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Sambuddha Chattopadhyay>>, Giulia Del Pace ®", Luka Skolc?, Victor Helson®",
Shun Uchino ®#, Eugene Demler ®2 & Jean-Philippe Brantut®'

Coherent light-matter interactions between a quantum gas and light in a high-
finesse cavity can drive self-ordering phase transitions. To date, such phe-
nomena have involved exclusively single-atom coupling to light, resulting in
coupled charge-density or spin-density wave and superradiant order. In this

work, we engineer simultaneous coupling of cavity photons to both single
atoms and fermionic pairs, which are also mutually coupled due to strong
correlations in the unitary Fermi gas. This interplay gives rise to an interference
between the charge-density wave and a pair-density wave, where the short-
range pair correlation function is spontaneously modulated in space. We
observe this effect by tracking the onset of superradiance as the photon-pair
coupling is varied in strength and sign, revealing constructive or destructive
interference of the three orders with a coupling mediated by strong light-
matter and atom-atom interactions. Our observations are compared with
mean-field theory where the coupling strength between atomic- and pair-
density waves is controlled by higher-order correlations in the Fermi gas.
These results demonstrate the potential of cavity quantum electrodynamics to
produce and observe exotic orders in strongly correlated matter, paving the
way for the quantum simulation of complex quantum matter using ultra-

cold atoms.

The interplay of competing and intertwined emergent orders is a
hallmark of strongly correlated quantum matter”. These systems
-ranging from high-temperature superconductors® to Van der
Waals materials®® and multiferroics’-exhibit diverse phases
within narrow parameter ranges, offering remarkable tunability and
technological promise. While there is always competition of differ-
ent order parameters for electrons on the Fermi surface, the pre-
sence of one order may favor fluctuations of another one, resulting
in an effective order parameter cooperation*'>, In electron sys-
tems, a particularly important class of competing or intertwined
orders is superconductivity and spin- and charge-density wave
states'®. For example, both s-wave superconductivity and CDW

orders are favored by phonon-mediated attraction between elec-
trons. The dominant instability is determined by microscopic details
of the system'. Several theoretical models suggested that the
interplay of the two orders can lead to even more surprising sce-
narios, in which Cooper pairing occurs at finite momentum. This
includes theoretical proposals of n-pairing”, Amperean pairing’®,
and pair-density wave states'. Pairing operators at finite momentum
also play a crucial role in models of correlated electron states based
on high symmetries, such as the SO(5) models of d-wave super-
conductivity and antiferromagnetism®, see also”?. However,
experimental evidence of pairing at finite momentum remains
scarce (see however™).
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Quantum gas experiments provide a powerful platform for
exploring and understanding strongly correlated phenomena, as they
combine a microscopic Hamiltonian that is known a priori, local
interactions that can be tuned to extreme regimes, and direct obser-
vation of the different macroscopic orders. The unitary Fermi gas is an
iconic example of a strongly correlated system where phase compe-
tition has been extensively studied®. In parallel, cavity-quantum elec-
trodynamics (cQED) methods offer tunable, coherent light-matter
interactions, resulting in the emergence of superradiant phases®>°
which can be combined with the short-range interactions in a quantum
gas. This led to investigations of the interplay of orders® combining
superradiance and strong contact interactions®>*,

In this work, we realize a completely tunable interplay of three
strongly coupled orders in a quantum-degenerate Fermi gas within a
high-finesse optical cavity: photonic superradiance, charge-density
wave and pair-density wave. Our experiment operates in the unitary
limit of contact interactions, where fermions form pairs with a size on
the order of the interparticle spacing®. This results in the coupling of
the charge-density wave and the pair-density wave orders, which can
be tuned via the Feshbach resonance. The cavity light field dispersively
couples to single atoms and atomic pairs simultaneously®, resulting in
three strongly coupled order parameters, with independently tunable
interactions. Light scattered off single atoms and atomic pairs inter-
feres, giving rise to a characteristic Fano-type profile of the super-
radiant phase diagram. This profile reflects the competition and
cooperation between the two fermionic orders. On the competitive
side, the suppression of the onset of the superradiant phase can be
understood as frustration between antagonistic density wave and pair-
density wave orders. A mean-field analysis of the three coupled order
parameters captures this effect. Our analysis reveals the role of pre-
viously unexplored higher-order correlations of the Fermi gas and
offers insight into the complex interplay of multiple competing and
cooperating coupled orders.

Results

Coupled order parameters

We realize a system with three strongly coupled order parameters,
describing the in-phase quadrature of the cavity field and the ampli-
tudes of the charge and pair-density waves, described by the macro-
scopic fields X, ©, and I1, respectively. Up to second order in the
macroscopic fields, the Landau-Ginzburg free energy of the system can
be written as:

F(O,1,X)=€90% + €l +exX? n
— UOI — AX(© +rT) (

and schematically represented as in Fig.1a (see “Methods” for a
microscopic derivation). €, €q and ey represent the energy cost of
the uncoupled orders, which are all positive, and therefore oppose
ordering. The coupling between © and I is set by U, the coupling
between X and O is determined by A, and that between X and I1 by rA.
Ordering occurs when, due to their mutual coupling, the curvature of
the free energy in the vicinity of the origin is negative along a par-
ticular direction. In our experiment, we fix U and vary A and r, tuning
the latter in both sign and strength. Choosing the same sign for the
three couplings results in intertwining, where all the ordering con-
tributions cooperate. Conversely, flipping the sign of r leads to
frustration and competing order parameters. The phase diagram for
this system is sketched in Fig.1b, with a boundary separating the
organized and homogeneous phases exhibiting a characteristic Fano
shape, as a function of 1/r. Akin to geometric frustration, this phe-
nomenology is only possible with more than two coupled orders.
With only two orders, such as light and atomic density, the sign of the
coupling is irrelevant, as it amounts to a sign change of the pump
beam amplitude.
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Fig. 1| Coupled order parameters. a Charge-density wave (0), pair-density wave
(M), and in-phase cavity-field quadrature (X) represent the three coupled orders. A,
the strength of the dispersive atom-cavity coupling, is controlled via the pump
strength Vj. r denotes the relative strength of the dispersive coupling of atoms and
pairs to the cavity. © and I are mutually coupled by strong atom-atom interactions
with a strength U. b Schematic phase boundary separating the normal (X=0) from
the superradiant phase (X # 0) as a function of V and -1/r, showing a characteristic
Fano-type profile. c Single atoms (left) and pairs of atoms (right) in a unitary Fermi
gas within the mode of a high-finesse cavity can scatter photons from a transverse
pump into the cavit_y) and vice versa. The pump (red arrows) forms a standing wave
with a wavevector k ,,. The dispersive coupling strengths A and rA are determined
by the detuning A, between the pump (p) and the atomic resonance (a), and the
detuning A,,, between the pump and a photo-association resonance (m),
respectively.

Microscopically, the simultaneous occurrence of strong atom-
atom and strong light-matter interactions couples the three orders as
follows (see “Methods” for the formal derivation). First, the parameter
A has its strength and sign controlled by the detuning and power of a
pump laser beam illuminating the atoms from the side, as depicted in
Fig. 1c. It arises from Rayleigh scattering of photons from the pump
into the cavity mode by the atomic gas. Second, the pair and charge-
density waves are intrinsically coupled by the contact interactions
in the unitary Fermi gas. Manifestations of this coupling can be
found, for example, in the equation of state, where the two thermo-
dynamic quantities describing density and pair-density have mutual
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dependence. Third, our system also features a direct, dispersive cou-
pling between photons and fermion pairs with strength rA, by oper-
ating the cavity resonance at a finite frequency difference A, =< —1/r of a
photoassociation (PA) transition®, as shown in Fig. 1c. The parameter r
can be interpreted as quantifying the interference between photons
scattered off atoms on the one hand, and pairs of atoms on the other
hand, into the cavity. Importantly, the direct coupling between the
density and the pair-density orders contrasts with previous realiza-
tions of coupled orders in the cavity QED context, where different
atomic modes scatter photons between a set of optical modes”, or in
the case of magnetic textures®*° where cross-couplings occur due to
dissipation®.

Experimental observation

We investigate ordering through the observation of the onset of
superradiance, as the relative coupling strength between light and
atoms, and light and pairs, is increased. The experiment starts with a
quantum degenerate, unitary Fermi gas comprising N=5.2 x10° °Li
atoms at a temperature of T/Tg=0.12, equally populating the two
lowest hyperfine states within the mode of a high finesse cavity (see*
and “Methods”). As depicted in Fig. 2a, the spectrum of the coupled
system close to the PA transition exhibits the characteristic avoided
crossing pattern in the dispersive shift 6. due to strong photon-pair
coupling®. We use a retro-reflected, transverse pump beam with an
absolute frequency within +400 MHz of the PA transition and detuned
by A./2m=-25.25GHz with respect to the atomic D2 transition. We
focus on the PA transition, addressing the v=_81 molecular bound
states in the 1zg+ excited potential, already investigated in**. The pump
strength is parametrized by the optical lattice depth V,, which it pro-
duces at the location of the atoms and is measured in units of the
atomic recoil energy ER:thf,/Zm:h x73.67 kHz. It controls the
value of A**, while the detuning A, with respect to the PA transition
fixes r.

We detune the cavity resonance frequency by A,/2m=-5.5MHz
from the pump frequency, thereby fixing the parameter €x. The pump
lattice depth V,, proportional to the pump laser power, is then linearly
increased over 400 us until a lattice depth of 0.7 E is reached, corre-
sponding to a rate of V,=1.75x Ep/ms, and the flux of photons from
the cavity ng, is monitored on a single-photon counter, measuring X*
inreal time. The transition to the superradiant phase is manifested by a
burst of photodetection events, allowing us to locate and track the
critical pump strength Voc. Figure 2b shows photon flux traces col-
lected as A, is varied across the PA resonance. We observe the
superradiant transition for both positive and negative values of A,
with a pronounced asymmetry, directly demonstrating the contribu-
tion of pairs to the signal. Indeed, as |A| is reduced, the decrease of
the critical pump strength for A, <0 and increase for A, > 0 indicates
cooperation and competition between charge and pair-density waves,
respectively, and qualitatively reproduces the generic phase diagram
presented in Fig.1b. Overlayed with Fig.2b, we present the phase
boundary calculated from a mean-field, linear response theory (see
below and “Methods”), leaving the background threshold A,,, — e as
a free parameter, showing good agreement and confirming our inter-
pretation in terms of coupled orders.

In the close vicinity of the molecular transition, the signal is
dominated by two-body losses due to spontaneous emission. Addi-
tionally, we observe a significant decay of the self-organized phase for
A, <0 compared to A, > 0, visible through the absence of cavity pho-
tons in the upper-left part of Fig.2b. We attribute this difference to a
combination of a larger photoassociation loss rate at high light intensity
on the red side of the PA transition®®, together with additional opto-
mechanical instabilities due to the larger total dispersive coupling,
which are also observed without molecular coupling. Below the critical
pump strength, however, losses are both low and symmetric between
positive and negative A, (see “Methods” and Supplementary Fig.2),
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Fig. 2 | Ordering close to a photo-association transition. a Dispersive shift &,
measured by transmission spectroscopy as a function of the molecular detuning
A, showing the avoided crossing pattern characteristic of strong light-matter
coupling. b Photon flux traces as a function of pump strength V,, while varying A,
across the photoassociation transition at fixed A,/2m=-5.5 MHz. The blue-red line
indicates the Fano-type phase boundary predicted in Fig. 1b, with an overall scaling
factor left as a free parameter for the V, axis, and the other parameters calculated
using a mean-field theory. The two sharp features located around A,,/2m =150 and
180 MHz are due to another weakly coupled photoassociation transition, leading to
sharp losses without significantly affecting the atom-cavity coupling.

thus the variations in the critical point are directly reflecting the inter-
play between light-matter and atom-atom interactions. For instance,
even though approaching A,,=0 increases losses, the threshold is
nevertheless reduced for A, <0, indicating that the strong dispersive
effects of the photon-pair coupling dominate over dissipative
mechanisms. The substantial increase in the critical pump strength as
A, approaches zero from the positive side even suggests the existence
of a regime where the coupling between X and I is dominant.

To quantitatively connect the changes of the critical pump
strength to the atomic and pair-density wave nature of the organized
phase, we measured phase diagrams in the Zc — V, plane at different
A, where A. is the pump cavity-detuning corrected for the mean
dispersive shift. This is illustrated in Fig.3a for the example of
An/2m=+100 MHz. This approach enables us to separate the direct
effect of coupling between orders from the variations in the dispersive
shift. Indeed, the pump-cavity detuning is modified by the dispersive
coupling to pairs, even in the absence of genuine coupling between
orders, making it difficult to quantitatively ascribe the observations of
Fig. 2b to the effect of strong interactions. From each phase diagram,
we determine a mean critical reduced light-matter coupling strength
Doc. given by the slope of the linear dependence of the critical pump
strengths on the cavity detuning (see Supplementary Fig.1). In the
absence of coupling between light and pairs, this represents the critical
strength of the effective interaction between atoms mediated by the
cavity and leading to self-organization®*,

The variations of D are presented in Fig.3b as a function of 1/
A =< -, directly quantifying the coupling between the charge and pair
density waves. We normalize these values by Dy ,, corresponding to
the atomic contribution alone at 1/A,, =0, and plot the inverse of this
ratio for comparison with theory. A significant variation of Dy is
observed, reaching a 35% increase for cooperative coupling at 2n/
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Fig. 3 | Critical light-matter coupling strength. a Cavity photon count rate as a
function of Ec and pump strength Vo, for A,,/2m=-100 MHz (red) and +100 MHz
(blue), showing the onset of superradiance above a critical pump strength. The
growing offset between the two phase boundaries between positive and negative
A is a manifestation of the intertwining of density and contact-density wave order.
b Normalized inverse critical coupling strength Dyc ,/Doc as a function of the

inverse detuning 2m/A,, at unitarity (open circles). The measurements agree with
the predictions of the zero-momentum model (dashed green line) and the mean-
field (solid yellow light), including trap averaging, within our error bars. The inset
depicts measurements away from unitarity at 1/kra = 0.22 (blue square) and 1/
kra =-0.16 (pink diamond) and the respective mean-field models (solid blue line,
solid pink line).

Am=-0.01MHz?, and a 20% decrease for competition at 2/
A =0.01 MHz, indicating large atom-pair interactions.

To test the relationship between pairing in the gas and the
superradiant transition, we reproduced these experiments with a
Fermi gas prepared away from unitarity, which directly affects the
coupling strength U between charge and pair-density waves via the
pairing amplitude. The resulting variations of Dy /Dy , for positive
and negative scattering lengths, corresponding to the BEC and BCS
regimes, respectively, are presented as an inset of Fig. 3b, where the
same trend as for the unitary Fermi gas is observed. At fixed A,,, the
contribution of pairs is reduced as the system crosses over from BEC to
BCS, where pairing and thus atom-pair coupling vanishes asymptoti-
cally. As we describe below, this tendency is reproduced by our the-
oretical model. We also checked that in a fully polarized Fermi gas, the
photon-pair coupling is absent, thus U= 0O for all values of A,.

Theoretical interpretation

Having established the correspondence between the experimentally
observed Fano lineshape for the superradiant transition and the phe-
nomenology of three coupled order parameters arising from Eq. (1),

we now delve into the microscopics of our system, arguing that indeed
the experiment faithfully realizes the physics described by Eq. (1). The
microscopic order parameters for matter can be written as
0=3"0, ) dre® i, and MN=3Yofdre® P, (). (r), where
YL (@,(r)) is the fermionic creation (annihilation) operator at posi-
tion r with spin o. Q runs over the sum and difference between the
pump and cavity fields wavevectors. Starting from the light-matter
interaction Hamiltonian in the dispersive regime and following a
canonical mean-field procedure, we derive explicitly the free energy as
a function of the atomic (0, I) and photonic (X) order parameters. To
analyze the onset of the superradiant transition, we compute the
Hessian of the free energy as a function of the coupled order para-
meters, deriving the analogs of the energy costs eg,n and coupling U
from microscopics through a set of corresponding linearized response
susceptibilities. Within this analysis, the superradiant phase boundary
is determined by:

~ ~ 2
8 a, A Q, A
_ 7 ’ *m = / 2
NDgyc i <Qa EF>(Xn"I+Xn'n)+ (Qa EF) Ko ®
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where Dy =Q,Voc /ZC is the critical reduced light-matter coupling
strength, Q, is the dispersive shift per atom, A is the superfluid pairing
gap, and Q,, is an effective molecular coupling strength proportional to
1/An,. For a unitary Fermi gas, mean field theory gives A =0.69F¢. The
susceptibilities—xnn, X, , and x; ,—characterize fermionic density-
density, density-pair-density, and pair-density-pair-density responses at
the relevant momenta and depend only on fermionic degrees of
freedom; for full details on the derivation starting from the microscopic
Hamiltonian, see “Methods” and Ref. 44. The Fano-shaped phase
boundary controlled by r in Eq. (1) results from the sign change of the
effective molecular coupling ﬁm across the PA resonance, tuning
between competing and cooperating orders. Importantly, the position
and the large asymmetry of the resonance profile directly reflect the
strength of the cross-coupling of the two orders ©, I, which is captured
by finite cross-susceptibilities Axy, , =Axy, , arising naturally from the
strong correlations in the unitary Fermi gas.

We quantitatively compare the phase boundary given by Eq. (2) to
the trap-averaged response function at finite momenta using a gen-
eralized random-phase approximation (RPA) to estimate the suscept-
ibilities from first principles. The RPA results are shown by the solid
lines in Fig.3b and are in agreement with the experimental data. We
also apply this approach away from unitarity, predicting a reduction of
the cross-coupling as the system transitions from BEC to the BCS
regime, as seen in the inset of Fig. 3b. In the BEC regime, the atom pairs
are bound more tightly than in the BCS regime, increasing both the
background value of A and the susceptibility A, , coupling the atomic
density and the pair-density waves.

The explicit appearance of the pairing gap in the phase boundary
equation directly results from the coupling of light to atom pairs in the
PA process, and highlights the pair-density wave nature of the ordered
phase. More rigorously, light couples to atom pairs at a distance given
by the Condon radius, much shorter than the Fermi wavelength. In the
above expression, A should therefore be understood as the short-
distance pairing field, comprising both condensed and non-condensed
pairs®*¢, and accurately described by Tan’s contact"’. Therefore, the
PA transition acts as an optical Feshbach resonance**S, and the
superradiant threshold as the system spontaneously modulates its
scattering length. This yields a pair-density wave with a spontaneous
modulation of the contact, the quantity canonically conjugate to
scattering length (see “Methods” for details). In the long-wavelength
approximation where |Q| — O, this can be used to estimate the sus-
ceptibilities from the known variations of the contact with scattering
length**~*!, The results are shown with dashed lines in Fig. 3, showing a
good agreement with the data.

Discussion

Our results show that strong coupling to light is a new mechanism for
the formation of pair-density waves in quantum gases, i.e., a non-trivial
spontaneous modulation of the pair-density in a Fermi superfluid, ori-
ginating from strong interactions. While optical manipulation of two-
body scattering using optical Feshbach resonances* or closed-channel
dressing®>>* has been shown in the past, the cavity QED framework
allows for cooperative enhancement of such light-induced effects. As a
result, even though these schemes may only weakly modify the two-
body scattering properties, a pair-density wave can nevertheless emerge
as a distinct phase at the collective, many-body level.

This state differs from pair-density waves investigated in the
context of strongly correlated electrons': First, it takes the form of a
modulation of the short-range pair correlations, usually captured
by Tan’s contact, and we expect that at high temperature or in
the far BCS regime, the distinction between the pairing gap and the
contact will require a description beyond our mean-field approach.
Second, the modulation occurs on top of a large, uniform
order parameter background originating from strong contact attrac-
tion, rather than as a sign-alternating pairing gap, as for example in the

Fulde-Ferrell-Larkin-Ovchinnikov phase’®*. An important open
question, both from the theoretical and experimental point of view, is
the relationship between our observations of charge and pair order
and superfluidity. More generally, the complete phase diagram and the
type of transitions occurring in a system of fermions with strong
contact interactions together with light-matter coupling to pairs
remain to be explored®*’.

Experimentally, losses at the molecular transition have limited
our investigations to situations in which the contact contribution
remains smaller than the background atomic one. Losses will likely
limit also the lifetime of the phases of matter reached above the
threshold, restricting the range of techniques available to probe the
nature of the organized phase. Two-electron atoms in optical
cavities®*®°, for which long-lived PA transitions are known to
exist®**, would be particularly suited to further investigate exotic
quantum phases that could emerge in situations where pair coupling
is dominant. Conversely, two-body, molecular losses are known to
give rise to a variety of correlation phenomena®’ that, together
with the dissipation induced by the cavity, could be further studied in
our experiment.

Last, adiabatically eliminating the cavity in the large detuning regime
allows us to interpret our system as having infinite range photon-
mediated atom-atom, atom-pair and pair-pair interactions. It demon-
strates that cavity QED methods are suited to synthesize strong interac-
tions beyond two-body®® in previously not accessible regimes®*~"",

Methods

Experimental procedure

We start with a degenerate, unitary Fermi gas of temperature
T/Te = 0.12 with N=5.2(3) x 10° °Li atoms equally populating the two
lowest hyperfine states at unitarity of the broad Feshbach resonance
at 832G. The atoms are harmonically trapped with a radial trap
frequency of 430 Hz and axial trap frequency of 28 Hz in a hybrid
optical and magnetic trap, at the center of a high finesse optical
cavity, following the procedure described in*’. The latter has a
length of 4.131(1) cm, a finesse of 4.7(1) x10* and a waist of the
TEMgo mode of 45.0(3) um at 671nm’%. At the endpoint of eva-
poration, the unitary Fermi gas is well-described by a Gaussian
profile with a full width at half maximum of 14(1) um in the trans-
verse direction relative to the cavity axis, and 250(17) um along the
axial direction of the cavity. For experiments at finite scattering
length, we first prepare a unitary Fermi gas as described before,
then adiabatically vary the magnetic field away from the Feshbach
resonance. We induce cavity-mediated long-range interactions by
illuminating the cloud from the side using a retro-reflected pump
beam with m-polarization and an estimated beam waist of 201(8) m
at the position of the atomic cloud. The pump and the cavity
resonance are detuned with respect to the atomic D2 transition by
—25.25GHz. There, the atoms induce a mean dispersive shift of the
cavity resonance by 6. =Q,N/2 =-2m x 2.82(2) MHz due to the cou-
pling to single atoms, largely exceeding the cavity linewidth
k=2mx77(1) kHz.

The experiment is performed in the vicinity of a strongly-coupled
photoassociation transition, which is located at a detuning of
-25.247 GHz from the zero-field D2 line of °Li, corresponding to the
v =81 molecular bound states in the 12; excited potential. This pho-
toassociation line was already investigated in*, where a single photon-
pair coupling strength of g;,, = 2 x 383(3) kHz was determined, based
on the estimation of the Condon radius R.=164a, and width of the
radial molecular orbital L =12.6a,, and using the known Contact of the
harmonically trapped unitary Fermi gas.

We perform linear ramps of the pump strength Vo=Q,|al* (see
below for notations) across the self-organization phase transition,
while simultaneously recording the photon flux iy, leaking from the
cavity. The cavity photon leakage is detected with an efficiency of
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~3%". The linear pump ramp allows us to directly convert time into V.
We acquire phase diagrams for detunings from the dispersively-shifted
cavity A.=A.— 6. between —2mrx0.2MHz and -2mx4MHz. The
pump lattice depth is calibrated using Kapitza-Dirac diffraction on a
molecular BEC far away from the photoassociation transition, directly
obtaining V, without a pair-coupling contribution’.

The retro-reflected pump beam forms a standing wave that
intersects the cavity axis at an angle of 18**, as presented schematically
in Fig. 2b. This configuration results in different recoil momenta upon
Rayleigh scattering between pump and cavity, k. =k £K,. The low-
energy mode with momentum #ik- dominates ordering at the phase
boundary”.

Data analysis

We fit the onset of density wave ordering as a function of V; i.e., the
critical pump strength on each experimental trace, using a linear
function:

Ngee(Vo) =0(Vo — Voc) X B(Vp — Voc), 3)

with 6(V, — Vo) the Heaviside function and fit parameters for critical
pump strength Vo and the slope of the photon flux onset B. Each
extracted VOC(ZC) is subsequently converted in a long-range
interaction strength Dyc(A.)=Q,Voc(Ac)/A, using the atomic dis-
persive coupling strength Q,, as can be seen from Supplementary
Fig.1. To render Dy dimensionless, we use the total atom number N
and the corresponding Fermi energy in the harmonic trap £r from
absorption imaging, which is acquired together with the data for
density wave ordering in a randomized manner. We observe a
systematic shift of DycN/E to higher absolute values for small A,
which is due to the finite ramp speed of /=175 Eg/ms. Therefore,
we extract D¢ by averaging values at large detunings of A. /6. > 0.75.
We still observe an absolute atomic value at unitarity of
DocN/Eg =-2.05, which is a factor of two higher than the value
reported in”.

Atom losses

We estimate the upper bound on the atom loss during the linear ramp
of Vo until the critical pump strength Voc is reached, by measuring the
losses at molecular detunings of A,/2m=+100 MHz using two con-
secutive dispersive shift measurements before and after the V, ramp
with a positive pump-cavity detuning, preventing the atoms from
undergoing self-organization. The results are shown in Supplementary
Fig. 2. This yields a maximal atom loss of ~25% until Vo is reached,
which is encountered at the largest pump-cavity detuning A.. We use o-
polarization for the loss measurement with the dispersive shift to avoid
the systematic dispersive shift at m-polarization due to coupling to the
photoassociation transition, which would make the apparent losses
smaller (larger) for positive (negative) detunings.

Dispersively-coupled light-matter hamiltonian

In this section, we derive the Hamiltonian of the transversely pumped
atom-cavity system with dispersive coupling to atoms and pairs. The
Fermi gas inside the optical resonator is illuminated by a standing-
wave, retro-reflected pump beam with a pump amplitude a and
geometry as described in**. Due to the close detuning to a photo-
association transition, the combined pump and cavity light field @ is
not only coupled to atomic density, but also to a pair density. This
results in a new type of dispersive light-matter interaction Hamilto-
nian:

o= [ ER(0,0R) +0,B5R)) 9 RIGR) @

with dispersive light-matter coupling strengths Q;=g?/A; for single
atoms and pairs, if am, EQe atomic density operator n(R) and the pair
density operator B(R)=P (R)P(R). The pair annihilation operator is
given by:

PR)= [ difwi, ®R- Db, R+ ) )

with f(r) the molecular orbital of an excited molecular state to which
the ground-state pair is coupled. The intensity of the total light field is:

(R)P(R) = cos’(k. - Rya'a+ cos’(k, - Rya?

+ cos(k, - R) cos(k, - Rya(a' +a),

¢ ©)

where we have chosen a real pump field amplitude a = o, and a is the
quantized cavity field. In the following, we assume Q, to be constant,
given the small variations of detuning to the atomic transition. We
approximate the molecular orbital f{(r) as a box centered at a Franck-
Condon radius R, with a width 3¢

ifR, —L<r<R.+}%

_11
fn= { s @)

0 otherwise
In the following, we neglect the pump-lattice potential for atoms
and pairs. By introducing the dispersive shift contributions due to
coupling to atoms and pairs:

2
é‘c,a:‘i—: / dRn(R)cos?(k, - R) 8)

2
Bop= 32 / dRBR)cos?(k, - R), ®)
m

we arrive at the full dispersively-coupled light-matter Hamiltonian:

Hy=Hy — Ad'a+ %a S@a+a')
Q 10)
x / dR(0,71(R) + 0, B(R) ) €@

with the Hamiltonian for a trapped, interacting Fermi gas I:Iat,
Q=zx(k,tk) and the dispersively-shifted cavity detun-
ing A, =(A; — 6.4 — 6. )

Mean-field free energy

In this section, we derive the effective free energy of the system as in
Eq. (1), within the mean-field approximation. The bare atomic Hamil-
tonian H, is given by the mean-field BCS Hamiltonian

PRI AT
Ho="> (€ = W oCho*AD_ G 1Cly  + He, an
k,o k

where A is the BCS gap parameter, u is the chemical potential,
&, =k* /2m s the free fermion dispersion, and m is the atomic mass. To
derive the effective free energy of the system, we mean-field decouple
the interaction in the light-matter Hamiltonian given by Eq. (10). We
expand the Hamiltonian, keeping all terms up to quadratic order in
cavity field x, density operator éQ = UéLQ’aék,g and pair-density
Operator iy q =C_g+q,,Cx,1- The light-matter coupling can then be
grouped into two parts, coupling to the fermionic density

4 a . -
Hint,p = (Qa +Qm ?k?-' |f0|2> mxz HQI (12)
Q
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or to the fermionic pair-density

2n
e 2[ " ) 13)
ki oo L
> (@ 0tk 0 * (it 0)1h, )
ki, k>, Q

where X = % (a+a'") and fk) is the Fourier transform of the molecular
wave function f{r) given in Eq. (7), which to first approximation simply
provides a cut-off in momentum at ky,=1/R. and a total molecular

volume factor f, = R.L. Expanding the Hamiltonian in powers of

Fermi-wavevector and the Frank-Condon Radius kgR. < 1, simplifies to
the total interaction term to take the form

a . S~ A a . L
H,,.=Q —XE 6o +Q —7x§ R,
int 32\/5 5 Q mEF 22 3 (’lQ n Q) (14)

where 7' = 8’;;’56 Zk N, q is an integrated pairing operator, with the
cut-off set by the molecular wavefunction and Q,, =Q,, ¥*L. Note, in

all the computations we keep track of the molecular cut-off and
assume the hierarchy of scales kF<<R} «1, where b is the contact
interaction range. Having derived the full mean-field Hamiltonian, we
now proceed to compute the effective free energy in terms of the
order parameters. We introduce three source terms Ay, he, hy,

coupling to the order parameters and write the partition function as

Hin—hyi=3>" hobg +hni1;1>
Q

-B
Z[h)=Tr |e ( 15)

The order parameters are defined as the derivatives of the parti-
tion function

_0logZ [1;
0= 3Bhy) —<Z%:9Q> (16)
_0logZ /1. .t
=i = (33 i) w
dlogZ
= = 18
X= o = 1)

To obtain the Landau-Ginzburg free energy, we perform a
Legendre transform with respect to the source terms

FIOX, = — L Trlog Z{A]] + ho© + A+ hyX

19

Following**’®, we consider the free energy as parametrically

dependent on the pump strength a. The Hellman-Feynman theorem
imposes

0F _ /0H, .
da < 6c]r > <2fx20 GQ Er Q (”Q+”(;)> (20)

a

where the expectation value is evaluated with a finite value of a.
Integrating from a = 0, we obtain the (so far exact) expression:

FX,NM,0)=FOx,N,0)

RV S B A A~
+./Oda<z(a+a)%:OHBQ+E_FQm(’ZQ+'ZQ)

(4]

a

where the expectation value is taken for the many-body state of the
system at the running value of the pump strength a’. 7 is the free
energy of the atoms and cavity field in the absence of coupling via
pump laser. Up to linear order in the coupling between the fermions
and the cavity field, we can re-write the Free energy as

F(X,1,0)=FOX,,0)— AX(O+rl), (22)

where we have ignored the dependence of the expectation
value on «’ and separated the fermionic and cavity degrees of freedom
in the expectation value, as in the absence of external coupling the
expectatlon value decouples. We also identified A= — +/2Q,a and
r= —'"A The uncoupled part of free energy can be split into cavity and
fermlonlc part FO=AX?+F®, where 7O is the free energy of
interacting free fermions. For the fermionic variables ©, 11, by per-
forming the Legendre transformation as defined above it follows that

6F7Om, e 6FPM, 0
oS phg 76[ - 23)

To obtain the free energy up to the quadratic coefficient, we need
to compute the second derivative of the free energy, w.r.t. the order
paramereters i.e. m By differentiating the above equation we
obtain:

6%log Z[h]
0 1 =5
Zk:(ﬁiakf )V 5o Bh) 6 24)
By definition of the response functions, it follows
,{,% =Xy, j» Where N is the fermion number. Inverting the above

relation gives

X/
FO = _ AMn g2
(1= 2N<Xnan1r7 a.nF)@

1 Xn,n ) 2
+o(——Am N
2N (Xn,nX;],r] - |X;],n|2
1 Wn,
e Jon
Xn,an],rI |Xr],n|

where xn, o is the density-density response function of the system, 9y, ,
is the real part of the regularized density-pairing response and x;, , is

the regularized pairing-pairing response function. The response
functions are evaluated using the RPA response”’8, keeping track of

25

the molecular cut-off k. We can now identify €g = 5 <)%> ,
n,nAn,n~ An,n

1 Xn,n Xn,n
€ —Ann ) and U= (7")
n= oy <XnnXM IXnn\2> N \Xn.nXn,p =Xt nl

Phase-boundary

To compute the phase boundary, we compute the Hessian of the Free
energy and require that one of the normal modes goes soft, i.e. the
determinant of the Hessian is zero. Using notation from the main text,
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this gives the boundary equation

A? _2e0en — U?/2 26)

A, entrU+rieg’

The equation in terms of the microscopic response functions
reduces to

8

~ —~ 2 ’
Xn,n+< >(an+Xr1n)+<Q Er) ;IJZ

where Dy =Q,Voc/A, is the critical reduced light-matter coupling
strength.

NDyc =

@7)

Pair-density wave and Tan’s contact

After deriving the boundary equation in the mean-field picture, we
generalize the approach to take into account the full many-body cor-
relations. Our approach consists of two main steps: first, evaluating the
molecular density operator B(R), and second, employing linearized
equations of motion, generalizing the previously developed approach
in”>’%, Given the separation of scales, b < R. < 1/kg, where b is the range
of the short-range contact interactions from the Feshbach resonance,
we can utilize the operator product expansion®’’ to obtain:

2

B(R)= C(R)’ / drf(r)—— (28)

4ﬂ|r|

up to Ieadmg order in 1/[r]. We define the operator
CR)= mZUZwT(R)(pi(R)([JL(R)tpT(R) which upon takmg the expecta-
tion value is contact density at position R, (C(R))=C(R), and U
represents the contact interaction strength, requiring appropriate
renormalization (see below). Using the simple excited-state molecular
wave function model given in Eq. (7), we obtain for the ground state
and excited state overlap integral:

2
L
- (29)

‘/ drf(r)4n\r\

Absorbing the molecular factor into the coupling constant gives
the final effective Hamiltonian

Oy (30)

-M
Q
°M

where now we re-define Q,, = kpLQ,, /47, kr is the Fermi wave vector
and the density and contact-density wave operator at wave vector Q
are now defined as

6o = / dRA(R)e' QLR (31

flg = / FLELEL (32)
F

Therefore, we see that the light-matter Hamiltonian contains two
different ordering channels: the density and the contact-density.
Having separated the Hamiltonian in this form, the boundary equation
directly follows, with the mean-field response functions replaced
EAF)(;M — Xn,c and @—i)(;m =Xc,c» where x,, ¢ is the density-contact and
Xcc is the contact-contact response function. The boundary equation

can be written as

_ ~ N2
8 Qn Qn
Woczx\’n,n ( >(XnC+XCn)+< a)XCC'

which can also be re-cast in the form of a Fano-resonance explicitly

2
C _ <ma>
NDO 1 QO

3 .

8 Xn,n Q, +Xn'”+xmn i _ (Xon*Xpn 2

3 ) Xn.nXn,n 2
m

(33)

(34)

Note, the only approximation in this approach is the decoupling
of fermionic and cavity degrees of freedom, which should be valid
close to the phase transition. The main challenge remains evaluating
the density-contact and the contact-contact response functions.

Zero-momentum response functions

In the zero-momentum limit, Q > 0, the phase boundary equation can
be exactly evaluated using thermodynamic relations. To illustrate the
general approach, consider the density-density response, which
reduces to the compressibility: y,, ,—2~° — %?Tll\l/’ where N is the total
atom number. To derive this relation, we introduce an external per-
turbation coupling to density, Hexc=®8q. As Q> 0, this simplifies to
Hexe =@N. In the grand-canonical ensemble, we identify ¢=-4dyu,
meaning that adding a small external field corresponds to shifting the
chemical potential u by -6u. From the standard definition of the
response function, it follows that:

Ta 35

To derive analogous relations for the case of an external pertur-
bation coupling to the contact, we consider H,, =@'Tl,. Taking the
limit Q- O limit, we find that (I1,) > C, which corresponds to the total
contact.

By comparing the familiar adiabatic sweep relation
6F — = ;1-Cé6(a1)* with the energy variation due to the external
perturbatlon 6E=C¢', we can directly identify ¢'= ;l-6(—a™).
Microscopically, the field ¢’ can be thought of as resulting from a
second order coupling to a molecular channel at short distance,
achieved either with a traditional magnetically induced Feshbach
resonance, or in our case optically via coupling to the photo-
association line. In the latter case, our treatment is equivalent to that
of optical Feshbach resonances®.

It is important to note that this identification assumes the che-
mical potential u remains constant as 1/a is varied. Following this
identification, we obtain:
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Using the relations between N, C, u in the microcanonical
ensemble, these can be related to second derivatives of energy E(N, a)

11
Xon= — N 39)
ON?
1 0% ON
=_- 2= " 40
Xen= = N3(—1/a)oN du (40)
1 0 ON
=_-_ 2= O 41
Xnc= = NaNo(—ija) ou ™ 0
(4mmy>  0%E
= i 42
N a-1ap “
2 2 2
. (4mm) 0°E 767N , (43)
N ONO(-1/a) ou

where we keep NV, a fixed when evaluating d/da, 0/0N respectively. The
above expression explicitly satisfies the stability condition, det(y) >0,
while ensuring that all the response functions remain negative, as
required by stability. To evaluate the responses, we use the internal
energy expansion at unitarity in terms of 1/kra at zero temperature®’®!

EN,a)=

2
3k (E e 5u .

_r - + ... ,
kea  3(kpay’ >

5 2m
where we use £=0.383, {=0.901 and v=0.49 from Monte Carlo
simulations®. The resulting phase boundary curve for the unitary
Fermi gas is plotted in Fig. 3b in the main text.

Data availability
The experimental data supporting this study’s findings are avail-
able in®.

Code availability

Codes are available from the corresponding author upon request.
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