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Abstract: Risks of a false decision on conformity of the chemical composition of amulticomponentmaterial or
object due to measurement uncertainty are defined using the Bayesian approach. Even if the conformity
assessment for each particular component of a material is successful, the total probability of a false decision
(total consumer’s risk or producer’s risk) concerning the material as a whole might still be significant. This is
related to the specific batch, lot, sample, environmental compartment, or other item of material or object
(specific consumer’s and producer’s risks), or to a population of these items (global consumer’s and producer’s
risks). A model of the total probability of such false decisions for cases of independent actual (‘true’) con-
centrations or contents of the components and the correspondingmeasurement results is formulated based on
the law of total probability. It is shown that the total risk can be evaluated as a combination of the particular
risks in the conformity assessment of components of the item. For a more complicated task, i.e. for a larger
number of components under control, the total risk is greater. When the actual values of the components’
concentrations or contents, as well as the measurement results, are correlated, they are modelled by multi-
variate distributions. Then, a total global risk of a false decision on thematerial conformity is evaluated by the
calculation of integrals of corresponding joint probability density function. A total specific risk can be eval-
uated as the joint posterior cumulative function of actual property values of a specific item lying outside the
multivariate specification (tolerance) domain when the vector of measured values obtained for the item is
inside this domain. The effect of correlation on the risk is not easily predictable. Examples of the evaluation of
risks are provided for conformity assessment of denatured alcohols, total suspended particulate matter in
ambient air, a cold/flu medication, and a PtRh alloy.
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component material; risk of a false decision.
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1 Introduction

The Joint Committee for Guides in Metrology (JCGM) provides guidance and procedures JCGM 106 [1] for
assessing the conformity of an item (entity, object, or system)with specified requirements. The approach of this
document is to treat knowledge about an item property (the measurand) as a random variable, expressed in
terms of a probability density function (pdf). According to Bayes’ theorem, a prior knowledge of themeasurand
and new information acquired during the measurement are combined in a posterior pdf [2, 3]. Such a posterior
pdf accumulates what is known about the measurand in the items and allows for the evaluation of the risks of
false decisions in their conformity assessment caused by measurement uncertainty [4–6]. The probability of
accepting the item, when it should have been rejected, is called the ‘consumer’s risk’, whereas the probability
of falsely rejecting the item is called the ‘producer’s risk’. These risk terms are taken from the field of product
manufacturing and process control, but they are also applicable in other fields [7].

Guidelines for risk management [8–10] define risk as the product of the probability of an event and its
severity (impact). The severity is expressed for each case in a different way, and not always quantitatively:
examples include financial loss, safety and/or security changes, quality loss, and aesthetic and taste wors-
ening in a product. In this Guide, severity is not discussed. TheGuide’smain task is to estimate the probabilities
of false decisions in conformity assessment due to measurement uncertainty and so ‘risk’ will be considered
solely in terms of these probabilities.

Besides the tolerance interval, which is related to the actual values of the measurand, a narrower (more
stringent) acceptance interval for the measured values can be applied with the purpose of decreasing the
consumer’s risks by taking into account measurement uncertainty. In such a case, the decision rules (i.e. does
the test item conform or not?) are based on a comparison of the measured property values with the acceptance
limits [1].

Similar procedures are also described in the earlier Eurachem/CITAC guide [11] for chemical analytical
testing laboratories, where the items of interest are samples for material analysis, customs control, environ-
mental, food or clinical analysis, etc. The tolerance limits for a sample composition are established specifi-
cations in the pharmaceutical industry and other industries and fields, in regulatory and/or legislative limits,
aswell as in agreed requirements for a non-regulated product under chemical analysis/testing. In general, they
are limits within which a product, material, or object would be expected to perform its stated and intended
function for customer use [12, 13] or be acceptable from a medical, forensic, or other point of view [14–16].

In current practice, decision rules are often based on direct comparisons ofmeasured property values with
the specification, regulatory, or legislative limits. In such cases, the limits have already been set by taking into
account the measurement uncertainty. Thus, the tolerance and the acceptance limits coincide. The mea-
surement uncertainty is constrained for this purpose by a requirement to use a specific standardized or fit-for-
purpose [17] validated chemical analytical/measurement method.
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Guidance documents [1] and [11] are widely used, for example, for the conformity assessment of an
analytical instrument [18], investigation of out-of-specification test results of chemical composition [19],
forensic decisions on blood alcohol content [20], interpretation of test results of spectral analysis of materials
[21], immunochemical screening of blood donors for infectious diseases [22], in legal metrology [23], and in
numerous calibration and testing laboratories serving industry and trade. These procedures can be applied
where the item is characterized by a single scalar quantity (a single measurable property). In other words, the
conformity assessment is performed separately for each item property under testing.

The JCGM 106 approach was recently extended for conformity assessment in the presence of a systematic
measurement error [24] and for qualitative human-based binary nominal and ordinal properties [25, 26]. A
multivariate data analysis is described in the EURAMET guide to decision-making and conformity assessment
[27] using bivariate examples of the ‘post office parcel problem’ (limitations of a parcel length and girth) and a
healthcare study (skin cream friction and adhesion).

Multivariate conformity assessment is especially important in testing the chemical composition of
multicomponent materials or objects where measurement uncertainties are not negligible. When conformity
assessments for particular components are successful and particular consumer’s risks or producer’s risks are
acceptable, the total probability of a false decision (total consumer’s risk or producer’s risk) on the conformity
of the material or object as a whole might still be significant.

In this Guide, modelling and evaluating the total risks in the conformity assessment of a multicomponent
material or object caused by measurement uncertainties are discussed in detail. Examples of the risk evalu-
ation are provided for the conformity assessment of denatured alcohols, total suspended particulate matter
(TSPM) in ambient air, a cold/flu medication, and a PtRh alloy.

1.1 Scope and field of application

This Guide is developed for the study of the total risks in the conformity assessment of a multicomponent
material or object caused bymeasurement uncertainties. It will also be helpful for correct riskmanagement, for
example, in a factory producing multicomponent materials, for the environmental monitoring of several
substances, and for similar tasks.

The document is intended for quality control, measurement and testing (chemical analytical) laboratories,
metrologists and analytical chemists (analysts), specialists involved in laboratory accreditation activity,
laboratory customers, quality managers, and regulators.

1.2 Terms and definitions

Terms and definitions used in this Guide correspond to JCGM 100 (GUM) [5], JCGM 106 [1], JCGM 200 (VIM) [28],
ISO/IEC 17000 [29], ISO 9000 [30], ISO 3534 [31], and IUPAC recommended terms that may be found in the
IUPAC Gold Book [32]. The following conventions are adopted:
1. The term ‘concentration’ is used for a quantity of a component of an item subject to conformity assessment

(amount of substance, mass, volume, number of entities) expressed per unit volume of the item [32], http://
goldbook.iupac.org/html/C/C01222.html, [33].

2. The term ‘content’ is used for a quantity of a component of an item subject to conformity assessment (amount
of substance, mass, volume, number of entities) expressed per unit mass of the item [32], https://goldbook.
iupac.org/html/S/S06073.html, [34, 35].

The most relevant definitions relating to risks in the conformity assessment of a multicomponent material or
object due to measurement uncertainty are given below. The structure of definitions and terms follows ISO
10241 [36], and cross references are given in italic font.
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1.2.1 item subject to conformity assessment
item

material or object (chemical entity or species) whose property values can be measured for conformity
assessment

Note 1: The item can be a batch, lot, sample, or environmental compartment, in chemical or pharmaceutical
industries, materials production, clinical testing, and forensic investigations.

Note 2: The property value may be an extensive quantity (amount) or intensive quantity (concentration or
content).

1.2.2 component of an item subject to conformity assessment
component

part of an item subject to conformity assessmentwith one or more property values that can vary in specification
intervals

Adapted from ref. [32], https://goldbook.iupac.org/html/C/C01209.html.

Note: The number of components of a given item is theminimumnumber of its parts necessary for a conformity
assessment of the item.

1.2.3 actual value of a component property value
actual property value
actual value

best estimate of a component property value (concentration or content), considered the true quantity value
when the definitional (intrinsic) uncertainty associated with the component concentration or content is
negligible

Adapted from JCGM 200 [28], clauses 2.11 and 2.27, and JCGM 100 [5], Annex D.

Note 1: Definitional (intrinsic) uncertainty may be caused by inhomogeneity of the item, and/or its instability.
Note 2: True value is unknown, it is an idealized concept.

1.2.4 tolerance interval

interval of permissible property values of a component

Adapted from JCGM 106 [1], clause 3.3.5.

Note 1: Tolerance interval can be set as a specification, regulatory, or legislative interval.
Note 2: For a multicomponent material or object, the permissible property values of the components form a

multivariate region called the ‘tolerance domain’.

1.2.5 tolerance limit

upper or lower bound of a tolerance interval

Adapted from JCGM 106 [1], clause 3.3.4, and ref. [12, 13].

Note 1: When tolerance interval is set as a specification, regulatory, or legislative interval, there are specifi-
cation, regulatory, or legislative limits, respectively.
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Note 2: When only an upper or lower limit is specified, the tolerance interval is considered to extend from the
minimal feasible value (e.g.mass fraction 0%) to the upper limit, or from the lower limit to themaximal
feasible value (e.g. mass fraction 100 %), respectively.

1.2.6 acceptance interval

interval of the permissible measured values of a component property

Adapted from JCGM 106 [1], clause 3.3.9.

Note 1: Acceptance interval is narrower than the corresponding tolerance intervalwhen applied for decreasing
the consumer’s risks, taking into account the measurement uncertainty.

Note 2: For amulticomponentmaterial or object, the permissiblemeasured values of the components’property
form a multivariate region called ‘acceptance domain’.

1.2.7 acceptance limit

upper or lower bound of an acceptance interval

Adapted from JCGM 106 [1], clause 3.3.8.

Note: Acceptance limits and tolerance limits coincide when the tolerance limits have already taken the mea-
surement uncertainty into account.

1.2.8 conformity assessment

activity to determine whether specified requirements relating to an item are fulfilled

Note: In chemical testing, the activity ismeasurement of the property values (concentrations or contents) of the
item components, and comparison of the obtained results with the specification or other limits on these
values.

Adapted from ISO/IEC 17000 [29], clause 2.1.

1.2.9 particular specific consumer’s risk

probability that an item, accepted as a result of a conformity assessment of a particular component property
(concentration or content), does not conform

Adapted from JCGM 106 [1], clause 3.3.13.

Note 1: It is the probability of failure to reject the null hypothesis ‘the component concentration or content is in
its tolerance interval’, when in fact the null hypothesis is not true, a Type II error according to ISO/IEC
3534 [31], clause 1.47.

Note 2: When the conformity assessment is related to the upper limit of the tolerance interval of a component
concentration or content, for example, the specific consumer’s risk is the risk of underestimating the
true property value.

1.2.10 particular specific producer’s risk

probability that an item, rejected as a result of a conformity assessment of a particular component property
(concentration or content), does conform

Adapted from JCGM 106 [1], clause 3.3.14.

118 I. Kuselman et al.: IUPAC/CITAC Guide



Note 1: It is the probability of rejection of the null hypothesis ‘the component concentration or content is in its
tolerance interval’, when in fact the null hypothesis is true, a Type I error according to ISO/IEC 3534 [31],
clause 1.46.

Note 2: When the conformity assessment is related to the upper limit of the tolerance interval of a component
concentration, for example, the producer’s risk is the risk of overestimating the true concentration or
content.

1.2.11 particular global consumer’s risk

probability that a non-conforming property value of a particular component will be assessed as conforming
based on a statistical analysis of earlier performed measurement (chemical analytical test) results

Adapted from JCGM 106 [1], clause 3.3.15.

Note: The particular global consumer’s risk corresponds to the consumer’s risk of incorrect assessment of a
particular component concentration or content in an item randomly drawn from a statistical population
of such items. Thus, this consumer’s risk characterizes the material production (or objects) globally.

1.2.12 particular global producer’s risk

probability that a conforming property value of a particular component will be assessed as non-conforming
based on a statistical analysis of earlier performed measurement (chemical analytical test) results

Adapted from JCGM 106 [1], clause 3.3.16.

Note: The particular global producer’s risk corresponds to the producer’s risk of incorrect assessment of a
particular component concentration or content in an item randomly drawn from a statistical population
of such items. This producer’s risk characterizes the material production (or objects) globally, as the
consumer’s risk in clause 1.2.11.

1.2.13 total specific consumer’s risk

probability that a specific accepted itemdoes not conform, as awhole, when conformity assessment is related to
property values of two or more components

Note: The term ‘total risk’ is derived from the lawof total probability, a fundamental rule [37–39] that expresses
the total probability of an outcome realized via several distinct events.

1.2.14 total specific producer’s risk

probability that property values of all components in a specific rejected item are conforming

1.2.15 total global consumer’s risk

probability that an item with non-conforming property values of one or more components will be accepted
based on a statistical analysis of earlier performed measurement (chemical analytical test) results

1.2.16 total global producer’s risk

probability that an item with conforming property values of all the components will be rejected based on a
statistical analysis of earlier performed measurement (chemical analytical test) results

I. Kuselman et al.: IUPAC/CITAC Guide 119



1.2.17 prior distribution
prior

pre-measurement knowledge about the distribution of property values of a component

Adapted from JCGM 106 [1], clause 6.1.

Note 1: The knowledge is usually expressed as a probability density function (pdf).
Note 2: When the property values of the components’ concentrations or contents are correlated, a joint

multivariate prior pdf should be considered.

1.2.18 likelihood function
likelihood

knowledge about the distribution of measured values for a given actual value of a component property

Adapted from JCGM 106 [1], clause 6.2.

Note 1: The knowledge is usually expressed as a pdf.
Note 2: When the measured values of the components’ concentrations or contents are correlated, a joint

multivariate pdf should be considered.

1.2.19 posterior distribution
posterior

post-measurement knowledge about the distribution of property values of a component

Adapted from JCGM 106 [1], clause 6.2.

Note 1: The knowledge is usually expressed as a pdf.
Note 2:When either the prior pdf or the likelihood function is multivariate, the posterior pdf is alsomultivariate.

1.3 Symbols

Ai acceptance interval of measured values cim of i-th component concentration or content
ALi lower limit of the acceptance interval of cim
AUi upper limit of the acceptance interval of cim
B event, when true concentration or content ci of one ormore components are not within their tolerance interval Ti
B event, when ci for any i are within their tolerance intervals Ti
Bi event, when ci is not within its tolerance interval Ti
Bi event, when ci is within its tolerance interval Ti
Ci event, when measured value cim is within its acceptance interval Ai
Ci event, when cim is not within its Ai
C event, when cim for any i are within their Ai
C normalizing constant
C event, when one or more cim are not within their Ai
cn vector of ci, i = 1, 2, … , n
C superscript ‘complementary’
c vector of the prior mean values µi, i = 1, 2, … , n
cpost vector of the posterior means
cm vector of the arithmetic means of replicated measured values
ci actual (true) concentration or content of i-th component in an item
cim measured value of concentration or content of i-th component
cm vector of cim, i = 1, 2, … , n
covij covariance of concentrations or contents of components i ≠ j
exp[…] exponential function e[…]
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g posterior pdf
g0 prior pdf
h likelihood function
i, j, k, l, and q subscripts of the components in the range from 1 to n
li labeled amount of component i in a medication tablet
mi experimental (sampling) mean of i-th component concentration or content
µi theoretical (population) mean of i-th component concentration or content
n number of components
nrep number of replicated measured values
Ω scenario (set of conditions)
P probability
R∗
ci particular specific risk

R∗
ci(c) particular specific consumer’s risk

R∗
ci(p) particular specific producer’s risk

Rci particular global risk
Rci(c) particular global consumer’s risk
Rci(p) particular global producer’s risk
R∗
total total specific risk

R∗
total(c) total specific consumer’s risk

R∗
total(p) total specific producer’s risk

Rtotal total global risk
Rtotal(c) total global consumer’s risk
Rtotal(p) total global producer’s risk
rij correlation coefficient of concentrations or contents of components i ≠ j
Sc prior covariance matrix
Scm likelihood covariance matrix
Spost posterior covariance matrix
si
2 experimental (sampling) variance of i-th component concentration or content

σi2 theoretical (population) variance of i-th component concentration or content
Ti tolerance interval of i-th component concentration or content
TLi lower limit of the tolerance interval of i-th component concentration or content
TUi upper limit of the tolerance interval of i-th component concentration or content
ui measurement uncertainty of i-th component concentration or content
v number of components, for which the measured values are out of their acceptance intervals

1.4 Abbreviations

CITAC Cooperation on International Traceability in Analytical Chemistry
CDA completely denaturing alcohol
DB denatonium benzoate
EtOH ethyl alcohol
Eurachem A Focus for Analytical Chemistry in Europe
HPLC high performance liquid chromatography
IEC International Electrotechnical Commission
IPA isopropyl alcohol
ISO International Organization for Standardization
IUPAC International Union of Pure and Applied Chemistry
JCGM Joint Committee for Guides in Metrology
MC Monte Carlo method
MCMC Markov Chain Monte Carlo method
MEK methyl ethyl ketone
PCA principal component analysis
pdf probability density function
TSPM total suspended particulate matter (in ambient air)
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2 Classification of risks

The chemical composition of a multicomponent material or object is considered to conform when the true
concentration or content, ci, of each i-th component under control in the item, i = 1, 2, … , n, is within its
tolerance interval, Ti = [TLi, TUi], where TLi and TUi are the lower and upper tolerance limits of the interval,
respectively. To decide whether or not the material or object conforms, the measured value, cim, is compared
with the limits of the acceptance interval, Ai = [ALi, AUi], where ALi and AUi are the lower and upper limits of the
interval, respectively, taking into account the measurement uncertainty associated with cim. Note that the
acceptance interval may be narrower than the tolerance interval when defending the interests of a consumer,
and wider than the tolerance interval when defending the interests of a producer. The tolerance and accep-
tance intervals may also coincide, as discussed in the Introduction to this Guide.

2.1 Particular risks

A component-by-component conformity assessment of an item includes the comparison of each measured
value, cim,with the corresponding acceptance interval,Ai, for component i= 1,… , n. The risks of false decisions
on conformity related to the particular i-th component (of n) are the ‘particular risks.’ The evaluation of such
univariate risks is described in JCGM 106 [1].

2.1.1 Consumer’s risk and producer’s risk

The probability of a false decision that a component concentration or content does not exceed the upper
tolerance limit, for example, based on the measured value cim ≤ AUi, when the true concentration or content
exceeds the upper tolerance limit (ci > TUi), is the ‘particular consumer’s risk’.

The probability of falsely rejecting conformity (cim >AUi, when in fact ci ≤ TUi, in the considered example) is
the ‘particular producer’s risk’.

2.1.2 Specific risk and global risk

For a specified item, the particular risks, related to i-th component concentration or content, are referred to as
the ‘particular specific consumer’s risk’ R∗

ci(c) and the ‘particular specific producer’s risk’ R∗
ci(p), respectively.

The particular risks of the incorrect conformity assessment of i-th component concentration or content in an
item randomly drawn from a statistical population of such items are the ‘particular global consumer’s risk’Rci(c)

and the ‘particular global producer’s risk’ Rci(p), respectively.

2.2 Total risks

Amulticomponentmaterial or object is not simply amixture of n components or their sum.When the conformity
assessment for each i-th component concentration or content in an item is successful (i.e. the particular risks
are small enough), the total probabilities of a false decision concerning the conformity of the item as awhole—
the total risks—might still be significant [40–43]. The evaluation of themultivariate total risks is detailed in this
Guide.

2.2.1 Consumer’s specific and global risks

The probability of a false decision that an item is conforming, based on the measured values not exceeding
their upper acceptance limits, for example, cim ≤ AUi for all i = 1,… , n, while as minimum one true component
concentration or content exceeds its upper tolerance limit (cj > TUj), is the ‘total consumer’s risk’.

122 I. Kuselman et al.: IUPAC/CITAC Guide



If the conformity of a specific item is assessed, this risk is the ‘total specific consumer’s risk’ R∗
total(c). When

an item is randomly drawn from a statistical population of such items, this is the ‘total global consumer’s risk’
Rtotal(c).

2.2.2 Producer’s specific and global risks

The probability of falsely rejecting conformity of an item is the ‘total producer’s risk’ when, at minimum, one
measured value exceeds its upper acceptance limit (cjm > AUj), for example, while all true values satisfy their
upper tolerance limits, i.e. ci ≤ TUi for all i = 1, … , n.

It is the ‘total specific producer’s risk’, R∗
total(p), when the conformity of a specific item is assessed, and the

‘total global producer’s risk’, Rtotal(p), if an item is randomly drawn from a statistical population of such items.

2.3 A map of the risks

A scheme summarizing the classification of the risks of false decisions on the conformity of a multicomponent
material or object, represented as a map of the relationships among the different kinds of these risks, is shown
in Fig. 1.

There are four kinds of particular risks for each i-th component of thematerial and four kinds of total risks in
Fig. 1. Therefore, for n > 1 components under control, one can distinguish 4(n +1) kinds of risks of false decisions.
For example, for two, three, and four components, this means 12, 16, and 20 kinds of risks, respectively: the
complexity of conformity assessment increases with the number of components under control [44].

3 Modelling total risks for independent variables

Bayes’ theorem regarding the concentration ci of a particular component i is formulated as

g(ci|cim) � C g0(ci)h(cim|ci) , (1)

where g is the univariate posterior pdf, C is a normalizing constant, g0 is the univariate prior pdf, and h is the

Fig. 1: Amapof the risks of false decisions on the conformity of amulticomponentmaterial or object. Specific risks refer to a given
item and global risks to the population of the items. Particular risks (specific R∗

ci or global Rci) refer to the i-th component of the
material under control, i = 1, … , n; total risks (specific R∗

total or global Rtotal) refer to the material as a whole. These risks are
relevant for both the material producer and for its consumer.
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univariate likelihood function. The product g0(ci)h(cim|ci) is the joint pdf of actual (‘true’) values, ci, and
measured values, cim. Based on this theorem, the particular global consumer’s risk and particular global
producer’s risk are formulated in JCGM 106 [1] as integrals of the joint pdf, using Eqs. (2) and (3), respectively:

Rci(c) � ∫
Tc
i

∫
Ai

g0(ci)h(cim|ci)dcimdci   and (2)

Rci(p) � ∫
Ti

∫
Ac
i

g0(ci)h(cim|ci)dcimdci, (3)

where superscript ‘c’ indicates the integration intervals ‘complementary’ to the corresponding tolerance limits
or acceptance limits. Thus, the consumer’s risk by Eq. (2) is for measured values cim within acceptance interval
Ai, when true values ci are outside tolerance interval Ti. The producer’s risk by Eq. (3) is for cim outside Ai, when
ci values are within Ti.

The particular specific consumer’s risk and particular specific producer’s risk, for a given measured value
cim, are the respective integrals of the posterior pdf:

R∗
ci(c) � ∫

Tc
i

g(ci|cim)dci   and (4)

R∗
ci(p) � ∫

Ti

g(ci|cim)dci, (5)

where cim is within acceptance interval Ai in Eq. (4) and outside Ai in Eq. (5).
The followingmodelling of the total risks in this Guide is a combination of the particular risks according to

the law of total probability [37–39]. The law is applicable when any pair of measured values cim and cjm, i ≠ j, as
well as any pair of the true component concentrations or contents ci and cj, i ≠ j, are mutually independent in
the same item.

3.1 Combination of particular consumer’s risks

3.1.1 Events and probabilities

For simplicity, consider the measurement of just two component concentrations or contents and define the
following events that may occur:
– C1: themeasured value c1m for component 1 is in its acceptance interval A1; probability of this event isP(C1).
– C2: themeasured value c2m for component 2 is in its acceptance intervalA2; probability of this event isP(C2).
– C: the item as a whole is assessed as conforming, since both the measured values c1m and c2m are in their

acceptance intervals simultaneously, hence C � C1 ∩ C2; probability of this event P(C) = P(C1) P(C2), when
C1 and C2 are mutually independent.

– B1: the true concentration or content c1 of component 1 is not within its tolerance interval T1; probability of
this event is P(B1).

– B2: the true concentration or content c2 of component 2 is not within its tolerance interval T2; probability of
this event is P(B2).

– B: the item of thematerial or object as a whole is not conforming, since the true concentrations or contents
of one or both of components are not within their tolerance intervals, hence B � B1 ∪ B2; probability of this
event is P(B) � P(B1) + P(B2) − P(B1 ∩ B2) � P(B1) +  P(B2) − P(B1)P(B2). The last equality is valid if B1

and B2 are mutually independent.

Events C1 and C2, as well as B1 and B2, are shown schematically in Fig. 2 by ellipses of a Venn diagram. Other
events of interest are indicated as intersections of these ellipses.
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3.1.2 Total global consumer’s risk

Particular global consumer’s risk Rci(c) for i-th component (i = 1, 2) is the probability of false conformance when
the corresponding measured value cim falls within its acceptance interval Ai, while the true value ci is outside
the tolerance interval Ti :

Rc1(c) � P(C1 ∩ B1), (6)

Rc2(c) � P(C2 ∩ B2). (7)

At the same time, the total global consumer’s risk Rtotal(c) is the risk of having cim of both the components within
their acceptance intervals (which are the two-dimensional domain A1 × A2) when at least one of ci is outside its
tolerance intervals T1 and/or T2, i.e. Rtotal(c) � C ∩ B, where

C ∩ B � C1 ∩ C2 ∩ (B1 ∪ B2) � (C1 ∩ C2 ∩ B1) ∪ (C1 ∩ C2 ∩ B2). (8)

In Fig. 2, event (C1 ∩ C2 ∩ B1) corresponds to the area shaded by horizontal lines, whereas event (C1 ∩ C2 ∩ B2)
corresponds to the area shaded by vertical lines. The total global consumer’s risk is thus:

Rtotal(c) � P(C1 ∩ C2 ∩ B1) + P(C1 ∩ C2 ∩ B2) − P(C1 ∩ C2 ∩ B1 ∩ B2). (9)

Event (C1 ∩ C2 ∩ B1 ∩ B2) is marked in Fig. 2 as a net. Whenever C1 and C2, as well as B1 and B2, are mutually
independent, events C1 ∩ B1 and C2 ∩ B2 are also independent and Eq. (9) can be rewritten using notations (6)
and (7) in the following way:

Rtotal(c) � P(C2)P(C1 ∩ B1) + P(C1)P(C2 ∩ B2) − P(C1 ∩ B1)P(C2 ∩ B2)
� P(C2)Rc1(c) +  P(C1)Rc2(c) − Rc1(c)Rc2(c).

(10)

For example, for particular risks Rci(c) = 0.05 and probabilities P(Ci) = 0.90, i = 1, 2; Eq. (10) gives
Rtotal(c) = 2 × (0.90 × 0.05) – 0.052 = 0.09. Here and further in this Guide, numerical values are rounded.

For three components, under the same assumption of independent true values of each component’s
concentration or content and independent corresponding test results, the total global consumer’s risk is:

Fig. 2: Venn diagram of the considered events. Events C1 and C2, when measured values cim for components i = 1 and 2,
respectively, are in their acceptance intervals, and events B1 and B2, when the true concentrations or contents ci are not
within their tolerance intervals, are shown by ellipses. Other events of interest are indicated as intersections of these ellipses:
C1 ∩ C2 – cim for both components 1 and 2 being within their acceptance intervals simultaneously; C1 ∩ B1 and C2 ∩ B2 – cim for
component 1 or 2, respectively, being within their acceptance intervals, while corresponding ci are not within their tolerance
intervals; C1 ∩ C2 ∩ B1 and C1 ∩ C2 ∩ B2 – cim for both components 1 and 2 being within their acceptance intervals simultaneously,
when ci are not within their tolerance intervals;  C1 ∩ C2 ∩ B1 ∩ B2 – cim for both components 1 and 2 being within their acceptance
intervals, when none of the ci are within their tolerance intervals.
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Rtotal(c) � P(C2)P(C3)Rc1(c) + P(C1)P(C3)Rc2(c) + P(C1)P(C2)Rc3(c) − P(C3)Rc1(c)Rc2(c) − P(C2)Rc1(c)Rc3(c)
− P(C1)Rc2(c)Rc3(c) + Rc1(c)Rc2(c)Rc3(c).

(11)

For example, for particular risks Rci(c) = 0.05 and probabilities P(Ci) = 0.90, i = 1, 2, 3; Eq. (11) gives
Rtotal(c) = 3 × (0.902 × 0.05) – 3 × (0.90 × 0.052) + 0.053 = 0.12.

For four components, the total global risk is:

Rtotal(c) � P(C2)P(C3)P(C4)Rc1(c) + P(C1)P(C3)P(C4)Rc2(c) + P(C1)P(C2)P(C3)Rc4(c) − P(C3)P(C4)Rc1(c)Rc2(c)
− P(C2)P(C4)Rc1(c)Rc3(c) − P(C2)P(C3)Rc1(c)Rc4(c) − P(C1)P(C4)Rc2(c)Rc3(c) − P(C1)P(C3)Rc2(c)Rc4(c)
− P(C1)P(C2)Rc3(c)Rc4(c) + P(C4)Rc1(c)Rc2(c)Rc3(c) + P(C3)Rc1(c)Rc2(c)Rc4(c) + P(C2)Rc1(c)Rc3(c)Rc4(c)
+ P(C1)Rc2(c)Rc3(c)Rc4 −  Rc1(c)Rc2(c)Rc3(c)Rc4(c).

(12)

For particular risks Rci(c) = 0.05 and probabilities P(Ci) = 0.90, i = 1, 2, 3, 4; by Eq. (12) one obtains
Rtotal(c) = 4× (0.903× 0.05)– 6× (0.902× 0.052)+ 4× (0.90× 0.053)–0.054 = 0.13. Comparing this result with the
total global risk values for the previous cases of two and three components, it is easy to see that the risk is
greater for a larger number of the components under control.

In general, the expression for the total global consumer’s risk for a number n of components under control
is:

Rtotal(c) � ∑
n

i�1
(∏

l≠i
P(Cl))Rci(c) − ∑

n

i�1
∑
j>i
(∏

l≠i,j
P(Cl))(∏

q�i,j
Rcq(c))

+ ∑
n

i�1
∑
j>i
∑
k>j
( ∏

l≠i,j,k
P(Cl))( ∏

q�i,j,k
Rcq(c)) +… + (−1)n−2 ∑

n

i�1
P(Ci)(∏

q≠i
Rcq(c)) + (−1)n−1 ∏

n

q�1
Rcq(c)  ,  

(13)

where i, j, k, l and q are indices of the components in the range 1 to n. Thus, the total global consumer’s risk can
be evaluated as a combination of n particular global risks of conformity assessment of anymaterial or object in
which n component concentrations or contents are measured.

3.1.3 Total specific consumer’s risk

When a specific item is tested for the content of two components, the total specific consumer’s risk R∗
total(c) is the

probability P(B|c1m, c2m) that the true concentration or content of one or both the components in this item are
notwithin the corresponding tolerance interval (B � B1 ∪ B2), when themeasured values c1m and c2m arewithin
their acceptance intervals. If the events B1 and B2 are conditionally independent [39, p. 57], i.e. independent
one from each other at the given measured values c1m and c2m, the total specific risk is

R∗
total(c) � P(B|c1m, c2m) � P(B1 ∪  B2|c1m, c2m) � P(B1|c1m, c2m) +  P(B2|c1m, c2m) − P(B1 ∩ B2|c1m, c2m)

� P(B1|c1m) +  P(B2|c2m) −  P(B1|c1m)P(B2|c2m). (14)

Since particular specific consumer’s risk R∗
ci(c) for the i-th component, i = 1, 2, are:

R∗
c1(c) � P(B1|c1m), (15)

R∗
c2(c) � P(B2|c2m), (16)

substituting Eqs. (15) and (16) into Eq. (14) gives the following:

R∗
total(c) � R∗

c1(c) + R∗
c2(c)   −R∗

c1(c)R
∗
c2(c). (17)

For example, for particular specific risks R∗
ci(c) � 0.05, the total risk by Eq. (17) is R∗

total(c) � 2 × 0.05 − 0.052 �
0.10. Total specific consumer’s risk for three components is:

R∗
total(c) � R∗

c1(c) + R∗
c2(c) + R∗

c3(c) − R∗
c1(c)R

∗
c2(c) −  R∗

c1(c)R
∗
c3(c) − R∗

c2(c)R
∗
c3(c) +  R∗

c1(c)R
∗
c2(c)R

∗
c3(c). (18)
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For example, when the particular specific risks are R∗
ci(c) � 0.05, i = 1, 2, 3; the total risk by Eq. (18) is

R∗
total(c) � 3 × 0.05 − 3 × 0.052 + 0.053 � 0.14.

When four components are under control, the total specific risk is:

R∗
total(c) � R∗

c1 + R∗
c2 + R∗

c3 + R∗
c4 − R∗

c1R
∗
c2 −  R∗

c1R
∗
c3 − R∗

c1R
∗
c4 − R∗

c2R
∗
c3 − R∗

c2R
∗
c4 −  R∗

c3R
∗
c4 + R∗

c1R
∗
c2R

∗
c3

+ R∗
c1R

∗
c2R

∗
c4 + R∗

c1R
∗
c3R

∗
c4 + R∗

c2R
∗
c3R

∗
c4 −  R∗

c1R
∗
c2R

∗
c3R

∗
c4  .

(19)

For example, when the particular risks are again R∗
ci(c) � 0.05, i = 1, 2, 3, 4; Eq. (19) gives R∗

total(c) � 4 × 0.05−
6 × 0.052 + 4 × 0.053 − 0.054 � 0.19. Thus, as for the total global risk values, the total specific risk value is
greater for a larger number of the components under control.

In general, the total specific consumer’s risk for a number n of components is:

R∗
total(c) � ∑

n

i�1
R∗
ci(c) − ∑

n

i�1
∑
j>i
(∏

q�i,j
R∗
cq(c)) + ∑

n

i�1
∑
j>i
∑
k>j
( ∏

q�i,j,k
R∗
cq(c))   +⋯ +(−1)n−2 ∑

n

i�1
(∏

q≠i
R∗
cq(c)) +  (−1)n−1 ∏

n

q�1
R∗
cq(c), (20)

where i, j, k, l and q are subscripts of the components in the range from 1 to n.
Note: Eqs. (10), (11), (12) and (13) for calculation of total global risk can be simplified to similar combi-

nations of the particular global risks, as for specific risks in Eqs. (17), (18), (19) and (20) for 2, 3, 4 and n
components, respectively, when each probability P(Ci) of acceptance of the measured values for component
i = 1, 2, … , n is equal to 1.

Examples of the evaluation of the total consumer’s risks according to the discussed modelling for the
conformity assessment of denatured alcohols are available in Annex A, Example 1, and for the assessment of
TSPM in ambient air in Annex A, Example 2.

3.2 Combination of particular producer’s risks

3.2.1 Events and probabilities

Define the following additional events for two and more components, necessary for understanding the pro-
ducer’s risks:
– Bi: the true component concentration or content ci is within its tolerance interval Ti; probability of this

event is P(Bi) = 1−P(Bi).
– B: the true values ci for any i arewithin their tolerance intervalsTi, B � B1 ∩ B2  ∩… ∩ Bn ; probability of this

event is P(B) � ∏n
i�1 P(Bi) if Bi are mutually independent.

– B: the item of thematerial or object as a whole is not conforming, since the true concentrations or contents
ci of one or more components are not within their Ti, B � B1 ∪ B2 ∪… ∪ Bn; probability of this event is
P(B) � 1 − P(B) � 1 −∏n

i�1 P(Bi).
– Ci: the measured value cim is not within its acceptance interval Ai; probability of this event is

P(Ci) � 1 − P(Ci).
– C: one ormoremeasured values cim are not within theirAi, C � C1 ∪ C2 ∪… ∪ Cn; probability of this event is

P(C) �  1 − P(C) � 1 −∏n
i�1 P(Ci).

– C: the item of thematerial or object as awhole is assessed as conforming, since themeasured values cim for
any i are within their acceptance intervals Ai simultaneously, C � C1 ∩ C2  ∩… ∩ Cn ; probability of this
event is P(C) � ∏n

i�1 P(Ci) if Ci are mutually independent.

3.2.2 Total global producer’s risk

Particular global producer’s risk Rci(p) is
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Rci(p) � P(Bi ∩ Ci), (21)

while the total global producer’s risk is Rtotal(p) � P(B ∩ C). For n = 3 components, for example,

B ∩ C � B1 ∩ B2 ∩ B3 ∩ (C1 ∪ C2 ∪ C3) � (B1 ∩ B2 ∩ B3 ∩ C1) ∪ (B1 ∩ B2 ∩ B3 ∩ C2) ∪ (B1 ∩ B2 ∩ B3 ∩ C3).  (22)

Thus, the total global producer’s risk is

Rtotal(p) � P(B1 ∩ B2 ∩ B3 ∩ C1) + P(B1 ∩ B2 ∩ B3 ∩ C2) + P(B1 ∩ B2 ∩ B3 ∩ C3) − P(B1 ∩ B2 ∩ B3 ∩ C1 ∩ C2)
− P(B1 ∩ B2 ∩ B3 ∩ C1 ∩ C3) −  P(B1 ∩ B2 ∩ B3 ∩ C2 ∩ C3) +  P(B1 ∩ B2 ∩ B3 ∩ C1 ∩ C2 ∩ C3). (23)

Whenever B1, B2 , and B3, as well as C1, C2, and C3, are mutually independent, events B1 ∩ C1, B2 ∩ C2 and

B3 ∩ C3 are also independent and Eq. (23) can be rewritten using notation (21) in the following way:

Rtotal(p) � P(B2)P(B3)Rc1(p) + P(B1)P(B3)Rc2(p) + P(B1)P(B2)Rc3(p) − P(B3)Rc1(p)Rc2(p)

− P(B2)Rc1(p)Rc3(p) −  P(B1)Rc2(p)Rc3(p) +  Rc1(p)Rc2(p)Rc3(p).
(24)

Note that Eq. (24) is similar to Eq. (11) for the total global consumer’s risk. However, it involves probabilities of
different events and different particular risks.

In general, for any number n of components

Rtotal(p) � ∑
n

i�1
(∏

l≠i
P(Bl))Rci(p) − ∑

n

i�1
∑
j>i
(∏

l≠i,j
P(Bl))(∏

q�i,j
Rcq(p))

+ ∑
n

i�1
∑
j>i
∑
k>j
( ∏

l≠i,j,k
P(Bl))( ∏

q�i,j,k
Rcq(p))   +… +(−1)n−2 ∑

n

i�1
P(Bi)(∏

q≠i
Rcq(p)) +  (−1)n−1 ∏

n

q�1
Rcq(p),  

(25)

where i, j, k, l and q are subscripts of the components in the range from 1 to n.

3.2.3 Total specific producer’s risk

The total specific producer’s risk R∗
total(p) is the probability that the true concentrations or contents of all the

components are within their tolerance interval, when one or more measured values are found outside their
acceptance intervals. For example, when an item of amaterial or object is tested for concentrations or contents
of three components, R∗

total(p) is the probability that the true concentrations or contents of the components are

within their tolerance interval (B � B1 ∩ B2 ∩ B3), while one or more of c1m, c2m, and/or c3m are not within their
acceptance intervals. This event can occur when:
a) Just one measured value out of the three, for example c1m without losing generality, is not within its

acceptance interval, while the true concentration or content c1 is within its tolerance interval. Hence, the
total risk that the item is falsely considered as not conforming is equal to the particular specific producer’s
risk concerning the first component: R∗

total(p) � P(B1|c1m).
b) Two measured values, e.g. c1m and c2m, are not within their acceptance intervals. The total risk is

R∗
total(p) � P(B1 ∩ B2|c1m, c2m).

c) All three measured values are not within their acceptance intervals. The total risk is R∗
total(p) �

P(B|c1m, c2m, c3m) � P(B1 ∩ B2 ∩ B3|c1m, c2m, c3m).

If the events Bi are conditionally independent, i.e. each is independent from the others at the given measured
values cim, the total specific risk in each of the three considered situations is, respectively:
a) R∗

total(p) �  P(B1|c1m),
b) R∗

total(p) � ∏2
i�1 P(Bi|cim),

c) R∗
total(p) � ∏3

i�1 P(Bi|cim),
where (Bi|cim) � R∗

ci(p).
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For any number n of components, v of which are characterized by the measured values exceeding their
acceptance limits (v ≤ n), the total specific producer’s risk is

R∗
total(p) �  ∏

v

i�1
R∗
ci(p). (26)

From Eq. (26), it follows that any one of v particular specific producer’s risk R∗
ci(p) equal to zero will lead to

R∗
total(p) � 0. That occurs when the true concentration or content of the i-th component, ci, can never be within

its tolerance interval at a given measured value, cim, which is also out of the acceptance interval for this
component. In such a case, regardless of the measured values of the concentrations or contents of the other
components, the item as a whole certainly does not conform. Therefore, the producer should take action to
change the i-th component concentration or content, to reduce the i-th measurement uncertainty, and/or to
pay a fine or a specified compensation.

The opposite case of a particular specific producer’s risk R∗
ci(p) � 1 is also possible when, for a measured

value cim outside its acceptance interval, the true concentration or content ci certainly does conform, as it is
known from another source of information. Such R∗

ci(p) would not influence the total specific risk R∗
total(p) by Eq.

(26). In this case, the number n of components concentrations or contents under control is de facto decreased
by one.

Another property of Eq. (26) is the reduction of R∗
total(p) with the increasing number v of components for

which the measured values are not within their acceptance intervals. The logic is that the more such mea-
surement results, the smaller the total probability of a false decision on conformity of the tested item, and the
greater the probability that this item, as a whole, does not actually conform.

Note also that the model used in the work [45] and later adopted in the EURAMET guide [27] leads to an
expression equivalent to Eq. (26) when the variables are independent.

An example of the calculation of the total producer’s risks according to the discussed modelling is
available in Annex A, Example 2 (assessment of TSPM in ambient air).

4 Modelling total risks for correlated variables

4.1 Interdependence of events

It is not always possible to assert the independence of Ci and Cj, as well as of Bi and Bj. A number of chemical
analytical techniques are used to overcome possible correlations between measurement results. There are
extractions of analytes from a sample, e.g. the extraction of organic mercury from fish samples with
concentrated HBr followed by extraction into toluene and back-extraction with aqueous cysteine solution for
distinguishing total and organic mercury concentrations [46]; the chromatographic separation of an analyte
from other components, etc. Chemometrics software is applied for the separation of spectral signals [47].
Sample digestion and standard additions of an analyte to a sample are used for the calibration of a mea-
surement system overcoming the multiplicative matrix effects of a sample, and so on. There are also re-
quirements in validation guidelines, e.g. [17, 48, 49], for evaluating the method selectivity and/or specificity
and trueness (systematic errors possible at extraction, separation, and other steps of the analytical procedure).
An experimental proof is necessary to show that the response of the measurement system is caused by the
analyte/component proper, not by another component or the sample matrix. Something may still happen in
practice, but in general this kind of correlation should be negligible.

The correlation of actual values of concentrations or contents of different components of an item may be
caused by the stoichiometry of native compounds (in geological, environmental, and other samples). The law
of conservation of mass also applies here, requiring the interdependence of the true concentration or content
values of the components in an item (their sum must be 100 %). Technological reasons in the production of
materials (alloys, drugs, etc.) lead to such correlations as well.

I. Kuselman et al.: IUPAC/CITAC Guide 129



Metrologically-independent measurements/test results for two or more components are, however, inev-
itably correlatedwhen their actual values are correlated. In otherwords, whenBi andBj are interdependent, for
example, Ci and Cj must also be, though the correlation between measured values may be weaker because of
random measurement errors.

4.2 Multivariate modelling total risks

Bayes’ theorem for a multicomponent material or object as a whole is expressed by the following equation:

g(cn|cm) � Cg0(cn)h(cm|cn), (27)

where cn = [c1, c2, … , cn] and cm = [c1m, c2m, … , cnm] are vectors of the actual values and measured values,
respectively, and so g, g0 as well as h aremultivariate functions. The product g0(cn)h(cm|cn) is themultivariate
joint pdf of the actual values cn and themeasured values cm. Bayes’ theorem in this form takes into account the
possible correlation between actual values of the concentrations or contents of the components and/or be-
tween their measured values.

4.2.1 Total global consumer’s and producer’s risks

We discuss again, for simplicity, the case of two components under control (n = 2). The total global consumer’s
risk can be expressed as the following probability:

Rtotal(c) � P(C ∩ B) � P[(C ∩ B1) ∪ (C ∩ B2)] � P(C ∩ B1) + P(C ∩ B2) − P(C ∩ B1 ∩ B2) (28)

The terms in Eq. (28) involve integrals of the joint pdf of the actual values cn and themeasured values cm, taking
into account the possible correlation between c1 and c2, as well as between c1m and c2m. Just as an example of
how to calculate each term in Eq. (28), the last one is the following probability:

P(C ∩ B1 ∩ B2) � ∫
Tc
1

∫
Tc
2

∫
A1

∫
A2

g0(c1,   c2)h(c1m, c2m|c1, c2)dc1mdc2mdc1dc2. (29)

The total global producer’s risk is:

Rtotal(p) � P(C ∩ B) � P[(B ∩ C1) ∪ (B ∩ C2)] � P(B ∩ C1) + (B ∩ C2) − P(B ∩ C1 ∩ C2). (30)

Like the probability in Eq. (29), the last term of Eq. (30) is the following integral of the joint pdf:

P(B ∩ C1 ∩ C2) � ∫
T1

∫
T2

∫
Ac
1

∫
Ac
2

g0(c1,   c2)h(c1m, c2m|c1, c2)dc1mdc2mdc1dc2. (31)

Similar expressions for total global risks in the conformity assessment of amaterial or objectwithmore than two
components under control can be formulated using the same multivariate modelling.

4.2.2 Total specific consumer’s and producer’s risks

The total specific consumer’s risk, when measured values cm are within their acceptance intervals Ai, is

R∗
total(c) � 1 − ∫

T1

… ∫
Tn

g(cn|cm)dcn.  (32)

The total specific producer’s risk for ν (only) measured values that are outside their acceptance intervals Ai, is

R∗
total(p) � ∫

T1

… ∫
Tν

∫
∞

0

… ∫
∞

0

g(cn|cm)dcn, (33)

where, without losing generality, themeasured values that are outside their acceptance intervals are the first ν.
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Note: for independent ci, Eq. (33) reduces to Eq. (26), since integration of the univariate posteriors g on the
whole real axis gives 1 for each i.

Examples of the calculation of the total risks according to the discussedmodelling for correlated variables
are available in Annex A, in Example 3 on the conformity assessment of a cold/flumedication, and in Example
4 on the assessment of a PtRh alloy.

5 Implementation remarks

5.1 Tolerance domain

The tolerance limits of the concentrations or contents of the components, TLi and TUi, form a multivariate
tolerance domain of permissible compositions of the material or object T1 × T2 ×… × Tn. However, there also
might be constraints of the mass balance to be satisfied, and/or technological constraints. These constraints
lead to amultivariate sub-domain of feasible compositions, whichmay influence the calculation of the risks, as
shown in Annex A, Example 4.

5.2 Prior pdf

A large enough dataset of results from testing items of the samematerial produced at the same factory, as well
as results of monitoring the same environmental compartment, can be used for the approximation of the prior
pdf g0(cn). The assumption is that the actual concentration values are approximated by the test/measurement
results adequately, since measurement uncertainty is negligible in comparison with item-to-item (batch-to-
batch) variations caused by changes in the conditions of the material production, environmental conditions,
etc.Known statistical goodness-of-fit criteria of experimental and theoretical distributions (normal in AnnexA,
Examples 3 and 4, and lognormal in Annex A, Example 2) are applied. A choice of the theoretical distribution
may also be based on the chemical understanding of the material nature, as in Annex A, Example 1, related to
denatured alcohols. If there is no detailed prior knowledge about the distribution of the component concen-
trations or contents in the tested item, the prior pdf is vague. In such cases, a uniform pdf may be used, limited
by the least and the greatest possible values of the component concentrations or contents.

When the actual values of the concentrations or contents ci are correlated, the prior covariance matrix Sc
has variances σi2 of prior distributions as diagonal elements and covariances covij = rij σi σj as off-diagonal
elements, where rij, i ≠ j, are the correlation coefficients.

5.3 Likelihood function

The likelihood h(cim|ci)  is a function describing the plausibility of the actual values of a component concen-
tration or contents at a given measurement result. In practice, a distribution of measured values cim at a given
actual concentration or actual content ci of component in a sample of a multicomponent material or object,
caused by measurement uncertainty ui, is available from the analytical method validation data. This distri-
bution of the measured values, regarded as a function of ci, is nothing else than the likelihood function itself.

When measured values cim are correlated, the likelihood h(cm|cn) is a multivariate pdf having covariance
matrix Scm with variances equal to the squared measurement uncertainties ui

2 as diagonal elements, and
covariances covij = rij ui uj, i ≠ j as off-diagonal elements.
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5.4 Posterior pdf

The posterior distribution g(cn|cm) can be expressed as the posterior pdf of actual concentration values or
actual content values at the samemeasured values of the component’s concentrations or contents in an item. It
is the normalized product of the prior and the likelihood. For example, for multivariate normal prior pdf and
normal likelihood function, a multivariate normal posterior pdf has the following parameters [50]:

Spost(ω) � (S−1c(ω) + nrep   S
−1
cm(ω))−1  and cpost(ω) � Spost(ω)(S−1c(ω)c + nrep   S

−1
cm(ω)cm),     (34)

where Sc(ω) and Scm(ω) are the prior and likelihood covariance matrices, respectively, at the scenario (set of
conditions) ω; Spost(ω) and cpost(ω) are the posterior covariance matrix and the vector of the posterior means,
respectively; c is the vector of the priormean values [µ1, µ2,… , µn]; and cm is the vector of the arithmeticmeans
of nrep-replicated measured values.

Examples of uncorrelated prior, likelihood, and posterior functions are in Annex A, Examples 1 and 2,
correlated (multivariate) – in Annex A, Examples 3 and 4.

5.5 Computational details

Principal component analysis (PCA) of the observedmultivariate data can be employed to handle the effects of
covariance on conformance probabilities using the data transformation as shown in a study of skin cream
friction and adhesion, described in Deliverable 3.2.4 of the EURAMET guide [27] and references therein.

When all components involved in the conformity assessment of a material or object are participants of the
mass balance constraint (sum of their mass fractions is 100 %), the data-containing mass fractions of the
components’ contents are referred to as compositional. There is an extensive literature stressing how traditional
statistical techniques may produce inadequate results if applied to raw compositional data without suitable
transformation [51–53].However, theremight benoeasyway to transform relevant estimates (calculation results)
back to the original variable space for conformity assessment purposes. Regardless, in each chemical analytical
and conformity assessment case the chosen mathematical statistical method should be fit-for-purpose.

In this Guide, the calculation of parameters of the posteriormultivariate normal distributions by Eq. (34) and
descending risk values were performed in the R programming environment described in Annex A, Examples 3
and 4. Simulation of the posterior distribution is also possible by Markov Chain Monte Carlo (MCMC) method,
using the Metropolis–Hastings algorithm with MS Excel [54]. The analytical solution (34) for parameters of the
posterior pdf and corresponding specific risk values ismore accurate by definition than theMCMC solution, even
when obtained by a large number of trials. On the other hand, an analytical solution is not always available,
especially when prior pdf and likelihood function are more complicated than normal. For examples of Annex A,
the analytical and the simulated MCMC results (parameters of the posterior pdf and specific risk values) prac-
tically coincided. Also, global risks evaluated using R, as well as Monte Carlo (MC) simulation and Cholesky
decomposition of the covariance matrix with MS Excel [55, 56], produced satisfactorily close calculation results.

The core of theR codes [57], developed for calculations of the risks for uncorrelated and correlated data, are
published in papers [41] and [43], respectively. User-friendly MS Excel spreadsheet programs for the same
purposes are described in papers [54, 55]. Both the R codes and Excel spreadsheet programs can be sent by the
corresponding author upon request.

5.6 Limitations

Anymodel is a simplified reflection of reality and canbe useful if one remembers its limitations. There are some
limitations that are relevant for this Guide.

The assumption of negligible definitional uncertainty of the actual component concentration or content ci
may influence the prior pdf. In particular, the inhomogeneity and/or instability of an item of the
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multicomponentmaterial or objectmay lead to an increase of the standard deviation (and variance) of the prior
pdf and its skewness. The adequacy of a dataset of item-to-item (batch-to-batch) test/measurement results for
use in modelling the prior pdf is a not simple question, including as it does the necessary volume of this
dataset, the time of its accumulation, possible changes of raw materials for production during this time, etc.
The goodness-of-fit of experimental and theoretical distributions must also be taken into account.

Measurement uncertainty evaluation is important for the formulation of the likelihood function. Note that
the multivariate tolerance domain may be large enough for a doubt if the same measurement uncertainty can
be applied in this domain, e.g. when the uncertainty value ui depends on the measurand—the component
concentration or content ci.

As mentioned already above, a correct choice of the mathematical statistical method, with or without the
raw data transformation, should be fit-for-purpose. This also requires the formulation of clear criteria.

Calculated total risk values can be used for setting multivariate acceptance limits for test/measurement
results, as proposed in ref. [43]. However, according to risk management principles [9], setting acceptance
limits requires a study of not only the producer’s and consumer’s risks, given as probabilities depending on
measurement uncertainty, but also the economic, safety, and/or other impacts of related false decisions.
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Annex A. Examples

A-1. Example 1. Risks in customs control of denatured alcohols due
to measurement uncertainty

A-1-1 Introduction

The guidelines of theWorld CustomsOrganization [58] and the EuropeanCommission [59, 60] define risk as the
potential non-compliance with customs laws. When substances and/or materials are under customs control,
one such risk is caused by the measurement uncertainty of chemical analytical test results. For example,
alcohol (ethanol for human consumption) is subject to excise duties, while denatured alcohols (for industrial
use) are not, and the task of the control is to distinguish between them. According to EU Regulation [61],
a common procedure for the purpose of completely denaturing alcohol (CDA) consists of adding 3 L of propan-
2-ol, i.e. isopropyl alcohol (IPA), 3 L of butan-2-one, called methyl ethyl ketone (MEK), and 1 g of denatonium
benzoate (DB) to 100 L (1 hL) of absolute ethyl alcohol (EtOH). Similar regulations exist in Israel [62], Australia
[63], and other countries.

A decision on conformity assessment can be made using IPA and MEK test results, rather than DB test
results [64]. Therefore, an analysis of the customs’ risks caused by the measurement uncertainties is
discussed below for two scenarios: when only IPA and MEK concentrations are under control, and when
concentrations of all the denaturants (IPA, MEK, and DB) are considered [40]. Since the customs authority
dealing with CDA is the ‘consumer’ in this study, the customs’ risks caused by the measurement
uncertainties are the consumer’s risks.

A-1-2 Experimental

Analytical procedures for testing CDA include the determination of EtOH, IPA, and MEK using gas
chromatography with flame ionization detection and the determination of DB using high performance liquid
chromatographywith ultraviolet detection. The analytes are separated completely from other components of a
sample at the chromatographic conditions of the methods. Relevant internal standards and calibration
standards are used for the quantification of analyte concentrations. IPA andMEK concentrations are expressed
in L per hL of EtOH (as measured) and DB concentrations in g per hL of EtOH. These procedures have been
validated at the Institute for Reference Materials and Measurements with the participation of a number of
customs laboratories [64]. There is no evidence of correlation between measurement results of the
concentrations of the denaturants. The standard measurement uncertainties were evaluated in the
validation process based on the interlaboratory study: u1 = 0.05 L hL−1 for IPA, u2 = 0.07 L hL−1 for MEK,
and u3 = 0.07 g hL−1 for DB.

As themeasurand is the denaturant concentration in a batch of alcohol, the variation of test/measurement
results is influenced by the inhomogeneity of the batch (shortly after DB dissolution) and ‘batch-to-batch’
differences [65]. The following relative standard deviations of measured values are set in the report [64] as
acceptable: 5 %, or sr1 = sr2 = 0.05 in fractions of 1, for IPA and MEK; and 10 %, or sr3 = 0.10, for DB.
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A-1-3 Tolerance domain

Because denaturing is the process of transformation of absolute ethanol into an undrinkable poisonous
mixture of chemicals, the regulatory requirements to the actual (‘true’) concentrations c1, c2 and c3 of the
denaturants, IPA, MEK, and DB, respectively, are the lower regulatory limits TL1, TL2, and TL3 of their tolerance
intervals. By regulation [61], IPA and MEK concentrations c1 and c2 in a CDA sample shall be not less than
TL1 = TL2 = 3 L hL−1, whereas DB concentration c3 shall be not less than TL3 = 1 g hL−1. Thus, any concentrations
c1, c2, and c3 of the denaturants larger than the corresponding TL1, TL2 and TL3 are feasible, but not those lower
than these limits.

Acceptance limits ALi used here do not differ from TLi, and measured values cim should be compared
directly with the regulatory limits, i.e. ALi = TLi.

A-1-4 Prior pdfs

There is no dataset for recovering the prior distributions of denaturant concentrations. The relative standard
deviations sri are applied in this study for the estimation of the standard deviations of these distributions. For
simplicity, the priors are approximated by the normal distributions:

g0(ci) � 1
sriμi

��
2π

√ exp⎡⎣ − (ci − μi)2
2(sriμi)2 ⎤⎦ , (35)

where μi is the mean and sriμi is the standard deviation of the i-th denaturant concentration; exp[…] is
exponential function e[…].

It is impossible to test the hypothesis of goodness-of-fit of this approximation in the absence of
experimental data. However, normal distributions are not only the simplest ones widely used, but also natural
for batches produced by mixing the components without any reaction among them. The ‘batch-to-batch’
variations of the denaturant concentrations are caused by purity and errors in volumemeasurements of EtOH,
IPA, and MEK, as well as errors in DB mass measurements. Hence, when the number of these batches is large
enough, the distributions probably tend to be normal.

A-1-5 Likelihood functions

The distributions of measured values cim at the same actual concentration value ci (in the same sample)—
likelihood functions—are also taken as normal based on the validation data [65]:

h(cim|ci) � 1
ui

��
2π

√ exp[ − (cim − ci)2
2u2i

] , (36)

where the standard measurement uncertainties ui are used as the standard deviations of the distributions.
Normal distributions truncated at zero should be used instead of ‘regular’ normal pdf in Eqs. (35) and (36),

since the concentration of a denaturant is a non-negative property. However, for the example under
consideration, the influence of the truncation was negligible.

A-1-6 Global risks

The i-th particular global customs risk, i = 1, 2, 3, is evaluated by the following equation derived from Eq. (2):

Rci(c) � ∫
TLi

0

∫
∞

ALi

g0(ci)h(cim|ci)dcimdci  , (37)
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The results of the calculations of the particular global risks Rci in dependence on mean actual values μi when
measured values are compared directly with the regulation limits (ALi = TLi) are presented in Fig. 3 for IPA and
MEK, curves 1 and 2, respectively. In Fig. 3, one can notice how greater measurement uncertainty leads to
greater risks.

For example, at μ1 = μ2 = 3.15 L hL−1 and μ3 = 1.10 g hL−1, the following risks are observed: Rc1(c) = 0.027 for
IPA, Rc2(c) = 0.034 for MEK (indicated in Fig. 3 by dotted lines 3 and 4 for IPA, and 5 and 6 for MEK), and
Rc3(c) = 0.046 for DB.

The probabilityP(Ci) of conformingmeasured values for i-th denaturant is calculated bymarginalization of
the corresponding joint pdf:

P(Ci) � ∫
∞

0

∫
∞

ALi

g0(ci)h(cim|ci)dcimdci  . (38)

The following results were obtained (again at ALi = TLi) when μ1 = μ2 = 3.15 L hL−1 and μ3 = 1.10 g hL−1:
P(C1) = 0.818 for IPA, P(C2) = 0.808 for MEK, and P(C3) = 0.778 for DB.

The total global customs risk, in the case of control of IPA and MEK at the above-mentioned conditions, is
given by Eq. (10): Rtotal(c) = 0.808 × 0.027 + 0.818 × 0.034 − 0.027 × 0.034 = 0.048. It is greater than each
particular risk.

When all three denaturants (IPA, MEK and DB) are under control at the same conditions, the total global
customs risk by Eq. (11) is Rtotal(c) = 0.808 × 0.778 × 0.027 + 0.818 × 0.778 × 0.034 + 0.818 × 0.808 × 0.046 −
0.778 × 0.027 × 0.034 − 0.808 × 0.027 × 0.046 − 0.818 × 0.034 × 0.046 + 0.027 × 0.034 × 0.046 = 0.066. This
value is greater than that calculated in the case of control of just IPA and MEK.

A-1-7 Specific risks

When a specific CDA batch is under customs control, the particular specific customs risk value R∗
ci(c) for the i-th

denaturant can be evaluated according to Eq. (4):

Fig. 3: Particular global customs risksRci(c) at control of IPA andMEK concentrations. Curve 1 is for IPA (i= 1), and curve 2– forMEK
(i = 2); µi is the mean of the prior distribution of actual values of the denaturant concentrations c1 and c2 in CDA batches. The risk
values at μ1 = μ2 = 3.15 L hL−1 are indicated by dotted lines 3 and 4 for IPA, and by dotted lines 5 and 6 for MEK.
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R∗
ci(c) � ∫

TLi

0

g(ci|cim)dci, (39)

where

g(ci|cim) � 1
uipost

��
2π

√ exp⎡⎢⎢⎢⎣ − (ci − μipost)2
2u2

ipost

⎤⎥⎥⎥⎦  (40)

is the posterior pdf for the actual values of the i-th denaturant concentration ci, while the measured value cim
obtained at the batch testing is inside the tolerance limits. When both the prior and likelihood are normal
distributions, the posterior pdf is also normal, with the following parameters:

μipost �
μi/(sriμi)2 + cim/u2i
1/(sriμi)2 + 1/u2i , (41)

uipost � 1�������������
1/(sriμi)2 + 1/u2

i

√ . (42)

TheR∗
ci(c) values calculated under the same conditions as previously (μ1 = μ2 = 3.15 L hL−1 and μ3 = 1.10 g hL−1), in

dependence on measured values cim within their acceptance/tolerance interval, are shown in Fig. 4 by lines 1
and 2 for IPA and MEK, respectively.

For example, when a customs laboratory reports in a certificate of analysis of a CDA batch the measured
values c1m = c2m = 3.10 L hL−1 for IPA and MEK, and c3m = 1.05 g hL−1 for DB, the batch should be recognized as
properly denatured according to the regulation [62]. However, there are still the following particular specific
customs risks: R∗

c1(c) � 0.014, R∗
c2(c) � 0.045, and R∗

c3(c) � 0.138. They are shown in Fig. 4 by dotted lines 3 and 4
for IPA, 5 and 6 for MEK.

If only IPA and MEK influence the decision on the batch conformity, the total specific risk is
R∗
total(c)  = 0.014 + 0.045 − 0.014 × 0.045 = 0.059, by Eq. (17). When all the denaturants are taken into account,

the total specific risk is R∗
total(c)  = 0.014 + 0.045 + 0.138 − 0.014 × 0.045 − 0.014 × 0.138 − 0.045 × 0.138 +

0.014× 0.045×0.138 =0.188, by Eq. (18). This value is causedmostly byDB, sinceR∗
c3(c) is significantly larger here

than R∗
c1(c) and R∗

c2(c).

Fig. 4: Particular specific customs risk R∗
ci(c) at control of IPA andMEK concentrations. Line 1 is for IPA (i = 1), and line 2 – for MEK

(i = 2); cim is the measured value. Dotted lines 3 and 4 mark an example for IPA, 5 and 6 – for MEK.
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A-2. Example 2. Risks in monitoring total suspended particulate
matter (TSPM) in ambient air

A-2-1 Introduction

The actual (‘true’) concentration ci of the i-th pollutant, i = 1, 2,… , n, in an environmental compartment, e.g.
ambient air, should not exceed a regulation or legal tolerance upper limit TUi. A measured value cim of the i-th
pollutant concentration obtained during environmental monitoring (with the associated measurement
uncertainty) is compared directly with the TUi value to decide whether the compartment conforms to the
regulation or not.

In the present example, the total risks of underestimation of the pollutant concentration (consumer’s/
inhabitants’ risks) and overestimation (producer’s risks) are calculated for uncorrelated measured values of
concentration of total suspended particulate matter (TSPM) in ambient air contributed by three independent
stone quarries in Israel [41]. In this study, TSPM from the i-th quarry, i = 1, 2, 3, is considered as the i-th
pollutant. While particular risk values of false decisions on conformity of the i-th TSPM concentration,
evaluated earlier [66], were related to each i-th pollutant (i-th quarry) separately, the total risk values discussed
below allow for the characterization of conformity of the TSPM concentration in the region of the quarries as a
whole. That is important for the Regulator (the Ministry of Environmental Protection) protecting the
inhabitants’ quality of life in the area surrounding the quarries, as well as for the Manufacturers Association
acting in the interests of the stone producers in the country.

A-2-2 Experimental

Ameasured TSPM concentration in ambient air cim,mgm−3, is an averagedmass of particles with aerodynamic
diameters of 100 μm or less collected from the air drawn through a filter in a high-volume sampler over the
sampling period of the test in proximity to the i-th stone quarry. The testingwas organized at a distance of (1–3)
km from each quarry during the quarry’ work. Each test lasted 24 h, for the collection of particles from about
2000 m3 of air [67].

The dataset of 496 test results obtained during a year and described in the work [66] is considered here
also. On the basis of the analysis of variances (ANOVA), it was shown that the wind from the desert did not
influence the test results significantly, whereas anthropogenic contributions to TSPM concentration were
dominant. No correlation among test results for different quarries was observed.

A-2-3 Tolerance domain

There are national regulations of ambient air quality, including upper regulation limits TUi for TSPM
concentration depending on the period of sampling. In Israel, the same limit value, TUi = 0.200mgm−3 for 24 h,
is valid for any location, including close to the i-th quarry.

Since the regulations require the direct comparison of monitoring measured values cim with TUi, the
acceptance limits Ai are taken as coincidental with the regulation limits.

A-2-4 Prior pdfs

The theoretical distributions of actual values of TSPM concentration ci, fitting successfully the data collected
close to quarry i, were lognormal distributions, used in the following as prior pdfs:

g0(ci) � 1
ciσi

��
2π

√ exp [ − (lnci − μi)2
2σ2

i

] , (43)
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where standard deviations σi and means μi are for the first quarry (i = 1) 0.434 and −2.326, respectively, on the
logarithmic scale; for the second quarry (i = 2), they are 0.280 and −2.031; and, for the third quarry, σ3 = 0.403
and μ3 = −2.338.

A-2-5 Likelihood functions

The distribution of themeasured values cim at the same actual concentration value ci (in the same location and
practically at the same time) was found to be normal, with standard deviation equal to the standard
measurement uncertainty ui = 0.07 cim and mean equal to ci [66]. Corresponding likelihood functions h(cim|ci)
are normal pdfs as in Example 1, Eq. (36).

A-2-6 Global risks

The global risks of under- and overestimation related to the TSPM regulation limit TUi, are, respectively:

Rci(c) � ∫
∞

TUi

∫
TUi

0

g0(ci)h(cim|ci)dcimdci, (44)

 Rci(p) � ∫
TUi

0

∫
∞

TUi

g0(ci)h(cim|ci)dcimdci. (45)

The probability P(Ci) of a conforming measured value for the i-th pollutant (cim ≤ Ai = TUi) is calculated by the
marginalization of the joint pdf of the measured values and the actual values of TSPM concentration:

P(Ci)  � ∫
∞

0

∫
TUi

0

g0(ci)h(cim|ci)dcimdci. (46)

The probability P(Bi)  that the actual concentration value for the i-th pollutant is conforming (ci ≤ TUi) is
calculated as:

P(Bi) � ∫
TUi

0

g0(ci)dci. (47)

Note that the probability P(Bi)  of a conforming actual (‘true’) value ci in Eq. (47) does not depend on the
measured value cimbydefinition. However, the vice versaholds: the probabilityP(Ci) of a conformingmeasured
value cim by Eq. (46) does depend on the relevant actual value ci.

The particular global risks of underestimation are Rc1(c) = 0.006, Rc2(c) = 0.010, and Rc3(c) = 0.005. The
probabilities of conformingmeasured values are P(C1) = 0.949, P(C2) = 0.929, and P(C3) = 0.963. The total risk of
underestimation is Rtotal(c) = 0.019, greater than the particular risk contribution by each quarry.

The particular global risks of overestimation are Rc1(p) = 0.007, Rc2(p) = 0.015, and Rc3(p) = 0.006. The
probabilities of conforming actual concentration values calculated are P(B1) � 0.951, P(B2) � 0.934, and
P(B3) � 0.965. The total risk of overestimation is Rtotal(p) = 0.026, again greater than each Rci(p).

The total risk of overestimationRtotal(p) exceeds the total risk of underestimationRtotal(c), which implies that
there is a reasonable balance between the requirements of an inhabitant’s quality of life and the producer’s
expenditure on the environmental protection.

A-2-7 Specific risks

The particular specific risks of the pollutant concentration under- and overestimation are, respectively:
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R∗
ci(c) � ∫

∞

TUi

g(ci|cim)dci, for cim ≤ TUi, and (48)

R∗
ci(p) � ∫

TUi

0

g(ci|cim)dci, for cim > TUi  , (49)

where g(ci|cim) is the posterior pdf for the actual value of the TSPM concentration ci contributed by the i-th
quarry, given the measured value cim near the quarry. The posterior pdf is here:

g(ci|cim) � g0(ci)h(cim|ci)/ ∫
∞

−∞
g0(ci)h(cim|ci)dci  .  (50)

The dependence of the total specific risks of underestimation of TSPM concentration in air on the measured
values cim is demonstrated in Fig. 5.

The surface lies mostly on the bottom of the three-dimensional region where R∗
total(c) is close to zero,

increasingwith c2m and c3m approaching their tolerance limitsTU1 =TU2 = 0.200mgm−3.When both c2m and c3m
simultaneously approach 0.200 mg m−3, this leads to a “protuberance” in the total risk surface.

The dependence of the total specific risks of overestimation R∗
total(p) of the actual TSPM concentration in air

on measured values, when they are out-of-specification (cim > TUi ), is detailed in Fig. 6. The maximum R∗
total(p)

value at c1m = 0.250 mg m−3 is observed when c2m and c3m are close to the tolerance limit simultaneously. In
other words, if an out-of-specification measured value is significantly greater than the tolerance limit, the
probability of an actual violation of the regulation is high and the particular risk of overestimation is low.
Therefore, the total specific risk of overestimation is low here also.

A-3. Example 3. Risks in conformity assessment of a medication

A-3-1 Introduction

In this example, the ‘producer’ of a medication is a factory (pharmaceutical company), while the ‘consumer’ is
fuzzy: people whomay catch cold or get sickwith the flu. Their interests are defended by regulatory authorities
supported by official medicines control laboratories controlling the quality of marketed medicinal products
[68, 69].

Fig. 5: Dependence of the total specific risks of underestimation R∗
total(c) of TSPM concentration in air on themeasured values cim.

It is a case when all the three quarries are active and R∗
total(c) – the color surface - is depending on c2m and c3m in the range [0.010,

0.200] mgm−3, while c1m = 0.194mgm−3. Themeaning of the color is the total risk value according to the color scale of the bar on
the right side of the plot.
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NyQuil tablets, being a cold/flumedication, contain four active components: 1) acetaminophen (APAP), as
a pain reliever and fever reducer; 2) dextromethorphan hydrobromide (DEX), as a cough suppressant; 3)
racemic doxylamine succinate (DOX), as an antihistamine and hypnotic; and 4) (R)-phenylephrine
hydrochloride (PE), as a nasal decongestant [70]. However, there are publications which have claimed that
the last component (PE) is no more effective than a placebo [71]. Therefore, this study is performed for both
scenarios: when measurement uncertainties of the contents of four components contribute to the total
consumer’s risks, as well as when only three do so (i.e., without PE) . To assess the influence of the correlation
between the test results on the evaluated total risks, they are compared with those calculated for independent
test results by Eqs. (11), (12), (18), and (19) of this Guide, as well as with the values obtained supposing a much
stronger correlation than that observed [42].

A-3-2 Experimental

A sample of the tablets is weighed, dissolved in a solution of phosphoric acid and acetonitrile in water on a
magnetic stirrer plate, and then centrifuged. An aliquot is transferred into an autosampler vial for the
determination of the low-dose active components: DEX, DOX, and PE. Another diluted aliquot is used for
determination of the high-dose active component: APAP.

The stock standard solution containing the four active components, in concentrations higher than those in
the sample solutions, is prepared from the USP reference standards [72], which are also available from Merck
[73]. The working standard solution is prepared from the stock standard solution by dilution to bring the
analyte concentrations to the same values as in the sample solutions. Two independent working standards
solutions are prepared according to the USP <621> chromatography requirements [74]: one for quantitation of
the analyte content, and the second one for the system suitability control.

The separation and quantification of the analytes are performed using an HPLC system with diode-array
ultra violet detector or a multichannel detector and column (C18) heater.

Measured values cim are expressed in% of labeled amount li in a tablet: l1 = 325mg for APAP, l2 = 10mg for
DEX, l3 = 6.25 mg for DOX, and l4 = 5 mg for PE, per tablet (a tablet’s mass is 775 mg on average).

A-3-3 Tolerance domain

The assay test lower and upper specification (tolerance) limits, TLi and TUi, for the product release for each
active component i = 1,… , 4 are 95.0 and 105.0% of the labeled amount li, respectively. The acceptance limits
of measured values coincide with the specification limits in this study, i.e. ALi = TLi and AUi = TUi.

Fig. 6: Dependence of the total specific risks of overestimation R∗
total(p) of the TSPM concentration in air on the measured

values cim. This is a casewhen all the three quarries are active simultaneously: c1m = 0.250mgm−3, whereas c2m and c3m are in the
range [0.210, 0.300] mg m−3.
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A-3-4 Prior pdfs

A total of 105 lots of the medication produced and released at the same factory during a year were tested in the
same laboratory belonging to the factory. The theoretical distributions of actual component contents ci in a
tablet,fitting successfully the collected data,were normal distributionswithmeansmi and standard deviations
si of the measured values presented in Table 1.

Linear correlation among the test results for different components was estimated by the Pearson’s
correlation coefficients rij, i ≠ j = 1, … , 4, reported in Table 2.

The two-sided critical values of the coefficient rcrit for 103 degrees of freedom are 0.195 for the level of
confidence P = 0.95 and 0.254 for P = 0.99 [75, 76]. Therefore, only the test results for APAP are independent of
the others, since r1j < rcrit for each j and for both the confidence levels. The test results for the low-dose active
components—DEX, DOX and PE—are correlated significantly.

Note that the observed correlation coefficients were positive only. Negative correlation is also possible, for
example when the sum of component concentrations cannot exceed 100 % mass. However, the treated
quantities are expressed in% of labeled amount of the component in a tablet: there is no limitation of the sum
of such values.

Thus, the prior covariance matrix is the following:

Sc1 �
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1.8769 0.1495
0.1495 1.0404

       
0.1798 0.2958
0.3331 0.5027

0.1798 0.3331
0.2958 0.5027

       
1.1025 0.6905
0.6905 1.4884

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ ,

where the diagonal elements are variances σi2 = si
2 (si, as in Table 1), while off-diagonal elements are co-

variances covij = rij σI σj, i ≠ j (rij, as in Table 2). Both σi2 and covij are expressed in squared% of labeled amount.
For comparison with the case of uncorrelated data, the prior covariance matrix was transformed into

corresponding diagonal ones, setting correlation coefficient values equal to zero (rij = 0):

 Sc2 �
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1.8769 0.0000
0.0000 1.0404

       
0.0000 0.0000
0.0000 0.0000

0.0000 0.0000
0.0000 0.0000

       
1.1025 0.0000
0.0000 1.4884

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ .

Table : Parameters of the prior distributions.

Component Index Parameters

i mi, % si, %

APAP  . .
DEX  . .
DOX  . .
PE  . .

Table : Pearson’s correlation coefficients of test results rij.

Component Index APAP DEX DOX PE
i \ j 1 2 3 4

APAP   . . .
DEX   . .
DOX   .
PE  
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Another chosen point for comparison was the case of much stronger correlation than that observed, assuming
correlation coefficients rij = 0.7:

    Sc3 �
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1.8769 0.9782
0.9782 1.0404

       
1.0070 1.1700
0.7497 0.8711

1.0070 0.7497
1.1700 0.8711

       
1.1025 0.8967
0.8967 1.4884

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ .

In this way, the three scenarios—three points ω on the correlation scale—are addressed: 1) rij as in Table 2; 2)
rij = 0; and 3) rij = 0.7.

A-3-5 Likelihood functions

The evaluated relativemeasurement uncertainty was 2.8% of themeasured value cim. This is typical for HPLC.
No deviation from normal distribution was indicated [42]. Therefore, pdfs of normal distributions with ci as
mean and standard deviation ui = 0.028 cim,% of labeled amount are used as the likelihood functions h(cim|ci),
similar to Example 1, Eq. (36).

Note that the si values in Table 1 are smaller than the measurement uncertainty ui = 0.028 cim, % of the
labeled amount, in spite of the fact that the lot-to-lot variation of test results is formed by variation in the
production/technological factors and the measurement uncertainty. The reason is that each released lot
has passed not only assay determination, but also tests of uniformity of dosage units by USP <905>,
dissolution by USP <711> [74], and some other tests. Any out-of-specification and/or out-of-trend test result
investigation, pointing out a production problem, prevents the lot release. As a result, si values are
minimized in this way and the lot-to-lot (empirical) distributions of test results are truncated by the
specification limits.

There is no indication of systematic errors that could cause correlation in the chemical analysis/
testing/measurement discussed above in Section A-3-4. Random chemical analytical factors contributing
to measurement uncertainty are only able to decrease the correlation as any numerical noise. Probably
the root cause is in the technological conditions. However, the reason for the observed correlation is not
important in the framework of this study, since correlation should be taken into account irrespective of
its origin.

If the “noise”of the randomchemical analytical factors contributing tomeasurement uncertainty ina control
laboratory is negligible, the correlation among the test results is the same as shown in Table 2. Then, the
likelihood covariance matrix for measured values cim equal, for example, to the prior means µi, =mi (Table 1), is:

Scm1 �
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

7.7120 0.8129
0.8129 7.4835

       
0.9655 1.3617
2.3662 3.0617

0.9655 2.3662
1.3617 3.0617

       
7.7353 4.1530
4.1530 7.6747

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ ,

where the diagonal elements are variances ui
2 = (0.028 cim)

2; and the covariances are covijm= rij ui uj, i≠ j (rij as in
Table 2). The values ui

2 and covijm are expressed in the same squared % of labeled amount as elements of the
prior covariance matrix Sc1.

For uncorrelated data (rij = 0), the covariance matrix transformed into corresponding diagonal one is:

Scm2 �
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

7.7120 0.0000
0.0000 7.4835

       
0.0000 0.0000
0.0000 0.0000

0.0000 0.0000
0.0000 0.0000

       
7.7353 0.0000
0.0000 7.6747

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ .

When correlation coefficients rij = 0.7 are assumed, the matrix is:
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Scm3 �
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

7.7120 5.3178
5.3178 7.4835

       
5.4065 5.3853
5.3259 5.3049

5.4065 5.3259
5.3853 5.3049

       
7.7353 5.3934
5.3934 7.6747

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ .

The last subscript in the matrix symbol Scmω means the point ω on the correlation scale, exactly as the last
subscript in the symbol of prior matrix Scω.

A-3-6 Global risks

Since the actual content values of the four components are jointly described by a multivariate prior normal
pdf and the likelihood function of their test results is also modelled by a multivariate normal distribution,
the joint posterior function is a multivariate normal pdf as well. No transformation of the raw data is
required for its formulation. Hence, the joint posterior function was calculated as amultivariate normal pdf
by Eq. (34).

According to the framework of this Guide, the total global consumer’s risk Rtotal(c) is the probability of the
event  C ∩ B � (C ∩ B1) ∪ (C ∩ B2) ∪ (C ∩ B3) ∪ (C ∩ B4). In general, the event  C � C1 ∩ C2 ∩ C3 ∩ C4 occurswhen
all the measured values cim are within their acceptance intervals simultaneously, and  B � B1 ∪ B2 ∪ B3 ∪ B4 is
the event occurringwhen at least one of the true values of the components’ content ci is outside its specification
interval. Therefore, Rtotal(c) can be considered as the following:

Rtotal(c) � P(C ∩ B) � P(C ∩ B1) + P(C ∩ B2) + P(C ∩ B3) + P(C ∩ B4) − P(C ∩ B1 ∩ B2)
− P(C ∩ B1 ∩ B3) − P(C ∩ B1 ∩ B4) − P(C ∩ B2 ∩ B3) − P(C ∩ B2 ∩ B4) − P(C ∩ B3 ∩ B4)
+ P(C ∩ B1 ∩ B2 ∩ B3) + P(C ∩ B1 ∩ B2 ∩ B4) + P(C ∩ B1 ∩ B3 ∩ B4) + P(C ∩ B2 ∩ B3 ∩ B4)
− P(C ∩ B1 ∩ B2 ∩ B3 ∩ B4).

(51)

Each probability term in the expression (51) was calculated as a multiple integral of the product of the
multivariate prior normal pdf (modelling events Bi ∩ Bj, etc.) and the multivariate normal likelihood
(modelling conditional event C|[c1, c2, c3, c4]), i.e. as the integral of the joint distribution of actual values and
measured values. Concerning the relevant integration limits, note that the measured values spread in their
multivariate acceptance interval (coinciding in this study with the specification interval/domain [TLi, TUi]),
whereas actual values are outside the specification domain if the probability of events Bi needed to be
calculated. Otherwise, they spread on the whole range of real positive values leading to the marginalization of
the joint distribution with respect to those quantities.

The integration was performed in an R programming environment by application of the ‘adaptIntegrate’
function from the R package ‘cubature’ [77].

For diagonal matrices Sc2 and Scm2, defined in Sections A-3-4 and A-3-5 for uncorrelated variables,
Rtotal(c) = 0.19 × 10−2. This value is equal to that calculated by Eq. (12). The observed correlation did not visibly
influence the total risk: it was again Rtotal(c) = 0.19 × 10−2, whereas for the correlation coefficients rij = 0.7
Rtotal(c) = 0.10 × 10−2.

Practically the same risk values were obtained at all levels of correlation when PE content was not taken
into account, as well as by Eq. (11). That is apparently due to the minor contribution of the particular PE risk to
the total probability.

A-3-7 Specific risks

The total specific riskR∗
total  was evaluated as the probability that at least one of the true values ci of a specific lot

lies outside the multivariate specification domain when the vector of measured values cim, obtained for the lot

144 I. Kuselman et al.: IUPAC/CITAC Guide



is completely inside this domain. For the estimation of this probability, the ‘pmvnorm’ function from the R
package ‘mvtnorm’ [78] was used to calculate the joint posterior cumulative function.

The dependences of the total specific risk R∗
total(c) (×102) on measured values cim in the specification

interval, 95–105 % of labeled amount, when the measured values for other active components cjm, j ≠ i
are equal to their prior pdf means µj = mj (Table 1) are shown in Fig. 7. The plots are for: a) APAP, c1m;
and b) DEX, c2m. Line 1 is for the observed correlation among test results (Table 2), line 2 for the case
when there is no correlation (correlation coefficients rij = 0), and line 3 for a case when the correlation is
much stronger than that observed (rij = 0.7). The “noise” in line 3 is due to the intrinsic numerical
inaccuracies in the ‘pmvnorm’ function when computing joint probability values for the strong
correlation case. Fig. 7 shows that the correlation influence on the risk values is not easily predictable.

There is no significant difference between the risk values if the test results are independent or correlated as
observed (lines 2 and 3, respectively). However, when the correlation among the test results is stronger (line 3),
this may lead either to a decrease in the total risk or to an increase, depending on the actual values of the
component contents.

Note that the results of calculations by Eq. (34) using the multivariate normal distributions for
uncorrelated test results of the content of three and four components (diagonal covariance matrices) coincide
with those obtained by Eqs. (18) and (19), respectively. If PE is not taken into account, while the independent
c1m, c2m and c3m values are equal to their prior pdf means µi (Table 1), the total risk is R∗

total(c) = 0.27 × 10−2.
Considering any possible c4m values for PE in the specification interval for the same conditions on the other
components (independent test results and cim = µi, i = 1, 2, 3), it was found that the minimal value of the total
risk for all the four components is, after rounding, also R∗

total(c) = 0.27 × 10−2. That is because of the minor
contribution of the particular PE specific risk to  R∗

total(c), as for the total global risk above, due to the minimal
amount of PE and its corresponding measurement uncertainty (at the same relative measurement uncertainty
for all components). However, in general, R∗

total(c) for the four components is greater than for only three
components under control, i.e. it increases with the number of components under control, a fact also observed
in Example 1 for denatured alcohols.

Fig. 7: Total specific risk in the specification interval. The dependence of the consumer’s total specific risk R∗
total(c) (×102) on

measured values cim in the specification interval, 95 to 105 % of labeled amount, when measured values for other active
components cjm, j ≠ i are equal to their prior pdf mean (Table 1). The plots are for: a) APAP, c1m; and b) DEX, c2m. Line 1 is for
the observed correlation among the test results (Table 2, correlation point ω = 1), line 2 for the case when there is no
correlation (correlation coefficients rij = 0, ω = 2), and line 3 for a case when the correlation is much stronger than that observed
(rij = 0.7, ω = 3).
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A-4. Example 4. Risks in conformity assessment of an alloy

A-4-1 Introduction

The aim of the present Example is the implementation of modelling and calculation of the total risks in the
conformity assessment of an alloy as a multicomponent material with a complex nature of correlation among
the contents of components. The risks in the conformity assessment of a PtRh alloy (CAS No. 11107-71-4) in
relation to the standard [79] due tomeasurement uncertainty are quantifiedwhen four components of the alloy
composition are under control (n = 4) and strong correlations among test/measurement results are observed
[43]. The evaluation of these risks can be important for understanding the quality of such alloys, which are
widely used in thermocouples for temperature measurements; oxidation catalysts, in particular, automobile
catalytic converters; electronics; the glass industry; and optics; as well as in the manufacture of jewelry [80].

A-4-2 Experimental

Platinum ingots, rhodiumpowder, and PtRh alloy wastes aremelted in a vacuum induction furnace, providing
homogeneity in the alloy. The melt is cast into graphite molds. Samples are cut down from an alloy ingot as a
strip for the preparation of two disks forwavelength dispersive X-ray fluorescence (XRF) analysiswith anAxios
spectrometer [81], measuring the Rh content. Samples in the form of a band from the same ingot are prepared
for optical atomic emission spectrometry (AES) analysis with a Baird spectrometer [82] for measurement of the
contents of impurities. Metrologically traceable in-house referencematerials are used for the calibration of the
spectrometers. Corresponding certified reference materials are described in the catalog [83].

Measured values are expressed asmass fractions,%. The sumc3m of themeasured values ofmass fractions
of the three precious impurities (Au, Ir, and Pd) and the sum c4m of themeasured values ofmass fractions of the
eight impurities, both precious, (Au, Ir, and Pd) and non-precious (Fe, Pb, Si, Sn, and Zn) are reported.
Ameasured value of the Pt content c1m is calculated as a difference between 100% and themeasured values of
the Rh content c2m and the content of the eight impurities c4m according to the standard [84]:
c1m = 100 % − c2m − c4m.

A-4-3 Tolerance domain

The standard [79] sets the lower and upper specification limits (tolerance limits) TLi and TUi of contents ci of the
four following components in PtRh 92.5-7.5 alloy:

i = 1) Pt content c1 as mass fraction, TL1 = 92.2 % ≤ c1 ≤ 92.8 % = TU1;

i = 2) Rh content c2 as mass fraction, TL2 = 7.3 % ≤ c2 ≤ 7.7 % = TU2;

i = 3) content c3 of three precious impurities—Au, Ir and Pd—as the sum of mass fractions, c3 ≤ 0.12 % = TU3;

i = 4) content c4 of eight impurities, both precious (Au, Ir, and Pd) and non-precious (Fe, Pb, Si, Sn, and Zn), as the sum of
mass fractions, c4 ≤ 0.18 % = TU4.

The limitation of the impurities’ contents, which assures the alloy purity, prevents a change of its
microstructure, influencing high-temperature resistance, catalytic, and other alloy properties. By agreement
with a consumer, the number of impurities under control (each with its separate upper specification limit) can
be increased [79], but for simplicity, this is not discussed further in the discussed Example.

The specification limits TLi and TUi, form a multivariate specification domain of permissible alloy
compositions. However, there are also two mass constraints to be satisfied: 1) the sum of the contents of the
main components and the eight impurities should be equal to 100%, i.e. c1 + c2 + c4 = 100%, themass balance
constraint; and 2) the content of the three precious impurities cannot exceed the content of the eight precious
and non-precious impurities in the same alloy, i.e. c3 ≤ c4. These constraints lead to a multivariate sub-domain
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of feasible alloy compositions. For example, at the Rh content c2 = TU2 = 7.7 % and the content of the eight
impurities c4 = TU4 = 0.18 %, the Pt content is c1 = 92.12 %, which is less than TL1 = 92.2 % and hence not
permissible. On the other hand, compositions such as c1 = TL1, c2 = TU2, c3 ≤ c4 and c4 = TU4 are within the
specification domain, but cannot be realized in practice.

Therefore, in spite of the limitation c1+ c2+ c4 = 100%, typical for compositional data ‘consisting of vectors
of positive components subject to a unit-sum constraint’ [85], the multivariate sub-domain of feasible alloy
compositions is more complex than a simplex of compositional data [86]. This sub-domain, having four
dimensions, can be imagined as a kind of three-dimensional simplex of c1, c2, and c4, truncated by TLi and TUi
(i = 1, 2 and 4), while c3 is the fourth dimension, limited by TU3 and influencing c4 in the simplex, shown
schematically in Fig. 8.

The acceptance limits in this study coincide with the specification limits.

A-4-4 Prior pdfs

Test results from a total of 100 batches of PtRh 92.5-7.5 alloy for catalytic systems, produced during about two
years at the same plant, were used as a dataset for the quantification of the total risks. The testing was
performed at the plant laboratory for conformity assessment of the alloy batches to the standard [80]. Themean
mi and standard deviation si of the measured values are presented in Table 3.

Linear correlations among the test results for different components were estimated by Pearson’s
correlation coefficients rij, i≠ j= 1,… , 4, and reported in Table 4. The one-tailed critical values of the coefficient
(when the correlation sign is known) for 98 degrees of freedom are 0.197 for level of confidence P = 0.95 and
0.256 for P = 0.99 [75, 76].

Test results for Rh are slightly correlated with mass fractions of impurities (statistically significant at
P = 0.95, but insignificant at P = 0.99). This is possible because some part of the impurities came into the alloy
with rhodium: the standard [87] permits up to 0.10%and even 0.20%of the impurities in differentmarks of Rh

Fig. 8: A scheme of the four-dimensional sub-domain of feasible compositions of the PtRh alloy. This is a three-dimensional
simplex (each vertex is ci = 100 %, i = 1, 2, 4), where the parallelogram of feasible alloy compositions is shown in red, while
the fourth dimension of c3 is indicated by a blue curve-pointer. The dotted lines are the specification limits truncating the
simplex.
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powder. Contents of the three and the eight impurities, limited by the constraint c3 ≤ c4, have a correlation
coefficient close to 1, as the content of the three impurities, especially of Pd, is the main contribution to the
content of the eight impurities.

The contents of the main components of the alloy, Pt and Rh, have a high negative correlation: the greater
the Rh content, the smaller the Pt content. This ismainly due to the constraint on themass fractionswhere they
must sum up to 100 %. Such a correlation, typical in compositional data, is referred to as ‘spurious’ [88–90].
The correlations of the Pt content with the impurities’ contents are also negative, for the same reason. The
corresponding coefficients are significant at both levels of confidence, in spite of the fact that the impurities’
contents in differentmarks of Pt ingots, used as a rawmaterial, may be up to 0.07%and even 0.20% [78]. As in
the case of Rh content vs. contents of the impurities, this is the reason for positive correlation.

Note that the correlation coefficients estimated analytically from the constraint c1 + c2 + c4 = 100 %
are for Pt vs. Rh contents (r12)an = −s2/

������
s22 + s24

√
= −0.961, and for Pt vs. the eight impurities’ contents

(r14)an = −s4/
������
s22 + s24

√
� −   0.276 (the standard deviations si are available in Table 3). The absolute values of

(r12)an and (r14)an are even smaller than those of r12 and r14, respectively, calculated directly from the
experimental data, reported in Table 4. Thus, the observed correlations are caused as much by the natural
chemical origin of the raw materials used in the alloy production, as by the mass balance constraints.

Taking into account the strong correlation between the contents of the three and of the eight impurities, as
well as between the contents of Rh and Pt, it is worthwhile to analyze the following two scenarios: 1) when the
measurement uncertainties of test results for all four components (i = 1, … , 4) influence the probabilities of
false decisions on the alloy conformity, and 2) when only two practically uncorrelated components, Rh and the
eight impurities (i = 2, 4), are considered in this context, similar to ‘principal components’ in PCA [27, 91]. Note
also that there is no reason for ‘spurious’ correlation in the second scenario.

In the present study, the effect of the mass balance constraints is embedded within the experimental
correlation matrix (Table 4). This reflects a mixture of spurious correlation and the correlation caused by the
native chemical properties of the raw materials used. This matrix influences all subsequent multivariate
results.

Probability density functions (pdfs) of the theoretical normal distributionswithmeansµi=mi and standard
deviations σi = si are used as pdfs approximating the distributions of the actual content values ci in the batches.

Table : Parameters of the prior distributions.

Component Index Parameters

i mi, % si, %

Pt  . .
Rh  . .
Three impurities  . .
Eight impurities  . .

Table : Pearson’s correlation coefficients rij of the test results.

Component Index Pt Rh Three impurities Eight impurities
i \ j 1 2 3 4

Pt   −. −. −.
Rh   . .
Three impurities   .
Eight impurities  
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A multivariate normal distribution was considered as the joint prior pdf for the vector of actual components’
contents [c1, c2, c3, c4] having the vector of mean values [m1, m2, m3, m4]. The prior covariance matrix is

Sc1 �
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0.0065 −0.0057 −0.0007 −0.0008
−0.0057 0.0054 0.0003 0.0004
−0.0007 0.0003 0.0004 0.0004
−0.0008 0.0004 0.0004 0.0004

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ ,

where the diagonal elements are variances σi2 = si
2, (si are in Table 3), and the off-diagonal elements are

covariances covij = rij σi σj, i ≠ j (rij are in Table 4). Both σi2 and covij are expressed in squared%, as in Example 3
above.

In the second scenario, where only two components—Rh and the eight impurities (i = 2, 4)—are taken into
account, the prior covariance matrix is

Sc2 � ( 0.0054  0.0004
0.0004 0.0004

) .

A-4-5 Likelihood functions

It was shown, based on the validation data, that (repeated) measured values cim of the component contents in
the same sample have normal distributions. No interference of the analytes, which could be interpreted as a
cause of correlation of measured values and taken into account at the measurement uncertainty evaluation,
was observed. Standard measurement uncertainty associated with measured values c2m of Rh content in the
specification interval (7.3–7.7) %, is u2 = 0.04 %. For any measured value of content of the three and eight
impurities, c3m and c4m, respectively, the standard uncertainties u3 = 0.18 c3m and u4 = 0.18 c4mwere used in the
following calculations. Then, the standard uncertainty of a measured Pt content c1m is
u1 �  

������
u22 + u24

√
�

�����������������
0.042 + (0.18   c4m)2

√
.

Therefore, the vector [c1m, c2m, c3m, c4m] is modelled by a multivariate normal likelihood having a mean
equal to the vector of actual components’ contents [c1, c2, c3, c4] and covariance matrix defined on the base of
measurement uncertainties ui and correlation coefficients rij.

Formeasured values cim equal, for example, to the priormeans µi, =mi (Table 3), the likelihood covariance
matrix is:

Scm1 �
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0.0017 −0.0016 −0.0002 −0.0002
−0.0016 0.0016 0.0001 0.0001
−0.0002 0.0001 0.0001 0.0001
−0.0002 0.0001 0.0001 0.0001

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ ,

where the diagonal elements are variances u1
2 = 0.042 + (0.18   c4m)2, u22 = 0.042, u3

2 = (0.18 c3m)
2 and

u4
2 = (0.18 c4m)

2. The covariances are covijm = rij ui uj, i ≠ j (rij as in Table 4).
For the second scenario, with only Rh and the eight impurities (i = 2 and 4), the likelihood covariance

matrix, in the case when the measured values cim are equal to prior means µi, = mi (Table 3), is:

Scm2 � ( 0.0016  0.0001
0.0001 0.0001

) .

A-4-6 Global risks

As in Example 3 above, the actual content values of the four components in the current study are jointly
described by amultivariate prior normal pdf, and the likelihood of their measured values is alsomodelled by a
multivariate normal pdf. Therefore, the joint posterior pdf is amultivariate normal pdf, aswell, and parameters
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of the posterior pdf can be calculated by Eq. (34). For example, for the vector of measured values cm = [92.423,
7.457, 0.120, 0.120], the posterior covariance matrix is

Spost1 �
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

7.6741 −8.5547 0.6761  0.8088
−8.5547 9.6566  −0.9075 −1.0709
0.6761 −0.9075 0.4016 0.3144
0.8088 −1.0709 0.3144 0.3510

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ × 10−4  ,

and the vector of the posterior means is cpost1 = [92.405, 7.481, 0.104, 0.111].
Under scenarioω = 2 with only two components (i = 2 and 4), for the vector of measured values cm = [7.457,

0.120] corresponding to the example above, the posterior covariance matrix is:

Spost2 � ( 0.0012 0.0001
0.0001 0.0002

) ,
and the vector of the posterior means is cpost2 = [7.452, 0.088].

The calculated total global consumer’s risk for the first scenario is Rtotal(c) = 5.6 × 10−7. This is an indication
of a reliable quality assurance system.

To understand the influence of the correlation on Rtotal(c), the risk was estimated for a simulated case of
uncorrelated contents of the components. This simulationwas carried out by setting all correlation coefficients
rij = 0 (i≠ j), transforming Scω and Scmω  into diagonalmatrices. The resulting Rtotal(c) = 6.2 × 10−3 was four orders
of magnitude greater than that for the correlated contents. In fact, the strong correlation between c1 and c2 and
between c3 and c4 ties the variables together, dramatically decreasing the risk whenever all the measured
quantities are within their acceptance intervals, while at least one of the actual components’ content values is
outside its specification interval. Thus, the total global consumer’s risk for strongly correlated contents of the
components is much smaller than for uncorrelated contents, a fact also observed in Example 3 above.

In the framework of the scenario ω = 2, when only c2 and c4 are taken into account, the risk is
Rtotal(c) = 5.1 × 10−3 for correlated contents and Rtotal(c) = 4.9 × 10−3 for contents simulated as uncorrelated. It is
seen that the risk is not practically affected by the observed (small) correlation between these two components’
contents. The risk for two simulated uncorrelated contents (4.9 × 10−3) is a little smaller than that for four
uncorrelated ones (6.2 × 10−3), as predicted in Example 1. Both these values, and also the risk for the scenario of
two correlated contents (5.1 × 10−3), are of the same order of magnitude. Therefore, reducing the number of
components under control would lead to practically the same overestimation of the global risk as neglecting
the strong correlation among the four components’ contents.

Note that the total global consumer’s riskRtotal(c) = 5.1 × 10−3 for the case of control of Rh content and content
of the eight impurities (scenarioω = 2) means accepting one non-compliant alloy batch in 200 produced batches
when it should have been rejected. Since 100 batches were produced during about two years at the plant, this
false decisionwould be expected, on average, once every four years, assuming unchanged conditions. However,
in practice each batch is tested according to the standards [79] and [84] for the contents of the four components
(scenarioω = 1). The greater amount of information available in this case decreases the risk of false decisions in
spite of the complexity of the correlations among the test results. The risk valueRtotal = 5.6× 10−7means that there
is no practical chance for a non-compliant alloy batch to find a way out of the plant to the market.

The counterpart models for the total producer’s risks are easily obtainable.

A-4-7 Specific risks

For any vector of measured values [c1m, c2m, c3m, c4m] within the multivariate specification domain, the total
specific consumer’s riskR∗

total(c) is calculated as oneminus the integral of the posterior pdf on this domain. This
represents the probability of at least one of the actual components’ content lying outside its own specification
interval.R∗

total(c)  values are dependent on themeasured value of i-th component content cim, as shown in Fig. 9
by line 1, where the cim values are on their specification intervals, i.e. from TLi to TUi.
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The risk values plotted against the measured values of Pt content c1m are in Fig. 9a. The sub-domain
spreads from c1m = 100 % – TU2 – c4m = 92.24 % (line 2) to c1m = 100 % – TL2 – c4m = 92.64 % (line 3). This is
because the Rh upper and lower specification limits are TU2 = 7.7 % and TL2 = 7.3 %, respectively, and the
assumed content of eight impurities in this case is equal to its prior mean, c4m = 0.059%. The assumed content
of the three impurities is also equal to its prior mean: c3m = 0.052 %. Line 4 indicates the minimum observed
value c1m, whereas line 3 coincides with the maximum observed value.

Figure 9b demonstrates the risk dependence on content c4m of the eight impurities at c1m = 100 % – cm2 –
c4m, the mean observed Rh content c2m = 7.46 %, and the mean observed ratio c3m = c4m/1.16. Since the upper
specification limit for c3m is TU3 = 0.12%, c3mwas required to be below0.12% at any c4m value. Lines 2 and 3 are
again the minimum and maximum observed c4m values.

The values R∗
total(c) vs. cim in Fig. 9 are examples calculated at particular values of cjm, i ≠ j. More

information can be provided using a three-dimensional representation, as in Fig. 10, where surfaces of R∗
total(c)

vs. c2m and c4m are shown.

Fig. 9: Total specific consumer’s risk R∗
total(c) values in dependence on measured values of i-th component content cim.

The cim values vary on their specification intervals from TLi to TUi. The risk values are shownby line 1 versus: a) Pt content c1m at the
Rh content c2m in the specification interval from 7.3 to 7.7%, and the contents of the three and the eight impurities, c3m = 0.052%
and c4m = 0.059%, respectively; lines 2 and 3 demonstrate the sub-domain of feasible alloy compositions; dotted line 4 is for the
minimum observed c1m value, whereas line 3 coincides with the maximum observed c1m value; and b) content c4m of the eight
impurities at c1m = 100 % – c2m – c4m, c2m = 7.46 % and c3m = c4m/1.16 ≤ 0.12 %; lines 2 and 3 show the interval of observed c4m
values.

Fig. 10: Surface of R*
total(c) vs. measured values of Rh content c2m and of the eight impurities c4m. The plot in Fig. 10a is for the

four-components scenario at c3m = c4m/1.16, but not exceeding 0.12%, and 92.2% ≤ c1m = 100% – c2m – c4m ≤ 92.8%. The second
plot, in Fig. 10b, shows the surface of the risks R∗

total(c) for the two-components scenario, when c1m and c3m are not taken into
account as strongly correlated with c2m and c4m, respectively. A color column bar gives indication of the risk values between the
minimum and the maximum on the surface. The same scale of the risk axis from 0 to 1 is used in both Fig. 10 plots, but each color
bar refers to its plot only.
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The plot in Fig. 10a is for the four-components scenario at c3m = c4m/1.16, but not exceeding 0.12 %, and
92.2 % ≤ c1m = 100% – c2m – c4m ≤ 92.8 %. The color column bar gives indication of the risk between minimum
0andmaximum 1 on the surface. The risk increases slightlywith c2m near both the specification limits of the Rh
content and, more significantly, at c4m approaching its upper specification limit. This behavior corresponds to
the two-dimensional dependences in Fig. 9, discussed above.

The plot in Fig. 10b shows the surface of the risks for the two-components scenario of the practically
independent c2m and c4m. Note that themaximum risk value for this scenario is only 0.26, in contrast to nearly 1
when all four components are considered. One can see that the simplification of the conformity assessment
task from a four- to a two-components scenario leads to the undervaluation of R∗

total(c): its maximum value in
Fig. 10b is four times smaller than in Fig. 10a. The formof the surfaces is also different. In particular, the surface
in Fig. 10b is less sensitive to c4m increasing in comparison to the four-components scenario in Fig. 10a. In other
words, the simplification is not usable, since the observed strong correlation increases significantly and
complicates the dependence of specific risks R∗

total(c) on the measured values.
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