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Photon Statistics Modal Reconstruction by Detected and
Undetected Light

Laura T. Knoll, Giulia Petrini, Fabrizio Piacentini, Paolo Traina, Sergey V. Polyakov,
Ekaterina Moreva, Ivo Pietro Degiovanni,* and Marco Genovese

A novel technique is introduced for the reconstruction of multimode optical
fields, based on simultaneously exploiting both the generalized Glauber’s
Kth-order correlation function g(K) and a recently proposed anti-correlation
function (dubbed 𝜽

(K)) which is resilient to Poissonian noise. It is
experimentally demonstrated that this method yields mode reconstructions
with higher fidelity with respect to those obtained with reconstruction
methods based only on g(K)’s, even requiring less “a priori” information. The
reliability and versatility of this technique make it suitable for a widespread
use in real applications of optical quantum measurement, from quantum
information to quantum metrology, especially when one needs to characterize
ensembles of single-photon emitters in the presence of background noise
(due, for example, to residual excitation laser, stray light or unwanted
fluorescence).

1. Introduction

Recent years have seen an impressive advancement of quan-
tum technology in the optical domain[1–5] and single-photon
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metrology[6] up to a point where the associ-
ated techniques are not anymore restricted
to scientific labs, but are starting to effec-
tively proliferate to the industry[7,8] and the
world-wide market,[9] ultimately approach-
ing everyday’s life. This much-awaited
“second quantum revolution”[10] paves the
way for increasingly complex schemes to
exploit the advantages of quantum effects
for applications in practical scenarios such
as quantum computation,[7,11–16] quantum
communication,[1,17,18] quantum-enhanced
measurement,[19–24] quantum imaging and
sensing,[25–30] and quantum testing.[31,32]

As a consequence, it is of the utmost im-
portance to develop simple methods[33–39]

to characterize optical states that are
significantlymore complex than that of the proof-of-principle sin-
gle isolated quantum systems (with possible addition of a small
amount of background). Composite and application-driven quan-
tum systems require an appropriate characterization. Such sys-
tems are significantly affected by inevitable noise and decoher-
ence effects occurring when the system is moved from a con-
trolled lab-like environment to a real-world one for a practical
application. From a theoretical point of view, devising reliable
and robust nonclassicality criteria for such quantum systems is
a topic of high interest.[40–42] For instance, the characterization
of ensembles of single-photon sources (SPSs)[43,44] in the pres-
ence of strong noise baths is considered. The most widespread
techniques for the characterization of quantum optical states are
based on the measurement of second order Glauber’s autocorre-
lation function, defined as

g(2)(𝜏) =
⟨E(−)(t)E(−)(t + 𝜏)E(+)(t + 𝜏)E(+)(t)⟩⟨E(−)(t)E(+)(t)⟩2 (1)

and in particular its g(2)(0) value.
This parameter is typically used to intuitively assess the non-

classicality of optical sources, since its value is below one for
sub-poissonian non-classical light, equal to one for a Poissonian
(laser) source, and above one for other classical states. In particu-
lar, g(2)(0) vanishes for a SPS, being exactly 0 in the ideal case.[45]

In the low-photon-flux regime, that is, whenP(n + 1) ≪ P(n) ≪ 1
(being P(n) the probability of observing n photons in our detec-
tor), this parameter is equivalent to Grangier’s parameter 𝛼,[46]

defined as the ratio between the photon coincidence probabil-
ity and the product of the single photon detection probabili-
ties at the output of a Hanbury–Brown & Twiss interferometer
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(HBTI), which is the typical device used to measure g(2) exper-
imentally. This parameter (g(2) or 𝛼, with no distinction in the
following treatment) can immediately be extended to any order
K by defining g(K) as the ratio of the probability of a K-fold coin-
cidence divided by the product of K single click probabilities of K
non-photon-number-resolving (non-PNR) detectors attached to
the output ports of a generalized multiport HBTI. Operationally,
such an HBTI can be comprised of cascaded two-ports beam
splitters.[47–52] One of the main advantages of this parameter is
that its value does not depend on the splitting ratio among the
HBTI arms, on the overall losses and on the detection efficiency
of the detectors comprising the HBTI.
The experimental measurement of g(K) has proven to be

a useful resource in quantum optics for several applications
ranging from SPS characterization, quantum super-resolved
imaging[53,54] and reconstruction of the modal structure of com-
posite optical fields.[55] In this latter instance, it has been demon-
strated how to identify, by simultaneously sampling multiple-
order g(K)’s (in the specific case,K = 2, 3, 4), the underlyingmode
structure[55,56] of complex multimode fields such as the superpo-
sition of a SPS emission with thermal fields, or a multi-thermal
field with a Poissonian field, a task that cannot be achieved by
only measuring g(2). This useful technique presents some limita-
tions, emerging for instance when the fields to be reconstructed
are composed by one or more distinct SPSs in presence of Pois-
sonian or both thermal and Poissonian background noise, a sit-
uation of interest, for example, when identifying single-photon
emission from color centers in diamond. Furthermore, some “a
priori” knowledge on the state to be reconstructed (e.g., the num-
ber and types ofmodes composing it) is needed to achieve reliable
results. In some cases, particularly with true PNR detectors, the
use of the set of probabilities {pK} to detect photon states with
up to K photons is also more beneficial for mode reconstruction
than the use of g(K)’s.[57,58] However, assessing PNR capabilities
such as nonlinearities and saturation requires advanced charac-
terization of detectors.
Lately, a new criterion for assessing optical sources nonclas-

sicality, mainly focused on clusters of single-photon emitters,
has been proposed[59] and successfully implemented to test SPSs
based on emitters such as color centers,[60] trapped ions,[61] and
colloidal CdSe/CdS dot-in-rods.[62] This criterion is based on the
measurement of a parameter, 𝜃(K), defined as:

𝜃(K)(0) =
Q(0⊗K )
(Q(0))K

(2)

where Q(0) and Q(0⊗K ) are, respectively, the probability of no-
photon detection at the end of one arm and in K HBTI arms si-
multaneously. The parameter 𝜃(K) has twomain interesting prop-
erties: first, the 𝜃(K) value is not affected by the presence of Pois-
sonian light, so that it can be extremely valuable in the character-
ization of photoluminescent emitters,[63–70] since such a parame-
ter would be insensitive to residual back-reflected excitation laser
light. Second, in contrast with g(K), when characterizing clusters
of SPSs the 𝜃(K) value decresases as the number of emitters in
the ensemble increases. This property is of special interest when
characterizing large ensembles, since g(K) → 1 for K → ∞. As a
drawback, 𝜃(K), contrarily to g(K), strongly depends on the experi-
mental apparatus, that is, the BSs splitting ratio, the optical trans-

Figure 1. Experimental setup. Faint states of light under study are a classi-
cal or non-classical multimode fields. The non-classical fields correspond
to the emission of M ≤ N single-photon sources, with a strong thermal
and/or Poissonian noise added. The classical fields, instead, are arbitrary
compositions of multiple thermal modes and a Poissonian mode. On the
left, three types of sources generating faint light at 1.55 𝜇m are shown:
a coherent (Poissonian) mode, produced by attenuating a pulsed laser;
pseudo-thermal mode(s), generated by the pulsed laser sent through a
rotating ground glass disk; single-photon mode(s) are emitted by a her-
alded single-photon source based on SPDC in a PPLN crystal. On the right,
a pictorial scheme of the detector tree, which consists of a cascade of three
50:50 fiber beam splitters (FBSs) in a tree configuration connected to four
InGaAs/InP SPADs is shown.

mission of theHBTI and detection efficiencies of the detectors in-
volved.
The aim of this work is presenting an innovative method for

the reconstruction of optical states exploiting both the g(K) and
𝜃(K) parameters simultaneously. This method outperforms the
mode reconstruction technique exploiting only g(K)’s[55] in terms
of robustness as well as versatility, and is particularly advanta-
geous for measurements in HBTIs arrangements with non-PNR
detectors (because 𝜃(K)’s are insensitive to Poissonian fields, a re-
construction method that only uses 𝜃(K)’s cannot generally grant
reliable results). We will show how the combined approach can
provide a reliable quantitative evidence of single-photon emis-
sion even in presence of strong classical (thermal and/or Pois-
sonian) light.

2. Theoretical Model

The physical system considered here (see Figure 1) is the emis-
sion of multimode light from one or many different optical
sources observed by N = 4 non-PNR detectors[71] in a tree con-
figuration. For simplicity, we assume that photons are split to N
branches of a detector tree with equal probability 1∕N, and that
each detector has identical system efficiency (including transmis-
sion losses and detection efficiency) 𝜂. This assumption does not
qualitatively change the results. Let us define the characteristic
function for a discrete probability function pn (with

∑+∞
n=0 pn = 1)

Γ(z) =
+∞∑
n=0

pnz
n (3)
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Accounting for the efficiency 𝜂, the characteristic function in
Equation (3) becomes

Γ(z) =
+∞∑
n=0

[1 − 𝜂(1 − z)]npn (4)

The characteristic function Γ(z) has the following properties:

d
dz
Γ(z)

||||z=1 = {n}

d2

dz2
Γ(z)

||||z=1 = {n(n − 1)},

⋮

dK

dzK
Γ(z)

||||z=1 = 
{ n!
(n−K)!

}
,

(5)

where {x} represents the expectation value of the variable x. It
is straightforward to show from Equations (5) that, for a single
optical mode, the generic g(K)(0) function can be expressed as:

g(K)(0) =
dK

dzK
Γ(z)( d

dz
Γ(z)

)K ||||z=1 (6)

Let us now suppose that we have a combination of several opti-
cal sources at once, with different statistical distributions. For in-
stance, forM single-photon emitters with photon emission prob-
ability p, one thermal source and one Poissonian source, the total
photon-number probability distribution reads:

pTOTn =
∑
k,l,m

𝛿n,(k+l+m)P
bin
k (p,M)Pth

l (𝜈)P
poi
m (𝜇) (7)

where it has been assumed that the three generated fields
have, respectively, binomial (Pbin

k (p,M) =
(M
k

)
pk(1 − p)M−k), ther-

mal (Pth
l (𝜈) =

𝜈l

(1+𝜈)l+1
) and Poissonian (Ppoi

m (𝜇) = 𝜇me−𝜇

m!
) photon

number distributions. In general, the total photon-number prob-
ability (c.f. Equation (7)) distribution can be obtained for any
number and type of emitters in a similar fashion. For a mul-
timode field in Equation (7), the statistical distribution of each
mode is given by a characteristic function, and the composite
characteristic function ΓTOT (z) can be written as

ΓTOT (z) = Γth(z)Γpoi(z)Γbin(z) (8)

where Γth(z), Γpoi(z) and Γbin(z) are, respectively, the characteristic
functions related to the thermal source, the coherent one and the
SPS ensemble (see Equation (4)). Thus, the g(K)(0) values can be
calculated from the characteristic function ΓTOT (z) from Equa-
tions (6) and (8). In this paper, we reconstruct unknown multi-
mode optical fields comprised of S modes. Instead of requiring
a priori knowledge on the photon number statistics of each of
the Smodes, we identify all possible S-mode combinations with
arbitrary statistics:

ΓTOT (z) = 𝛿S,(jpoi+jbin+jth)

jpoi∏
j=1

Γpoi
j (z)

jth∏
j=1

Γth
j (z)

jbin∏
j=1

Γbin
j (z) (9)

(since the sum of multiple Poisson distributions is also a Poisson
distribution, it is enough to consider only one Poissonian mode,
that is, jpoi ≤ 1). To find the right reconstruction, we compare the
fit quality for all models and choose the best one.
Let us now investigate the expression of the 𝜃(K)(0) function,

defined in Equation (2), for this multimode field. The no-click
probability of the detector at the end of the ith branch of a K-
branch detector tree with n impinging photons can be calculated
as the convolution of the probability of having ki out of n pho-
tons in the ith branch (governed by binomial distribution) and the
probability of observing zero out of ki incoming photons in the
same branch (𝜋i = (1 − 𝜂)ki , where 𝜂 is the detection efficiency of
the detector):

Qi(0|n) = n∑
ki=0

n!
n!(n − ki)!

(
1 − 𝜂

K

)ki(
1 − 1

K

)n−ki

=
(
1 − 𝜂

K

)n

.

(10)

Analogously, the probability of detecting zero out of n photons
simultaneously in K ≤ N branches is the probability of a particu-
lar permutation of n photons over K branches of the detector-
tree (governed by the multinomial distribution) multiplied by
the joint probability of detecting zero photons in each branch
(
∏K

i 𝜋i) considering all the possible photon distributions in the
K branches, that is, all possible {ki} sets fulfilling the condition∑K

i=1 ki = n:

Q(0⊗K |n) = ∑
k1 ,…,kK

[∑K
i=1 ki=n]

n!
k1!… kK !

K∏
i=1

(
1 − 𝜂

K

)ki

=
( K∑

i=1

1 − 𝜂

K

)n

= (1 − 𝜂)n .

(11)

In order to calculate the terms in Equation (2), the conditional
probabilities in Equations (10) and (11) must be averaged over
the statistical distribution. In this case it can be shown, with a
procedure analogous to the one of Equation (8), thatQTOT (0) and
QTOT (0⊗K ) can be factorized. Here, we show factorization using
the same example of m single photon sources, one thermal and
one Poissonian mode (c.f. Equation (7)).

QTOT (0) =
∞∑
n=0

(1 − 𝜂

K
)npTOTn = Qth(0)Qpoi(0)Qbin(0) (12)

and

QTOT (0⊗K ) =
∞∑
n=0

(1 − 𝜂)npTOTn

= Qth(0⊗K )Qpoi(0⊗K )Qbin(0⊗K ).

(13)
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Thus, the 𝜃(K)(0) function can be calculated as:

𝜃(K)(0) =
Qth(0⊗K )Qpoi(0⊗K )Qbin(0⊗K )

(Qth(0)Qpoi(0)Qbin(0))K

=
Qth(0⊗K )Qbin(0⊗K )

(Qth(0)Qbin(0))K
,

(14)

where we used the property Qpoi(0⊗K ) = [Qpoi(0)]K , making 𝜃(K)

insensitive to Poissonian light and, as a consequence, resilient to
a Poissonian noise. Again, this result can be extended to an arbi-
trary number of sources of each type by simply including appro-
priate multipliers to the above factorized expression, in a similar
manner to Equation (9). In contrast with the g(K) functions, that
are intrinsically independent of losses, the 𝜃(K)’s do not provide
any reliable information for unknown losses, hence a thorough
characterization of the channel in which the multimode field un-
der test propagates, as well as a calibration of the detection appa-
ratus, must be performed before implementing this technique.
The reconstruction of the S-mode field (with S ≤ N) is

achieved by aminimization algorithm based on a least square dif-
ference between the theoretical g(K) and 𝜃(K) (labeled “rec”), built
with the unknown modes to be reconstructed, and the ones ob-
tained in the experiment (labeled “exp”). Specifically, the function
to be minimized is

LS =
4∑

K=2
𝜆g (K)

(
g(K)rec (0) − g(K)exp(0)

)2

+𝜆𝜃
4∑

K=2

(
𝜃
(K)
rec (0) − 𝜃

(K)
exp(0)

)2
, (15)

where 𝜆𝜃 and 𝜆g (K) are Lagrange multipliers, g(K)rec (0) is given by

Equation (6) and 𝜃
(K)
rec (0) by Equation (14).

Lagrange multipliers are introduced in Equation (15) for both
g(K) and 𝜃(K) functions. In particular, for each g(K) a different La-
grange multiplier 𝜆g (K) is used according to the following rule:

𝜆g (K) =

{
1∕K! if g(2)exp(0) > 1

1 otherwise.
(16)

Whenever g(2)exp(0) ≤ 1, a unity Lagrange multiplier is applied to
all Glauber functions (𝜆g (K) = 1 ∀K). Otherwise, we divide the
corresponding square difference by the value K!, accounting for
the factorial growth of g(K)(0) with K for thermal modes. In addi-
tion, the higher the order of an experimentallymeasuredGlauber
function, the higher is the associated uncertainty. Thus, order-
dependent Lagrange multipliers reduce the impact of uncertain-
ties for large K’s. The Lagrange multiplier 𝜆𝜃 is found through
a recursive algorithm. First, 𝜆𝜃 = 1 and the fit is obtained. Then,
𝜆𝜃 is adjusted and a new fit is performed such that the first term
becomes equal to the second term in Equation (15) through iter-
ations. Such an adjustment ensures that both g(K) and 𝜃(k) con-
tributions to the cost function are similar. Finally, to increase the
robustness and reliability of our reconstruction method, we use
single-branch no-click probabilities Qi(0) as a constraint on the
overall mean photon number of the reconstructed state.

We stress that, in our reconstruction algorithm, we assume
that the S modes composing the optical field under reconstruc-
tion are unknown. Hence, we perform mode reconstructions for
all possible S-mode combinations of Poissonian, thermal and
single-photonmodes, for each S ≤ N. We then compare themin-
imized LS values and choose the S-mode combination and the
set of reconstructed average energies per mode that result in
the lowest LS value. In this way, our algorithm truly identifies
the multimode light field with unknown modes, and not merely
matches the previously-known modes with appropriate mean
photon numbers.

3. Experimental Section

The technique previously described was tested by applying it to
several different multi-mode optical fields detected by the detec-
tor tree. The detector treewas composed of three 50:50 fiber beam
splitters (FBSs) connected to N = 4 InGaAs/InP single-photon
avalanche diodes (SPADs) in a tree configuration, allowing to dis-
criminate up to four incoming photons.
Amultimode optical field was generated combining up to four

optical modes (because of the N = 4 constraint on the detec-
tion side). The multimode field was produced by three different
source types: a Poissonian (coherent) source, thermal source, and
single-photon source.
In the experimental setup, shown in Figure 1, a pulsed tele-

com laser (1.55 𝜇m) attenuated to the single-photon level gen-
erates a Poissonian mode. Each pseudo-thermal mode was pro-
duced by making the same laser pass through a rotating ground
glass disk. Finally, heralded single-photon states at 1.55 𝜇mwere
obtained from a heralded single-photon source based on sponta-
neous parametric down-conversion (SPDC). A continuous wave
(CW) laser (at 532 nm) pumps a periodically-poled lithium nio-
bate (PPLN) crystal, generating photon pairs at 810 nm (idler) and
1.55 𝜇m (signal).[72] The idler photon was spectrally filtered and
coupled to a single-mode fiber (SMF) connected to a Si-SPAD,
heralding the presence of the corresponding signal photon. The
generated state was close to a single-photon Fock state, with
g(2)(0) < 0.05. Once these modes were incoherently combined,
the resultingmulti-mode field was sent to the detector tree, allow-
ing for a photon-number resolution up toN = 4 photons. Mainly,
as it was done in Ref. [55], up to three pulsed modes of such light
were combined using beam splitters and short temporal delays
among the fields were inserted to avoid coherent interference
between them. When the modes could not be physically mixed
(e.g., in the cases involving multiple single-photon sources), the
separate data sets were properly merged in post-processing. With
this scheme, S-mode optical fields (with S = 1,… , N) could be
generated whose underlying mode structure can comprise up to
S thermal and/or single-photon modes, and up to one Poisso-
nian mode, giving rise to (2S + 1) possible different modal con-
figurations. The g(K)exp needed for the LS function of Equation (15)
were calculated as the ratio between the K-fold coincidence prob-
ability Q(i1 ,…,iK )

(1) and the product of the single detection prob-
abilities Qi1

(1),…QiK
(1) of the K SPADs involved, averaged for

all possible SPADs combinations. The 𝜃(K)exp were evaluated from
the overall no-click probability Q(i1 ,…,iK )

(0) and the single branch
no-click probabilitiesQij

(0) (ij = 1,… , N, with j = 1,… , K) of the

Adv. Quantum Technol. 2023, 6, 2300062 2300062 (4 of 10) © 2023 The Authors. Advanced Quantum Technologies published by Wiley-VCH GmbH
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SPADs considered. As stated above, while the g(K) by construction
do not depend on the efficiency of detectors involved in theirmea-
surement, the same does not hold for the 𝜃(K) functions, which
were intrinsically 𝜂-dependent. For this reason, the efficiency un-
balance between the branches comprising the detector tree was
taken in account by computing six different 𝜃(2)(0) values, four
𝜃(3)(0)’s and one 𝜃(4)(0), each corresponding to a different combi-
nation of the detector-tree branches.
The minimization was carried on any four of nine unknown

parameters, each characterizing a different source: 𝜇 was the
mean photon number for the coherent mode, 𝜈1,… , 𝜈4 were the
ones for the thermal modes and p1,… , p4 were the emission
probabilities of the single-photon emitters for the single-photon
modes. As stated above, the photon number resolution of the de-
tection system was limited to N = 4, therefore one can only re-
construct a maximum of S = 4 arbitrary modes.
To test the robustness and reliability of this method, after an

initial estimation of the losses in the setup (needed to extract
the correct information from the 𝜃(K) functions) a series of ac-
quisitions in several regimes was performed, combining differ-
entmodes and comparing the results of themode-reconstruction
technique (exploiting both 𝜃(K) and g(K) parameters) with the ones
obtained using only the g(K) (adding in both cases a further con-
straint on the overall no-click probability Q(0⊗N), to define the
average number of photons of the light field) as in Ref. [55] In par-
ticular, special focus was on cases in which the multi-mode op-
tical field under test features one or more single-photon modes,
heavily polluted by classical (thermal and/or Poissonian) light,
giving an overall g(2)(0) ≥ 1.
The obtained results are summarized in Table 1, comparing

the fidelity achieved by both reconstruction methods, defined as
the distance Fx = (2|m⃗e ⋅ m⃗x|)/(|m⃗e|2 + |m⃗x|2), where m⃗e is the set
of expected mean photon numbers in each mode and m⃗x is the
one reconstructed with the “x” method (x = g + 𝜃 labels the one
exploiting both g(K) and 𝜃(K) functions, whilst x = g indicates the
one based solely on g(K)). The expected mean photon number set
m⃗e is obtained by separately measuring the mean photon num-
ber per pulse of each mode composing the optical field to be re-
constructed. Table 1 shows the number of modes present in the
multimode light field under examination (Se), as well as the num-
ber of modes identified by both reconstruction methods, respec-
tively labeled Srecg+𝜃 and S

rec
g (for both of them, the number of cor-

rectly recognized modes’ types is indicated in parentheses). For
each case studied, the value of g(2)exp(0), the observable that was typ-
ically used for discriminating between classical and non-classical
states, is also reported in the last column of Table 1.
These results demonstrate that combining g(K) and 𝜃(K)

method manages to faithfully reconstruct the modal structure
of the multimode light field characterized by the detector tree,
always obtaining large fidelities (above 0.95) and identifying the
correct number and type of optical modes for all the cases investi-
gated. This gives the experimental proof of both the reliability and
robustness of the method, that clearly outperforms the one rely-
ing solely on the g(K)[55] in all the cases (except for case V where
fidelities were comparable). The latter, in fact, not only achieves
comparatively lower fidelities (occasionally going below 0.9, in-
dicating poor reconstruction), but in half of the cases it does not
correctly identify the number and types of opticalmodes compris-

Table 1. Performance comparison between the g + 𝜃 and the g methods.
Columns (a) and (b) show, respectively, the number Se of modes and
mode types of the multimode light field under measurement and subse-
quent reconstruction. Column (c) shows the fidelity Fg+𝜃 between the ex-
pected multimode optical field and the one reconstructed exploiting both
g(K) and 𝜃(K), while column (d) indicates Srecg+𝜃 , that is, the number of opti-
cal mode types identified (correctly identified) by this technique. Columns
(e) and (f) are same as columns (c) and (d), respectively, but for the re-
construction method that uses g(K)’s only. Finally, column (g) shows the
g(2)exp(0) value experimentally measured for each mode configuration. The
star (⋆) symbol indicates the reconstructions depicted in Figure 2, and
graphically compared to theoretically-expected values (the reconstruction
plots pertaining to all configurations, together with the expected counter-
parts, are reported in Appendix A). The total amount of registered events
for each data set ranges from Nevents = 39308886 (e.g., the three single-
photon emitters case) to Nevents = 5400034744 (e.g., the three thermal
fields plus one Poissonian field case). SPS: single photon state; Th: ther-
mal mode; Poi: Poissonian mode.

Method g + 𝜃 Method g

Case (a) Se (b) Mode configuration (c) Fg+𝜃 (d) Srecg+𝜃 (e) Fg (f) Srecg (g) g(2)exp(0)

I 4 1 SPS, 2 Th, 1 Poi 0.9597 4 (4) 0.9337 4 (4) 1.137 ± 0.002

II 4 1 SPS, 3 Th 0.9518 4 (4) 0.9480 4 (4) 1.332 ± 0.002

III 4 2 SPS, 1 Th, 1 Poi ⋆ 0.9745 4 (4) 0.9469 4 (4) 1.044 ± 0.003

IV 4 2 SPS, 2 Th ⋆ 0.9979 4 (4) 0.9949 4 (3) 1.411 ± 0.005

V 4 3 SPS, 1 Poi ⋆ 0.9941 4 (4) 0.9963 4 (4) 0.998 ± 0.003

VI 4 3 SPS, 1 Th ⋆ 0.9996 4 (4) 0.9729 3 (3) 1.532 ± 0.012

VII 4 3 Th, 1 Poi 0.9819 4 (4) 0.7325 4 (3) 1.103 ± 0.001

VIII 4 4 Th 0.9547 4 (4) 0.8481 4 (3) 1.245 ± 0.001

IX 3 1 SPS, 1 Th, 1 Poi 0.9885 3 (3) 0.9755 4 (3) 1.072 ± 0.002

X 3 1 SPS, 2 Th 0.9934 3 (3) 0.9390 3 (3) 1.478 ± 0.003

XI 3 2 SPS, 1 Poi ⋆ 0.9931 3 (3) 0.8463 4 (3) 0.996 ± 0.004

XII 3 2 SPS, 1 Th 0.9972 3 (3) 0.8325 3 (2) 1.732 ± 0.011

XIII 3 2 Th, 1 Poi 0.9749 3 (3) 0.9749 4 (3) 1.135 ± 0.001

XIV 3 3 SPS ⋆ 0.9947 3 (3) 0.9660 4 (3) 0.64 ± 0.03

XV 3 3 Th 0.9509 3 (3) 0.9490 3 (3) 1.349 ± 0.001

ing the multimode field under test, as it is evident from column
(f) of Table 1.
The expected and reconstructed modal structures for the

multi-mode fields marked with a star in Table 1, column (b),
are shown in Figure 2. Selected cases in which different single
photon emitters were combined together (Figure 2a) or mixed
with strong Poissonian and/or thermal sources (plots 2b–f; see
Appendix A for all the other results of mode reconstruction)
are shown. Each plot compares the mean-photon number of ev-
ery mode present in the light field (yellow bars) with the recon-
structed one obtained with this novel technique (dark blue bars)
and with the reconstruction method exploiting only the g(K)’s
(light blue bars). In particular, Figure 2 shows the following cases:
a) three single-photon emitters; b) two single-photon emitters in
presence of heavy Poissonian noise; c) two single-photon emit-
ters in presence of two thermal sources; d) three single-photon
emitters in presence of thermal noise; e) three single-photon
emitters in presence of heavy Poissonian noise; f) two single-
photon emitters mixed with both a Poissonian and a thermal
mode. Even though the Poissonian and thermal mode intensi-
ties were, respectively, about 30 and 10 times higher than that

Adv. Quantum Technol. 2023, 6, 2300062 2300062 (5 of 10) © 2023 The Authors. Advanced Quantum Technologies published by Wiley-VCH GmbH
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Figure 2. Mode reconstruction results. Expected and reconstructed mean photon number per mode for light fields generated by: a) three single-photon
emitters; b) two single-photon emitters in the presence of Poissonian light; c) two single-photon emitters together with two thermal fields; d) three single-
photon emitters in the presence of a thermal field; e) three single-photon emitters in the presence of a Poissonian field; f) two single-photon emitters
with both a Poissonian and a thermal mode. Yellow bars correspond to the mean photon numbers per mode present in light field under measurement,
whilst dark and light blue bars represent, respectively, the ones obtained with the g(K) + 𝜃(K) and g(K)-only reconstruction techniques. Poi: Poissonian
mode. SPS: single photon state. Th: thermal mode.

Adv. Quantum Technol. 2023, 6, 2300062 2300062 (6 of 10) © 2023 The Authors. Advanced Quantum Technologies published by Wiley-VCH GmbH
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of each single-photon emitter, the technique correctly recognizes
and reconstructs the type and number of light modes composing
the optical field, identifying non-classical single-photon emission
even in ostensibly classical optical fields, that is, with g(2)exp(0) ≥
1, and not finding single-photon emission in multimode fields
with no single-photonmode. The residual mismatch between ex-
pected and reconstructed mode structures was reasonably due to
imperfections in the detection apparatus, such as, for example,
dark counts, discrepancies in the detector tree branches and in
their efficiency estimation, and the higher statistical uncertainty
associated to g(K) and 𝜃(K) for high K.

4. Conclusion

Overall, our technique exploiting both g(K) and 𝜃(K) enables a re-
liable reconstruction of the mode structure of very complex mul-
timode fields, with simultaneous presence of Poissonian, ther-
mal and/or single-photon emission, even in cases that are not
successfully reconstructed with the method exploiting g(K) only.
This is particularly interesting, since it is a well known issue that,
when sampling g-function only, it is practically impossible to dis-
tinguish the emission of a SPS in the presence of noise from
the simultaneous emission of two distinct and differently cou-
pled SPSs. The studied cases demonstrate that the proposed tech-
nique is extremely efficient for characterizing SPSs in noisy en-
vironments, with practical applications to nonclassical emission
from fluorescent targets. The applications range from character-
ization of color centers in diamond,[63–69] which can be affected
(or even overtaken) by both Poissonian (residual excitation laser
light) and thermal (stray light, unwanted fluorescence) noise con-
tributions, to nonclassical imaging with fluorophores. According
to our results, the proposed technique for the mode reconstruc-
tion of optical fields, based on the combination of g(K) and 𝜃(K),
not only outperforms the one illustrated in Ref., [55] but it is also
capable to reconstruct more complex mode structures that could
not be processed with the legacy method, ultimately proving that
supplying 𝜃(K) values to the mode reconstruction algorithm leads
to superior performance.
Beyond the aim of the present work, one might want to inves-

tigate the extent to which this method can be generalized, that is,
if it is possible to reconstruct an arbitrary number of modes or if
there are some intrinsic limitations to this technique, for exam-
ple in the case that the multimode field under test is composed
of S > N modes. In the latter case, we do not expect any con-
vergence problem in the algorithm, although the reconstructed
mode structure obtained will nevertheless host S ≤ N modes.
A straightforward extension of this technique, instead, could be
in principle obtained by increasing the photon number resolu-
tion of the detection system (e.g., by exploiting an intrinsically-
PNR detector like the Transition Edge Sensor[73,74]). Anyway,
this seemingly-reasonable assumption clashes with technologi-
cal issues related to the complexity of N-fold coincidences for
large N, since the almost vanishing event rate (especially when
single-photon emitters are involved) and the unavoidable noise
in the detection system (e.g., dark counts) would dramatically
degrade the signal-to-noise ratio, eventually requiring extremely
long measurement times to collect sufficient data sets.
Finally, this new technique does not rely on any “a priori” as-

sumption on the number and type ofmodes constituting the opti-

cal field (except for the obvious constraint on themaximumnum-
ber ofmodes allowed, due to the finite photon number resolution
of the PNR detector used); this is not only is a clear evidence of its
robustness, but also allows for its widespread application to sev-
eral practical scenarios in quantum metrology and other quan-
tum technologies.

Appendix A: Extended Experimental Results

The remaining plots for the reconstructed optical fields reported in
Table 1 that where not shown in Figure 2 are presented here in Figure A1.
The expected mean photon number for each configuration (yellow bars) is
plotted along with the results obtained with our technique (dark blue bars)
and with the one exploiting only the g(K)’s (light blue bars), all in terms
of the Poissonian, single-photon and thermal components. Figure A1a)
shows two single-photon emitters in presence of a thermal source while b)
one single-photon emitter and two thermal modes; c) one single-photon
emitter and three thermal modes; d) one single-photon emitter, one Pois-
sonianmode and one thermalmode and e) one single-photon emitter, one
Poissonianmode and two thermalmodes. The reconstructed optical fields
without the presence of single-photon emitters are f) two thermal modes
in presence of a Poissonian source; g) three thermal modes in presence of
a Poissonian source; h) three thermal modes and i) four thermal modes.

As mentioned in the manuscript, it is clear from the plots and from the
fidelities reported in Table 1 that our mode reconstruction method exploit-
ing both g(K) and 𝜃(K) clearly outperforms the method using only the g(K)

functions, as it correctly recognizes and reconstructs the type and num-
ber of light modes composing the optical fields under measurement and
subsequent reconstruction.
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Figure A1. Reconstruction results for the remaining multimode fields. Reconstructed modes for: a) two single-photon emitters in presence of a thermal
source; b) one single-photon emitter and two thermal modes; c) one single-photon emitter and three thermal modes; d) one single-photon emitter,
one Poissonian mode and one thermal mode; e) one single-photon emitter, one Poissonian mode and two thermal modes; f) two thermal modes in
presence of a Poissonian source; g) three thermal modes in presence of a Poissonian source; h) three thermal modes and i) four thermal modes. Each
bar corresponds to the mean-photon number for each mode present in our light field (yellow bars), the reconstructed one obtained with our technique
(dark blue bars) and the one exploiting only the g(K)’s (light blue bars), all in terms of the Poissonian (Poi), single-photon (SPS) and thermal (Th)
components.
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