dichotomous (binary) outcome variables was used for prediction of
consistency, since the corresponding expert responses in Table 4 were only of two categories, k =4 and 5. Since for
each categorical variable, the responses were found to be homogeneous among the three experts at the
ORDANOVA study, all their outcomes were taken together, constituting the set of values to be used in the
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Table 6: Statistics of the chemical composition of samples of the “Moscowskaya” sausage.

Statistics Protein, ¢;, % Fat, ¢, % Moisture, c3, % Salt, ¢4, %
Minimum 13.7 19.9 53.5 2.2
Maximum 19.5 26.4 59.5 3.5
Mean 15.8 23.0 56.0 2.6
Standard deviation 1.4 4.6 1.9 0.3

regression. Intervals of the sausage main component contents in the certificates of the producers, taken into
account in the regression, as well as the means and standard deviations of the contents (mass fraction expressed
in %) are shown in Table 6. The calculation results are presented in Table 7, where the estimates for yxo and n;
coefficients are reported with their standard errors and 95 % confidence intervals (from 2.5 % to 97.5 % quantile).
The estimated odds ratios, derived by exponentiating the coefficients, and the McFadden’s pseudo-R* values by
Eq. (22) are also shown in Table 7.7

For example, the model by Eq. (20) of category k=3 for appearance is
logit(P(q <3)) =108.31 — 1.65¢; — 0.95¢c; —1.24c5 + 2.22¢4. A one-unit increase in the protein content ¢;, for

Table 7: Results of the multinomial ordered logistic regression analysis.

Property Coefficient Value Standard error 25% 97.5 % Odds ratio Pseudo-R’
Vio (314) 108.31 0.01 108.30 108.32 1.09 x 10¥
Vio (415) 110.71 0.61 109.51 111.91 1.21 x 10%
Appearance n 1.65 0.30 1.06 2.24 5.20
n2 0.95 0.10 0.76 1.14 2.58 0.13
s 1.24 0.07 1.10 1.38 3.44
N4 -2.22 1.31 -4.78 0.34 0.11
Yio -113.55 66.07 —243.05 15.95 4.85%x 107
Consistency n 1.35 0.69 0.00 2.71 3.87 0.11
> 1.08 0.56 -0.01 2.18 2.95
ns 1.22 0.78 -0.30 2.74 3.40
Vio (314) 21.76 0.01 21.75 21.78 2.83x10°
Vio (415) 23.56 0.44 22.69 24.42 1.70 x 10"°
Color m 0.56 0.25 0.07 1.05 1.75
2 -0.03 0.10 -0.23 0.17 0.97 0.09
ns 0.31 0.06 0.18 0.43 1.36
Na -0.51 1.28 -3.02 1.99 0.60
Color* Vio (314) 26.80 11.85 3.57 50.02 434 x 10" 0.09
Vio (415) 28.59 11.93 5.21 51.97 2.60 x 10"
m 0.56 0.27 0.07 1.05 1.75
N3 0.36 0.18 0.18 0.43 1.43
Taste Vio (314) 202.04 0.00 202.03 202.04 5.55 x 108
Vio (4/5) 204.47 0.55 203.39 205.55 6.31 x 10%
m 2.87 0.30 2.28 3.46 17.61 0.28
2 1.73 0.09 1.54 1.91 5.62
s 2.33 0.07 2.19 2.47 10.27
Na -4.42 1.51 -7.37 -1.47 0.01
Yio (314) 218.42 0.00 218.41 218.42 7.19 x 10°*
Smell Vio (4/5) 221.26 0.62 220.04 222.47 1.23 x 10%
m 3.25 0.35 2.58 3.93 25.92
> 1.99 0.10 1.80 2.18 7.33 0.32
s 2.41 0.08 2.26 2.57 11.18
Na -4.42 1.54 -7.43 -1.40 0.01

*A shorted model of probability of the color category versus contents of protein and moisture.
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example, corresponds to increase in the expected value of logit (P (g < 3)) by 1.65 on the log odds scale, when all
the other variables in the model are held constant.

The corresponding odds ratio exp (1.65) = 5.2 indicates that, for every unit increase in the protein content, the
odds of the sausage having a better appearance outcome (k = 4 or 5, versus k = 3) is multiplied 5.2 times.

Note, if a confidence interval does not cross zero, the parameter estimate is statistically significant. However,
the confidence interval for the estimate 1, = 2.22 (of the regression coefficient of the salt content ¢,) crosses zero
and this means that n, is statistically not significant here. In other words, the salt content values in the interval
shown in Table 6 do not influence the probability of appearance category of a whole sausage.

Probabilities P of obtaining a response of category k by dependence on protein content ¢;, calculated at the
mean values of contents of other main components (Table 6), are shown on Fig. 7a. In the case of three categories
of the observed responses (k= 3,4, and 5), the probability P(q = 3) = P(q<3),P(q=4) =P(q<4) - P(q=3),and
P(q=5)=1-P(q=3) - P(q =4), where P(q<3) and P(q <4) can be evaluated by Eq. (21). The P values for
k=3, 4, and 5 are shown by lines 1, 2, and 3 in Fig. 7a, respectively. The P dependences on fat content ¢, and on
moisture content c; are shown in Fig. 7b and c, respectively. They were also calculated at contents of other main
components equal to their observed mean values in Table 6. The influence of all the component contents on the
probability values is very similar, but the probability curves versus contents of protein and moisture are cut at
the lower limits of the content intervals (their minimal values observed in the comparison). The full picture is
shown in Fig. 7b for the probabilities versus contents of fat, where the probability values of the appearance
categories vary from zero to the maximum, or from 1 to 0 and vice versa. Note that increasing ¢y, ¢;, and c3leads to
increasing probability of the responses of the highest appearance category k = 5 (excellent quality). The salt
content ¢, does not influence probabilities of responses of consistency dichotomous categories k=4 and 5, hence it
may be removed from the list of regressors. The probabilities of responses of different color categories do not
depend on contents of fat and salt, ¢; and c,, in their observed intervals. Model “Color*” without these two
variables has the same McFadden’s pseudo-R* value 0.09 as full model “Color”, and practically the same regression
coefficients for ¢; and ¢z in Table 7.

The full models for taste and smell are the best fitting models among the qualitative sausage properties: their
McFadden’s pseudo-R* values in Table 7 are about two to three times greater than those for appearance, color, and
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consistency. In general, the maximum probability of responses of each category of taste and smell is reached at
increasing contents of the influencing main components. Similar effects are also observed in the plots in Fig. 7 for
appearance: the first category reaching its maximum probability in the studied ranges of the component contents
is 3, then 4, and finally 5, i.e., higher categories are more probable with greater contents of components. However,
the salt contents in the interval considered in this study do not significantly influence responses on appearance,
color, and consistency. At the same time, taste and smell are influenced by the salt contents in a reverse order than
contents of other main components: the greater the salt content, the lower category is the more probable.

The probabilities of responses of the excellent quality category P(q = 5) of both, taste and smell, increase with
mass fractions of protein up to ¢; of about 17 %; of fat up to ¢, of about 26 %; and of moisture up to c; of about 58 %; while
the minimal salt content ¢, = 2.2 % is preferable. These estimates could be helpful for a revision of the specification
limits of the sausage composition, necessarily taking into account the mass balance constraint: the sum of actual values
of mass fractions of the four main components expressed in % should be equal to or less than 100 %.""’

Example 5. Comparison of the multisensory quality index values of a sausage of two
producers

A-5-1 Introduction

This example demonstrates implementation of two-way ORDANOVA without replication for calculation of the
multisensory multinomial quality index of a product, considering possible correlation of the responses to the
different quality properties of the same product. It is shown how the index could be used for comparison of
quality of this product from two producers.

A-5-2 Experiment

The dataset used here included results of sensory analysis and chemical analysis of the same boiled-smoked sausage
“Moscowskaya”106 asin Example 4. However, this time, the data were accumulated from each of two manufacturers
during two years of the production. There were I; = 26 batchesi=1,2, ..., 26 of the first sausage manufacturer, named
hereafter “producer 17, and I, = 54 batches i = 1, 2, ..., 54 of the second manufacturer, named “producer 2”. Five
quality sensory properties of the sausage in a batch were examined without replication at each producer factory by
its J=5experienced expertsj=1,2, ..., 5: a) appearance and packaging, named “appearance”; b) consistency; c) color
and appearance of cut sausage, named “color”; d) taste; and f) smell. An expert response related to each quality
property was ordered by K = 5 categories k from “very bad” to “excellent”, k=1, 2, ..., 5. Atotal Ny = I; x J = 130
responses were obtained for each property, and hence 130 x 5 = 650 responses to the five properties of the sausage of
producer 1, while for the sausage of producer 2, there were N, = I, x J = 270 responses to each property and
270 x 5 =1,350 responses to the five properties. Contents (measured mass fractions expressed in %) of the m =4 main
components were taken from the batch certificates of the producer, included I; x m = 104 quantitative values of
producer 1 and I, x m = 216 such values of producer 2, characterizing the sausage chemical compositions.”®

A-5-3 Statistics of the chemical composition

The intervals of mass fractions of the main sausage components expressed in % (protein c;, fat c,, moisture cs, and
salt ¢;), minimum and maximum measured values, as well as the mean and standard deviations of the mass
fractions of I; = 26 batches of producer 1 and I, = 54 batches of producer 2, are presented in Table 8.
Homogeneity of the two standard deviations (the null hypothesis of equality of variances) was tested using a
two-sided Fisher’s test at 95 % level of confidence and degrees of freedom for the numerator I; — 1 = 25, and
I, — 1 =53 for the denominator. The null hypothesis is rejected for fat, moisture, and salt, and not rejected for
protein. Thus, chemical compositions of the sausages of the two producers were, in general, different. Because
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Table 8: Statistics of the chemical composition of the sausage from each of two producers.

Producer Statistic Protein, ¢;, % Fat, ¢, % Moisture, c3, % Salt, ¢4, %
1 Minimum 13.71 27.14 50.11 1.85
Maximum 15.60 31.02 56.74 2.47
Mean 14.85 29.35 53.92 2.21
Standard deviation 0.53 0.93 1.53 0.13
2 Minimum 16.34 20.69 48.45 1.50
Maximum 20.40 31.24 57.98 2.80
Mean 17.89 25.10 53.81 2.38
Standard deviation 0.74 2.33 2.24 0.26

chemical composition may influence expert responses to the sausage quality properties as shown in Example 4,
the ordinal data subsets of producer 1 and producer 2 were treated separately.

A-5-4 Implementation of two-way ORDANOVA without replication

Numbers of the responses (frequencies n;) are shown in Table 9 for each quality property of the sausage. The high
categories of the quality properties of the product are to be expected: otherwise, a consumer would not buy the
sausage in a store.

Total variation V7 of the responses without replication, partitioned into the between-batch variation Cy and
the within-producer residual variation Vy; are presented in Table 10, which includes the individual effects Z‘?ﬂ
and E‘}B}Z of factors X1 and X2 (batches and experts, respectively) evaluated using the Cy decomposition, Eqs. (7)—(9).
To check the statistical significance of effects of each factor, the significance indices SIx; and SIx, were calculated

Table 9: Numbers of the responses by experts and categories nj; from each of two producers.

Property Expert, j Producer 1, category k Producer 2, category k
1 2 3 4 5 1 2 3 4 5
Appearance 1 0 0 0 4 22 0 0 0 0 54
2 0 0 0 3 23 0 0 0 5 49
3 0 0 0 2 24 0 0 0 0 54
4 0 0 0 0 26 0 0 0 3 51
5 0 0 0 0 26 0 0 0 1 53
Consistency 1 0 0 1 12 13 0 0 0 2 52
2 0 0 1 8 17 0 0 0 7 47
3 0 0 0 10 16 0 0 0 1 53
4 0 0 0 7 19 0 0 0 3 51
5 0 0 0 10 16 0 0 0 2 52
Color 1 0 0 0 19 7 0 0 0 3 51
2 0 0 0 10 16 0 0 0 9 45
3 0 0 0 13 13 0 0 0 4 50
4 0 0 0 9 17 0 0 0 3 51
5 0 0 2 " 13 0 0 0 5 49
Taste 1 0 0 1 1" 14 0 0 0 4 50
2 0 0 1 8 17 0 0 0 8 46
3 0 0 0 8 18 0 0 0 4 50
4 0 0 1 5 20 0 0 0 7 47
5 0 0 0 6 20 0 0 0 7 47
Smell 1 0 0 0 3 23 0 0 0 2 52
2 0 0 0 2 24 0 0 0 7 47
3 0 0 0 3 23 0 0 0 2 52
4 0 0 0 1 25 0 0 0 3 51
5 0 0 0 3 23 0 0 0 5 49
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Table 10: Results of two-way ORDANOVA of the responses to the quality characteristics of the sausage from each of two producers during
two years of its production.

Property Vr Cs Vw  X1&X2  Cp&Cy,  SIn&Sha  dfy &dfy, SIS & SIS
Producer 1
Appearance 0.064 0.031 0.033 Batch 0.027 2.203 25 1.464
Expert 0.004 1.895 4 2.192
Consistency 0.250 0.121 0.129 Batch 0.115 2.366 25 1.416
Expert 0.006 0.763 4 2.268
Color 0.265 0.152 0.113 Batch 0.133 2.585 25 1.429
Expert 0.019 2.304 4 2.290
Taste 0.238 0.123 0.115 Batch 0.115 2.497 25 1.406
Expert 0.008 1.040 4 2.189
Smell 0.084 0.039 0.045 Batch 0.038 2.318 25 1.455
Expert 0.001 0.364 4 2.316
Producer 2
Appearance 0.032 0.013 0.019 Batch 0.012 1.809 53 1.342
Expert 0.001 2.691 4 2.293
Consistency 0.053 0.020 0.033 Batch 0.018 1.779 53 1.312
Expert 0.002 1.934 4 2.283
Color 0.081 0.038 0.043 Batch 0.036 2.290 53 1.302
Expert 0.002 1.412 4 2.293
Taste 0.099 0.069 0.030 Batch 0.068 3.477 53 1.303
Expert 0.001 0.654 4 2.321
Smell 0.065 0.046 0.019 Batch 0.045 3.466 53 1.312
Expert 0.001 1.326 4 2.287

by Eq. (13), with degrees of freedom dfx; = 25 for producer 1 and dfy; = 53 for producer 2, and dfy, = 4 for each of
them. The critical index values SISi® at 95 % level of confidence in Table 10 were obtained using two-way
ORDANOVA tool for simulations of the SI distributions *® as in Example 4.

There are significant differences between the studied batches of producer 1 as SIx; are considerably larger
than corresponding SIS,

However, there is no statistically significant difference at 95 % level of confidence between the experts’
responses related to appearance, consistency, taste, and smell. The SIx, value for color (2.304) exceeded the
critical value SIS" = 2.290 at 95 % level of confidence, but did not exceed SI;" = 3.079 at 99 % level of confidence.
Thus, the responses of the five experts of producer 1 are considered as homogeneous/uniform. For producer 2, as it
was for producer 1, there is a statistically significant difference between the studied batches related to each of the
five quality properties of the sausage at 95 % level of confidence.

The values of the significance index SIy; of the differences of the experts’ responses regarding consistency,
color, taste, and smell do not exceed their critical values 815{2“ at 95 % level of confidence, i.e., the null hypotheses
on the homogeneity of the experts’ responses are not rejected. The SIx; value for appearance (2.691) exceeds
SISt =2.293 at 95 % level of confidence but does not exceed SI%' = 3.142 at 99 % level of confidence. In other words,
the responses of the five experts of producer 2 can be assumed uniform.

The homogeneity of the responses of the five experts of each producer allows the use of the subset of each
producer’s data for calculation of its sausage multinomial multisensory quality index.

A-5-5 Testing correlation of the responses to the different quality properties

Spearman’s rho correlation coefficient, calculated with the IBM SPSS software,'®® is used here as a nonparametric
measure of the strength and direction of association that exists between responses to two quality properties as
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Table 11: Spearman’s rho correlation coefficients for expert evaluation of quality properties of sausages from producer 1 and producer 2.

Properties Appearance Consistency Color Taste Smell
Producer 1

Appearance 1.000 —-0.027 0.207 -0.121 0.018
Consistency —-0.027 1.000 0.118 0.088 0.022
Color 0.207 0.118 1.000 0.037 0.052
Taste -0.121 0.088 0.037 1.000 —-0.049
Smell 0.018 0.022 0.052 —-0.049 1.000
Producer 2

Appearance 1.000 0.585 0.522 0.394 0.514
Consistency 0.585 1.000 0.549 0.480 0.439
Color 0.522 0.549 1.000 0.387 0.372
Taste 0.394 0.480 0.387 1.000 0.778
Smell 0.514 0.439 0.372 0.778 1.000

ordinal variables. The association is complete (the variables are strongly correlated), when the coefficient value
achieves +1, and the association is absent when the coefficient value is zero. The matrices of Spearman’s rho
correlation coefficients for N; = 130 pairs of responses to quality properties of the sausage of producer 1 (for each
pair of the five properties), and similar for N, = 270 pairs related to the sausage of producer 2, are presented in
Table 11.

The SPSS software output contains also the two-tailed significance probability of making the wrong decision
on correlation of the ordinal variables when the null hypothesis on their uncorrelation is true (the probability a of
a Type I error). From these calculations for producer 1, the null hypothesis was not rejected at 95 % level of
confidence (a =5 %) and correlation was not supported for responses to all the quality properties apart of the pair
“appearance-color”. For this pair, the null hypothesis was not rejected at 99 % level of confidence (a = 1 %). For
producer 2, the calculated correlation coefficients in Table 11 are considerably larger than for producer 1. The
negligible probability of a Type 1 error here (a = 0 %) for any pair of tested quality properties indicating a high
degree of correlation.

The reasons for the different correlation matrices of responses to the properties of the same sausage of two
producers were not studied in this work. However, they are responses of two different groups of experts, each
group employed by one producer for the sensory examination of its product.

Note that independent variables are necessarily uncorrelated. Therefore, the multinomial multisensory
quality index was calculated for the sausage of producer 1 as a case study of independent responses to the quality
properties, while the index for the sausage of producer 2 was evaluated considering that the responses to its
quality properties were correlated.

A-5-6 Calculation of the quality index for independent responses

Table 12 gives the vector of frequencies by categories n = (ny,ny, ..., ns), ng = Zle N, k=1,2, ..., 5 where
frequencies ny of the homogeneous responses of the five experts of producer 1 are taken from Table 9; and the
vector p = (Py, Py .., Dx) of relative frequencies py = nx/Nj at Ny = 130. The estimate of the probability Py, for
appearance by Eq. (1), and similarly for the other quality properties, is also shown in Table 12. Hence, the quality
index value of sausages from producer 1 by Eq. (25) iS Qingexs = 7.0

When the joint probability is considered that the ideal sausage (having category “excellent” for each
property) will be produced, then QX5 _, = 95. This is practically impossible as the joint probability value in this case

index1
is 1.28:10™, i.e., such a perfect-quality level is not achievable under the considered production conditions.
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Table 12: Statistics for calculation of the quality index Qj,qex1 Of the sausage from producer 1.

Statistic Category, k Appearance Consistency Color Taste Smell
ng 1 0 0 0 0 0

2 0 0 0 0 0

3 0 2 2 3 0

4 9 47 62 38 12

5 121 81 66 89 118
By 1 0 0 0 0 0

2 0 0 0 0 0

3 0 0.0154 0.0154 0.0231 0

4 0.0692 0.3615 0.4769 0.2923 0.0923

5 0.9308 0.6231 0.5077 0.6846 0.9077
P 0.1366 0.0199 0.0192 0.0175 0.1200

A-5-7 Calculation of the quality index for correlated responses

The GenOrd package implementing a Gaussian copula-based procedure'® was applied for simulation of the
discrete multivariate random variables with the given correlation matrix and marginal distributions. A large
number (10°) of samples of N, = 270 occurrences of the multivariate quantities (expert responses to appearance,
consistency, color, taste, and smell) were simulated by R function “ordsample”, taking into account the
experimental marginal distributions for appearance Fk_app, consistency ?k_con, color Fk_col, taste Fk_tas, and smell
l?k,sme, and the Spearman correlation matrix from the dataset of producer 2 in Table 11. The calculation code in R
programming environment is presented in the paper.*®

The numerical estimate of the joint probability Pjoim was obtained as the number of occurrences, among 10°
samples, in which the intersection event ({¥ app = Mapp} N {¥con = Neon} N {¥ o1 = Nt} N {V a5 = Neas} N {Ysme = NMie})
was realized. The negative common logarithm of the joint probability estimate, equal to the multinomial
multisensory quality index by its definition, was Qj 4.z, = 4.6. When repeating the simulations, the standard
deviation of the calculated index due to the simulation variability (reproducibility of the procedure) was about
0.1. To assess the correlation influence, a diagonal correlation matrix was applied to the same dataset of producer
2, 1.e. the correlation was ignored. The corresponding quality index value was Q;,4ex2 = 5.0. Thus, the correlation
effect is perceptible here: if correlation is not considered, the product (sausage) quality is assessed worse than it
actually is.

Note that the minor correlation detected in the dataset of producer 1 (Table 11) for the pair “appearance-
color” was assumed negligible for simplicity. To check if this assumption was sustainable, the original
(experimental) correlation matrix was also applied. The corresponding quality index value was Qygexq = 64
Again, this value is not significantly different from the value Q;, 4.z = 6.7 when the diagonal correlation matrix is
used, as both values were obtained with the same simulation procedure having the same standard deviation of
about 0.1. Thus, the assumption of the independent expert responses on quality properties of the sausage of
producer 1 is supported.

In general, the multinomial multisensory quality index value of producer 2 is less than that of producer 1 by
about two units, i.e., the probability of the joint event differs by about two orders of magnitude. Therefore, the
quality of the sausage manufactured by producer 2 is considered better in the sense that deviations of this sausage
quality properties from the claimed ones are less probable.

When the joint probability is considered that the ideal sausage having a category “excellent” for each
property will be produced, the quality index Qfx;.., tends to become infinity (is greater than Qfg., = 95), as the
joint probability tends to become zero. Anyway, such sausage quality is unlikely for either of the producers under
the studied conditions.
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