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Robust Weak Measurements with Certified Single Photons

Enrico Rebufello, Fabrizio Piacentini,* Alessio Avella, Muriel A. de Souza,
Marco Gramegna, Rudi Lussana, Federica Villa, Jan Dziewior, Eliahu Cohen,
Lev Vaidman, Ivo Pietro Degiovanni, and Marco Genovese

Since their introduction, weak measurements and weak values have served as
a cornerstone for investigating quantum measurement theory, as well as a
significant tool for quantum metrology and sensing. Here, it is shown how
(anomalous) weak values can be reliably obtained with single quantum
systems even without averaging over multiple experimental runs, thanks to a
measurement protocol dubbed robust weak measurement. Specifically, robust
weak measurements are exploited to extract the weak value of the polarization
of heralded single photons, certifying the true single-particle, nonclassical

nature of weak values.

1. Introduction

Even after 36 years since their introduction by Aharonov, Al-
bert and Vaidman (AAV),l) weak measurements (WMs), and
weak values (WVs)!?] represent one of the most intriguing and
debated quantum measurement paradigms, with many exper-
imental applications ranging from foundations of quantum
mechanics®?] to quantum metrology and other quantum
technologies.!?3] Nevertheless, WMs and WVs still remain
a controversial topic,**7?] both for what concerns their in-
terpretation and the quantumness of their very nature. To
operationally address this matter, a novel weak-interaction-based

protocol dubbed robust weak measurement
(RWM) was recently introduced and exper-
imentally demonstrated.l’?) This protocol
allows extracting (anomalous) WVs with
relatively small uncertainty even from
just a single reading of our measurement
device, i.e., without the averaging process.
In ref. [73] the experiment was run with
a multi-thermal light source attenuated at
the single photon level and detected, after
the RWM process, by an Electron Multiply-
ing Charge-Coupled Device (EM-CCD);l"*]
therefore, although we demonstrated
the possibility of reliably extracting a (anomalous) WV with a
single click of our detector, one could still argue that this could
not be strictly considered a single-particle experiment, since the
source exploited didn’t emit properly certified single particles
(e.g., heralded single photons).

In this article, besides illustrating in detail the analysis that al-
lowed us to obtain the results in ref. [73], we address this single-
particle issue by presenting further results obtained by imple-
menting a RWM on single photons emitted by a heralded pho-
ton source based on spontaneous parametric down-conversion
(SPDC), confirming the extraordinary measurement capability
shown in ref. [73] and overcoming the aforementioned criticism.
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Taking into account the advantage granted by the heralding pro-
cess in terms of technical noise (i.e., dark counts on our detec-
tion system) reduction, our results might foster novel techniques
for quantum sensing, quantum metrology and other quantum
technologies.

2. Theoretical Framework

The WV of an observable A was defined as the reading of a
standard von Neumann measuring procedure with weakened
coupling.!l The von Neumann measurement interaction Hamil-
tonian is

H,, =gHA® P (1)

with [ g(t)dt = 1, where g(t) is well localized and shows the time
of the measurement, i.e. the time interval in which the cou-
pling between quantum system and measuring device occurs.
The weakness of the coupling is achieved by arranging a spe-
cial initial state of the measuring device presenting (P) = 0 and
AP very small, and therefore very large uncertainty of the pointer
variable Q. Of course, in such a procedure, one reading of the
measuring device will tell us almost nothing, but given an en-
semble of identical experiments with the same preparation and
the same postselection (the WVs are of interest when the posts-
election is involved, otherwise these are just expectation values)
the average will converge to a particular value. Given that between
pre and postselection other interactions can be neglected and our
measuring interaction vanishes at the limit, the reading will be
given by the AAV formula:

A\ (AAV) <ll/p|A|ll/a>

Ay = T @
<Wﬁ lw,)

where |, ) and |y;) are, respectively, the pre- and postselected

quantum states.

Observation of the WV using the weak interaction of Equa-
tion (1) requires an ensemble, because “vanishing measurement
interaction” requires huge uncertainty of the pointer variable be-
fore and after the measurement. This feature led to a controversy
regarding the interpretation of WVs.[185472]

Here we consider a single-run experiment which extracts WVs
with a reasonable precision. Our measurement coupling has the
same form as in Equation (1), but it is not vanishingly small, so
it cannot be neglected. It is no longer true that, between pre- and
postselection, the system is described by the states |y, ) and |y,),
so the WV expression in Equation (2) has to be modified.!”]

The definition of WV as the outcome of weak (with vanishingly
small interaction) measurement remains the same, but due to
our measurement interaction the system at intermediate times
becomes entangled with our measuring device, and described
by evolving mixed states. Fortunately, interactions of the form of
Equation (1) keep the WV of A unchanged during the period of
measurement, so there is one particular WV during the whole pe-
riod which we find in our procedure. Of course, the expression for
this WV is not the one in Equation (2), but it is derived for mixed
states in ref. [37], where it is also shown that the expectation value
of the Gaussian meter shows the real part of the WV. Since the
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WYV does not change during the measurement, we can take any
moment for its calculation, and the easiest choice is the moment
just before postselection. The Hamiltonian in Equation (1) gener-
ates the time evolution U = exp (—i [ #{,,dt) = exp (-iA® P),
acting on the quantum system in the preselected state |y, ), ob-
tained by applying the projector I, = |y, Xw,|. After the uni-
tary evolution, postselection onto the final state |y,) is realized
by the projector flﬂ = |w;Xw,l. At the end of the measurement
process, the final read-out allowing to extract the information
about the WV is made via the measurement device meter observ-
able Q, canonically conjugated to the pointer P. For a Gaussian

meter |p(q)) = [ dgf (q)|q), with f(q) = \/1\/_7 exp (—4%), anda

weak coupling regime granted by a large meter uncertainty (i.e.,
Ag = o > 1), the WV information takes the form of a shift in g,
i.e., the meter state after the WM will be |p(q — (A),)).

From now on, let us consider a scenario in which we want
to measure the polarization A = |HYH| — |VXV]| of a photon,
where H (V) the horizontal (vertical) polarization component,
preselected in the state |y,) = cos a|H) + sina|V) and postse-
lected in the state |y;) = cos | H) + sin f| V). The AAV formula
of WV given by Equation (2) corresponds to a limit of the weak
regime (o > 1),i.e., when entanglement between the pointer and
measured observable states can be neglected. For a large but fi-
nite o, the von Neumann coupling between the polarization and
the pointer leads to the following evolution:

v.) ® l0(4) — cosalH)lg(g— 1)) +sinal Vo + 1))  (3)

The photon polarization degree of freedom ends up in a mixed
polarization state described by the density matrix:

1
cos’ a e 27 sinacosa
Poa = 1 .2 (4)
e 2 Sin @ Cos « sin”

For mixed states, the AAV formula in Equation (2), holding for
pure states, is generalized in Equation (32) of ref. [75]. Given the
postselection onto p; = |y, Xw,|, our WV becomes:

. u(lyXw,lAp,) Zh-Z

(A)w - - _ 1
w(lwpXwyle.) 22+ 22 422, 2,6

©)

where Z,, = (wﬁlﬁlea) =cosacosf and Z, = (u/ﬂlﬁvly/a) =
sina sin f. This formula, taking into account the effective cou-
pling intensity in the von Neumann interaction between the pre-
and postselection processes, converges to the AAV one in Equa-
tion (2) in the limit 6 — oo. Note that Equation (5) does not con-
stitute a new definition of WV. Indeed, the WV is obtained by
the measurement of a weakly-coupled measuring device; such a
coupling performed between pre- and postselection will yield the
value provided by Equation (5).

Consider now a quantum system S composed of N particles,
and suppose we want to measure the total system variable:

A=1YA ©)
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where A, corresponds to the variable pertaining the k-th parti-
cle. Within the standard WV framework, in which each particle
has its own measuring device, the uncertainty of measuring AS
would scale like \/FI , due to the contribution of N measurement
devices. In RWM (originally introduced in ref. [76], the paper sub-
mitted in parallel with the invention of WVs(!), instead, all the
N systems are coupled with a single measurement device, thus

avoiding the \/N increase. This difference in scaling is crucial, al-
lowing to extract an anomalous WV (AS), even by a single click
of the measuring device.l”*]

In our case, we consider the (normalized) sum of the polar-
ization observables of N photons collectively preselected in the
state |1//0(,N)) = ®]Ij=1 |y/(£k)) and postselected in the state |1///(3N)) =

®1]j=1 |w[(,k) ), coupled to the same measuring device by means of
the interaction Hamiltonian

A, = g(t) (Z Ak> ®P )
k=1

in which a temporally well-localized g(t) defines the time interval
during which the measurement occurs. As per traditional WMs,
the pointer P is canonically conjugated to the meter Q, initialized
in the state |¢(q)) defined above.

Looking back at the interaction Hamiltonian #,, =

g(t)(ZkN:1 Ak) ® P, we notice that the observables A, are

constants of motion, hence the time in which each interaction
takes place does not matter. This allows us to switch to a different
scenario, in which we use only one photon (instead of N) and
realize pre-selection, interaction and postselection N times
on it.[”! Such a framework permits an alternative description
of RWM as an iterative protocol consisting of N “interaction
blocks”, modeled by the operator W and composed of a pre-
selection on the state |y,) followed by a weak interaction U
and a postselection on the state |y;), plus a rotation operator
R= lw, Xw,| transforming |y;) into |y, ) to avoid pre-selection
losses between subsequent blocks:

W = Ri1, 011, 8)

Naively, one may expect each block to shift the pointer propor-
tionally to the WV given by Equation (2), but non-ideal cou-
plings have been shown to affect the state evolution***”] (espe-
cially for strong anomalous values), resulting in the reduction
of the anomalous trait of the WV. At the end of the entire pro-
tocol the spatial state is shifted: |@(q — N(A),)), where the WV
is given by Equation (5). Indeed, after N steps, the initial state
[¥.,.) = lw,) ® |@(q)) evolves into the state

¥, = CWNW,) = ¢RI, UM,) lv,) ® lo(g))

- N —ikP > N—k +i(N-k)F
-y (V)zet et olom o
k

with C playing the role of a normalization coefficient. We can
then write the probability density function related to the photon
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being in the position g, after the N-step RWM as:

Py (@ola, B, N) = C*|({d| ® (W )[¥ou)I*

2

Y (f ) 24254 (g, - @k-N)|  (10)

k=0

= C72

By integrating Equation (10) over ¢, and requiring
/ 44,Py (a1, B, N) = 1, we obtain:

B Q) e ek bat]

We underline that C? corresponds to the probability of a single
photon to survive the N-step RWM. The meter position expecta-
tion value can therefore be expressed as

N N
(a) = / dgqPy(gla, f,N)=C7 3 3 (f ) (f) Zyzyp

k=0 k'=0
(N=k—K)exp (—%(k—k/f) (12)

while its standard deviation is A, = 1/(¢*) — (q)?, where

N N
_ N\ (N / k¥
=3 ¥ (V)(})zra

k=0 k'=0
<(N—k—k’)2+0'2>exp (—%(k—k’)z) (13)

Following Equations (6) and (7), the measured WV and the as-
sociated statistical uncertainty can be respectively estimated as:

Aq
A =< (14)

(AS £VM) = % <A5>1Wm?

Equations (5) and (12) highlight how the RWM outcome shows a
non-trivial dependence also on the number of steps (or particles)
N, that has to be carefully considered when realizing the protocol
(see Appendix A for further details).

To quantitatively estimate the RWM performances for dif
ferent N values, one might choose, for all the cases, the
same measurement resolution power R = g (6 >1), fixing G =
Zil / gi(N) (t)ydt = M (being M = Max(N) the largest N value con-
sidered in the comparison). This means that the single-step in-
teraction intensity [ gi(N) (tydt = % grows larger as N decreases,
resulting instead in a weaker system-device coupling per step for
larger N and approaching the case of Equation (2) for N > 1. The
results of this comparison are reported in Figure 1a—c, where we
can observe how, for increasing N, the RWM outcome becomes
closer to the full pre- and postselection WV in Equation (2). For
large N values, this allows obtaining anomalous WVs with a
much higher precision (i.e., smaller uncertainty) compared to tra-
ditional WM protocols.

Analogously, we can study how the extracted WV (AS )i,m)
changes by varying the pre- and postselection angles a and f

© 2025 The Author(s). Advanced Quantum Technologies published by Wiley-VCH GmbH
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0 1 2 3 4 5 6 7
R R
(a) {a = 0.62, B = 2.53} case. Point {a} : (A5)"™ =2.66 +0.13; _ _ ) L As
point (5] : (AS)™ = 1504 0.11. (b) {o = 0.52, B = 2.63} case. Point {c} : (A5)!" = 1.58 +0.07.
0.35
0.30
g, 025
o
< 020
0.15} @
0.10
0 1 2 3 4 5 6 7

(¢) {a = 0.52,8 = 0.88) case. Point {d} : (A5)"" = 0.14 + 0.05.
Figure 1. Plots (a—c): WV extracted by our RWM procedure for a fixed choice of a and g (different for each plot) and different N values, considering
the same measurement resolution power R = g (6 = T1). To this purpose, we fix G = 2{11 /g/.(N) (t)dt = M, where M = Max(N) is the largest N value
considered in the comparison, hence the single-step interaction intensity / gl,(N) (t)dt = % grows as N decreases. Blue line: N = 1. Magenta line: N = 2.

Green line: N = 3. Red line: N = 7. Dots and uncertainty bars {a-d} correspond to the WVs given by the experimental results reported in ref. [73], obtained
with different @, # and ¢ values. The case of Equation (2), i.e., in the full pre- and postselection scenario where no entanglement is induced between

system and pointer, is obtained for an infinitely wide Gaussian meter (¢ — ), corresponding to R — 0.

while keeping fixed the number of blocks N and the von Neu-
mann interaction intensity, represented by the parameter n =

exp (— ﬁ > (with n — 1 corresponding to the case of full pre- and

postselection for which AAV formula in Equation (2) holds).

To do this, in Figure 2 we plot the expected WV (AS yo given by
our N = 7 steps RWM with respect to the full pre- and postselec-
tion one (AS), = (u/ﬂlASly/a)/(u/ﬂlu/a) reported in Equation (2).
We can then appreciate how, as the WV anomaly grows, the devi-
ation from the case of complete pre- and postselection increases
accordingly, with the (A5)") ~ (A%)_ region expanding as 5 ap-
proaches unity (i.e., for growing meter distribution width o). In
the following, we will show how RWM allows obtaining anoma-
lous WVs with relatively small uncertainty (much smaller than
the ones granted by usual WM protocols) even in a single-particle
experiment, by measuring the WV of the polarization of pre-
and postselected certified single photons emitted by a heralded
single-photon source.

3. RWM Experiment with Heralded Single Photons

In our setup (Figure 3), we generate heralded single photons by
means of a mode-locked Ti:Sa laser with a second harmonic at
398 nm and a 76 MHz repetition rate, pumping a 10 X 10 X 5 mm
LilO, non-linear crystal in which Type-I spontaneous parametric
down-conversion (SPDC) takes place, producing correlated pho-
ton pairs with one photon at 920 nm (called “idler”) and the other
at 702 nm (dubbed “signal”). An interference filter (IF) centered

Adv. Quantum Technol. 2025, 8, 2400482 2400482 (4 of 10)

at 920 nm and with a 10 nm full width at half maximum (FWHM)
filters the idler photon, which are then coupled to a single-mode
fibre (SMF) and addressed to a Silicon single-photon avalanche
diode (SPAD).

A click on this SPAD heralds the presence of the correlated
signal photon on the other branch; this photon is filtered with
a 702 nm centered IF with a 10 nm FWHM, SMF-coupled and
addressed either to another Silicon SPAD or to the optical path in
which the experiment is run. In the former case, we characterize
our heralded single-photon source emission in terms of its
second-order Glauber autocorrelation function g®(t) that, for
an ideal single-photon emission, should give g (0) = 0. With a
metrological protocol analogous to the one introduced in ref. [77]
we measured g (0) = 0.13 £ 0.01 (without any background or
dark count subtraction), certifying the high quality of the single-
photon state produced by our SPDC-based heralded photon
source.

In the latter case (corresponding to the RWM implementa-
tion), the signal photon is decoupled, collimated in a Gaussian
spatial mode with width ¢ and pre-selected in the polarization
state |y, ) by a polarizing beam-splitter (PBS) followed by a half
wave-plate (HWP).

Afterwards, the heralded single photons interact with N =7
interaction blocks realizing our RWM. Each block consists of
two thin birefringent crystals (BCs), responsible for the time evo-
lution U realizing the von Neumann coupling between mea-
sured quantum system and measurement device, followed by
a polarizer (Pol) realizing the postselection projector I, (to re-

© 2025 The Author(s). Advanced Quantum Technologies published by Wiley-VCH GmbH
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(a) n = 0.985. Experimental point:
@ =062; =253 (A5 =2.66+0.13.

)
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(b) n = 0.952. Experimental point:
@=062; =253 (A5 = 1.50=0.11.

)

(c) 7 = 0.945. Experimental point:
@ =0.52; f=2.62; (AS)™ =1.58+0.07.

(d) 7 = 0.949. Experimental point:
a=052; =088 (AS)™ =0.14 +0.05.

Figure 2. Discrepancy between (AS>£,’") expected from a N =7 steps RWM protocol and the one corresponding to the full pre- and postselection

case (1 — 1) (AS)

the condition <As),5,m) = <As)(AAv

w

) = (wﬂlzz\sly/a)/(y/ﬂly/a), for four different 5 values and pre- and postselection angles a and f. The dashed blue line represents

), while the red continuous curve shows the RWM outcome behavior for n < 1. The black dots and bars represent,

respectively, the experimental results and associated uncertainties obtained with our RWM procedure in ref. [73].

duce unwanted deviations due to the polarizer thickness we use
thin polarizing plates) and a HWP used to rotate |y) onto |y, ),
hence realizing the lossless pre-selection IT, R for the subsequent
step. The first crystal in each block is a 2 mm long calcite crys-
tal with an extraordinary (e) optical axis lying in the x-z plane,

with an angle of z/4 with respect to the z direction. This crys-
tal generates a spatial mismatch g, in the transverse direction
x between the H and V polarization components needed for
the WM, but also an unwanted temporal walk-off and phase
shift, which we compensate with a second 1.1 mm thick cal-

SMF
920 nm r
Type-| \

LilO3
-
398 nm / -

702 nm
SMF
SPAD
Array
PBS
] ]
NN \\
v 4 I
\ [
\
1 [ — : Y
1 | <
! I
: HWP BCs Pol 1
] z
‘\_ ____________ _’

Figure 3. Experimental setup. BCs: birefringent crystals. HWP: half-wave plate. LilO;: Lithium lodate crystal. PBS: polarizing beam-splitter. Pol: polarizer.

SMF: single-mode fibre. SPAD: single-photon avalanche diode.
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(a) 7 = 0.959; N = 7; experimental point: (A5)™ = 1.34 +0.09
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=~ 12
O]
@
< 1
1.0
0o \
0 1 2 3 4 5 6 7
R
(b) {@ =031, B =2.67}. Blue: N = 1. Magenta: N = 2. Green:
N=3.Red: N=7.{e}: (A5 =134+0.09.

Figure 4. Plot (a): Behavior of the measured WV (AS)S,'") with respect to the one for full pre- and postselection (As)t(:\AV), forn =0.959 and N = 7. The
dashed blue line represents the usual WV approximation (7 — 1) regime, while the continuous red curve indicates the complete theoretical treatment.

As a reference, we report the experimentally-obtained WV and its associated uncertainty ((As)i,m) = 1.34 + 0.09, respectively indicated by black dot
and bars). Plot (b): WV extracted via RWM for {a = 0.31, § = 2.67} considering the same measurement resolution power R, to compare the RWM
performances at fixed resolution for different N. Blue line: N = 1; magenta line: N = 2; green line: N = 3; red line: N = 7.

cite crystal having the optical e-axis oriented along the y-axis.
In every block, the interaction Hamiltonian H,, = g, ()T, ® P,
occurs, P, being the transverse momentum along the x di-
rection (considering z the photon propagation direction), since
the first birefringent crystal shifts the H polarization compo-
nent along x, thus creating a spatial separation g, = [ g(t)dt
between the H and V components. By rescaling the system in
order to have g = g,/2 = 1, our evolution operator takes the form
U=exp(-iA®P).

After the Nth block of the RWM sequence, heralded signal
photons are detected with a 2D spatial-resolving single-photon
detector prototype, consisting in a 32 X 32 array of “smart pixels,”
each hosting a SPAD with dedicated front-end electronics.”®! To
reduce the SPAD array dark counts contribution, we use the idler
photon to gate the device, opening a 6 ns detection window in
each pixel SPAD for every heralding count.

The preliminary step of our experiment is to evaluate the be-
havior of the RWM-extracted WV (AS)" with respect to (AS),
for our experimental parameters, i.e., g, = 1.48 +£0.02 and ¢, =
2.546 = 0.001 (with o = 20,/g,, giving an interaction intensity
parameter # = 0.959 + 0.001), for varying a and p. The results
of this step are reported in Figure 4a, showing how our RWM
outcome (red continuous curve) would start deviating from the
ideal first order approximation (blue dashed line) already for
[(A%)| > 1.5. For this reason, we choose ({a =0.62, p = 2.53}),
corresponding to the anomalous WV (AS)!™ = 1.35, falling in a
region still close to the full pre- and postselection case ((AS), =
1.4). Figure 4D, instead, lets us appreciate how, for growing N
and a fixed interaction strength, the RWM outcome keeps getting
closer to the case of full pre- and postselection of Equation (2).

Our measurement is carried out as follows. First, in order to
calibrate the measurement device, we need to find the positions
(on the SPAD array) corresponding to the two polarization eigen-
values. This is done by performing two runs with only the bire-
fringent crystals in the optical path of the single photons, and
ly,) = |H) and |y, ) = | V) as input states. Second, we perform
the main acquisition, from which the WV will be extracted, with
all the optical elements constituting the N = 7 RWM blocks on
the signal photons path. Finally, to estimate and eventually com-
pensate for any unwanted spatial shift induced on the photons by
polarizers and HWPs, we perform two further acquisitions, one

Adv. Quantum Technol. 2025, 8, 2400482 2400482 (6 of 10)

with only polarizers and HWPs, and one with the optical path
completely free.

For each acquisition, the residual dark counts present in the
SPAD array output, homogeneously distributed, are properly
subtracted. To further reduce the noise and improve the accu-
racy of our RWM results, the additional dark count contribu-
tion due to the SPAD array “hot pixels” (i.e., pixels with a SPAD
showing an anomalously large amount of dark counts,”8! appear-
ing as anomalous sparse peaks in the device output) is also sub-
tracted by applying a nearest-neighbor smoothing algorithm with
a carefully-chosen threshold.

Figure 5 hosts the photon count distribution obtained for our
RWM, from which we obtain, averaging on all photon detec-

y (pixels)

5 10 15 20 25 30

X (pixels)

[
10 20 30 40 50 60 70 80 90 100
Counts

Figure 5. Photon detection distribution obtained for the full experimental
run with heralded single photons (dark counts subtracted), as a function
of the SPAD array pixels in the active region of the sensor (reduced with
respect to the original 32 X 32 array, to eliminate dark counts from pixel
areas not involved in the RWM). The +1 and 0 green lines indicate, re-
spectively, the borders and the center of the AS eigenvalues spectrum,
while the magenta line at 1.35 highlights the theoretically-expected WV
(AAS)I(,,M). Conversely, the black dot and bars indicate the WV and associ-
ated uncertainty extracted from the first single-photon detection event, i.e.,
ASHM =17+04.
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Figure A1. Plots (a—d): WV extracted by our RWM procedure for a fixed choice of @ and g (different for each plot), as a function of the interaction intensity

parameter = exp (—#) Blue line: N = 1. Magenta line: N = 2. Green line: N = 3. Red line: N = 7. Dots and uncertainty bars {a-d} in plots (a—c)

correspond to the WVs given by the experimental results reported in ref. [73], obtained with different @, § and ¢ values. Dot and uncertainty bars {e} in
plot (d) indicate the WV extracted in the experiment with certified single photons reported in Figure 5.

tion events, the WV (A%)"” = 1.34 +0.09, in good agreement
with the theoretically-predicted value (AS )(,:”) = 1.35. Further-
more, from the first heralded photon detection (black dot) we can
extract the single-event WV (AS )g” ) = 1.7 + 0.4, where the exper-
imental uncertainty (black horizontal bars) is estimated from the
width o of the initial Gaussian distribution of the single photon.
A detailed uncertainty analysis is presented in Appendix B.

4, Conclusion

We presented a detailed description of our RWM experimental
implementation, showing in detail how, for fixed pre- and post-
selection states, the precision of the extracted WV (A%)"™ scales
with the number of blocks (or particles) N. Our results extend,
on the one hand, those already reported in Refs. [36, 37] about
the trade-off between the WV measurement resolution (propor-
tional to the weak coupling intensity) and the range of anoma-
lous WVs we are allowed to obtain with no (or eventually small)
deviation with respect to the no-entanglement case, in which the
WV is described by Equation (2). On the other hand, our results
demonstrate the possibility of extracting WVs with reasonably
small uncertainty (much below the one achievable with the usual
WM protocols) even by detecting a certified single quantum sys-
tem (in our case, a heralded single photon), strengthening what
has been presented in ref. [73] and further highlighting the un-
precedented WV extraction capability of the RWM protocol.

Adv. Quantum Technol. 2025, 8, 2400482 2400482 (7 of 10)

The possibility of reliably extracting single-particle anomalous
WVs paves the way to a new generation of WV amplification
schemes with reduced pointer uncertainty, potentially overcom-
ing the limitations of nowadays WV-based quantum metrology.

Appendix A: Dependence of the RWM Outcome
from N

Looking at Equations (5), (12), and (13), we notice that WVs obtained
through RWMs depend not only on the coupling intensity and the pre-
and postselected state, as usually expected in WM schemes, but also on
the number N of steps implemented in the RWM protocol (or, equivalently,
the number of particles in the N-particles picture).

Indeed, we observe that the WV deviates from the first order approx-
imation prediction as o decreases (as already observed in ref. [36]), and
the larger N, the stronger this deviation becomes.

This effect does not scale linearly with N, as can be appreciated from ex-
amining Figures Ala,b, where we see the WV extracted by our RWM proce-

dure as a function of the interaction intensity parameter n = exp (—#),

with # = 1 corresponding to the case of full pre- and postselection for
which Equation (2) holds. The more we stray from the case of complete
pre- and postselection, the more the effective coupling causes distortions
to the meter distribution, starting with a meter distribution width shrink-
ing around n ~ 1, and, as  decreases, turning the initially Gaussian meter
into multi-lobate structures (Figure A2) for growing N.

As stressed in ref. [36] for N = 1 (i.e., for traditional WMs), the more
anomalous the WV, the strongest the meter distortion affecting our N =
7 RWM and, as a consequence, the largest the deviation from the result
predicted by Equation (2). For non-anomalous WVs we still observe a slight

© 2025 The Author(s). Advanced Quantum Technologies published by Wiley-VCH GmbH
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(a) n = 0.986, meter width shrinks on the x axis.

(b) 7 = 0.952, meter shows a multi-lobate spatial distribution.

Figure A2. Normalized meter distributions (x and y axis: arbitrary units) generated by a N = 7 block RWM with {a = 0.62, g = 2.53}, for two different

interaction intensity parameters n = exp (—#) Plot (a), corresponding to a larger n factor, still exhibits a continuous spatial distribution, although

quite distorted with respect to the Gaussian one of the initial state |¥;,). Conversely, in plot (b) we can already observe how, for a smaller #, the initially

Gaussian-distributed photon end up in the multi-lobate spatial distribution.

deviation with respect to the full pre- and postselection case (Figure Alc),
corresponding to a broadening of the meter distribution for decreasing 7.

Appendix B: Experimental Uncertainties
Estimation

Here we describe more in detail our method for extracting WVs via RWM,
experimental uncertainties included. The first step is the extraction of
the Gaussian distribution centroids (along the x direction) q;;, gy, Gpol
and q,,;4, obtained by sending as input states |H)- and |V)-photons
into the setup in three different configurations: a) with only birefringent
crystals; b) with only polarizers and HWPs (“pol”); c) with a free optical
path (“void”). The Gaussian distribution centroids are extracted by per-
forming a linear regression of the acquired data for the states |H(V)), av-
eraging over repeated acquisitions. We can, then, extract the WV as

Ay X0 _ 2(9 = Gpot + Gvoia) = Av — 9H
y a dH —9v

(B7)

where:x = g — g,/ + g is the position q of the firing pixel in the SPAD ar-
ray, corresponding to a detected single photon, corrected for the unwanted
spatial deviation induced by the HWP, i.e., o) — dyoigs Xo = (G +9v)/21is
the position corresponding to (AS) = 0; a = (q; — qy)/2 represents the
distance (in pixels) between (A%) = 0 and the two eigenvalues AS = +1,
providing the conversion factor between the pixel reading on the SPAD
array and the polarization WV measured in our RWM. Thus, we can write
the uncertainty associated with the extracted WV as

— 2 2 2 2 2 2
A(As)&m) - \/AA + Afrvhom + A'i + Athreshold + Aangles + APX (B2)

where each term accounts for a different uncertainty contribution, i.e.:
® A,: statistical uncertainty, estimated with the Monte Carlo method.l”?]
® Ajpom: type-B uncertainty contribution accounting for the inhomo-

geneities of the birefringent crystals. We evaluate it by estimating the

center of the V photons distribution (the one in principle unaffected by

Adv. Quantum Technol. 2025, 8, 2400482 2400482 (8 of 10)

Table B1. Uncertainty budget for our acquisitions. og: total type-B contri-
bution. Coverage factor k = 1.

Full run Single click
(ASyim 134+ 0.09 1.7+04
Ay 0.006 0.4
Aiphom 0.03 0.03
A, 0.009 0.009
Athreshold 0.05 0
Angles 0.04 0.04
Ay 0.06 0.06
Ag 0.09 0.08
Ay, 0.09 0.4

birefringence) both averaging on the photon counts and from a Gaus-
sian fit of the photon counts distribution, eventually evaluating the dis-
crepancies between the results obtained with the two methods.

® A,: type-B contribution related to the uncertainty on the coupling pa-
rameter , which is tied to the uncertainty on gy, evaluated by indepen-
dently estimating g, for each birefringent crystal pair and averaging over
several calibration runs.

® Aneshold: type-B contribution accounting for the threshold chosen for
the nearest-neighbor smoothing algorithm exploited to eliminate the
dark count contribution to the SPAD array hot pixels. It is estimated as
a confidence level on the selected threshold.

® Agpglest type-B contribution accounting for the uncertainty on the cor-
rect realization of @ and # angles by means of the polarizing plates and
HWPs. It is taken as 1°, which we estimate to be the precision we can
reach in our RWM experiment.

® A, type-B contribution due to the SPAD array pixel discretization. We
estimate it as the half-size of one pixel.

Table B1 hosts the uncertainty budget for our acquisition. In the full run,
we notice that the dominant contributions are due to the noise-subtraction
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procedure, crystals inhomogeneities and a, f angles setting. Conversely,
in the single-event estimation the dominant contribution is the statistical
one (oy).
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