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Abstract

Normal and tumour cells live in a fibrous environment that is often very heterogeneous, even
characterized by the presence of basal membranes and regions with high density of collagen fibres
that physiologically comparmentalize cells in well defined regions, as for in situ tumours. In case
of metastatic tumours these porous structures are instead invaded by cancer cells. The aim of
this paper is to propose a multiphase model that is able to describe cell segregation by thick
porous structures and to relate the transition rule that determines whether cells will pass or not
to microscopic characteristics of the cells, such as the stiffness of their nucleus, their adhesive and
traction abilities, the relative dimension of their nucleus with respect to the dimension of the pores
of the extra-cellular matrix.

1 Introduction

Recent experiments by Wolf et al. [30] show that cell migration strongly depends on the density
of the three-dimensional collagen network they move through and more specifically on the typical
size of the pores of the network. They also evaluate the dependence of the cell speed from the
pore cross-section, finding a relation that can be considered linear in the range considered (from
5 up to 20 µm2). In our opinion, the most relevant feature is however the presence of a minimal
cross section necessary to allow motion through the three-dimensional extracellular matrix (ECM).
Below this threshold, cells try to penetrate with their cytoplasm in the fibre network, but because
of the presence of a stiff nucleus, they remain essentially in place (see Fig. 1d bottom). At
this point, if the cell is able to express metallo-proteinases (MMPs), these proteins will partially
degrade the fibres leading to a local increase in the pore size of the collagen network, forming paths
that the cells can use to invade the ECM. On the other hand, cells in which MMP expression is
inhibited (like the GM6001 cells in Fig. 1) are not able to penetrate into the network with their
entire body, unless the pores are large enough (as in Fig. 1d top). In fact, after 18 hours the
border of the multicellular spheroid shown in Fig. 1c has not moved in the rat tail case and has
advanced in the bovine case.

Several other experimental papers study the penetration of cells in microchannels [12, 13,
24] interfering with the adhesive and mechanical properties of the cells. On the basis of these
experiments and of energy arguments Giverso et al. [8] identified a criterium of penetration
involving the comparison of the ratio of adhesion forces exerted by the cells and nucleus stiffness
with a given function of the ratio of the microchannel size with respect to the nucleus diameter. In
particular, if the size ratio is too restrictive, then the cell cannot penetrate into the micro-channel.
However, keeping the same geometrical characteristics, cell clones with higher traction abilities or
softer nuclei might be able to penetrate the microchannel. The same dependence was obtained
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Figure 1: Morphological characteristics of rat tail and bovine collagen fibrils (a; trasmission elec-
tron microscopy, bar=0.1µm) and network (b; scanning electron microscopy, bar=1µm). In (c)
invasion into rat tail (bottom) and bovine (top) collagen when MMP is inhibited. The rat tail
collagen is characterized by a finer mesh and the cell can not penetrate. The arrowheads in the
magnified pictures in (d) indicate long cytoplasmic extensions of cells with the nucleus stuck below
the collagen. Partially modified from [30] (with permission).

by Scianna et al. [25, 26, 27] who simulated cell migration both over adhesive substrates, and
through three-dimensional ECM and microchannels using a cellular Potts model.

Coming back to the experiments by Wolf et al. [30] the above discussion means that the
threshold value they find can not be considered constant, but depends on the geometrical and
mechanical properties of the cells.

The same mechanism works for multicellular spheroids as well, as shown in Fig. 1c,d and
in the supplementary material (Video 3) of [30]. When the spheroid of MMP inhibited cells is
embedded in a collagen network which is not too thick, or better with a pore size that is not
sterically restrictive, the cells at the boundary of the spheroid tend to invade the gel. On the
other hand, if the collagen network is characterized by a pore size that is too small, cells at the
boundary tend to protrude into the network but their nucleus remains trapped at the border of
the spheroid, so that it can not follow and there is no invasion of the tissue.

Starting from the above experiments in this article we propose a multiphase model that is able
to describe cell segregation by thick porous structures. Previous models were not able to include
this effect, because they mainly described multicellular spheroids as a fluid (viscous or inviscid)
and related the velocity of cells to cell pressure through a sort of Darcy’s law with a permeability
coefficient that was usually constant or weekly depending on the ECM volume fraction (see the
reviews [6, 17, 22, 28, 29]). This implied that any cell pressure would have led to penetration in
porous structures, possibly slowed down by the decreased porosity, but segregation was impossible
to be achieved.

The model presented here focuses on the term that governs cell motility in the porous ECM.
The proposed structure allows to describe situations in which thick regions of ECM can be invaded
or not depending on the stiffness of the cell nuclei, on the adhesion and traction ability of cells,
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on cell pressure on the ECM, and on the relative dimension of the cell nucleus with respect to the
dimension of the pores of the ECM.

The paper then develops as follows. After this introduction and a section presenting the
modeling framework, Section 3 contains the main modeling novelties focusing on cell motility.
Section 4 discusses the output of the simulation in the case of a single growing population, starting
from a control case in which the tumour grows in situ without invading the surrounding tissue.
Then several effects leading to tumour invasion are considered such as higher ECM porosity and
activation of matrix degrading enzymes. Section 5 generalizes the model to several cell populations,
having in mind the goal of describing the growth of a tumour in a normal tissue focusing in
particular on the cases in which the tumour population is less sensitive to contact inhibition and
have decreased nucleus stiffness, or increased traction ability by the cells.

2 The Basic Mathematical Model

We consider the cell aggregate living in a rigid extracellular matrix (ECM) as a mixture composed
of cells and ECM components in the interstitial fluid. Denoting by φc, φm, and φℓ the volume
ratio of cells, ECM, and interstitial fluid and by vc and vℓ the corresponding velocities, following
[5], we can write the following multiphase model





∂φc
∂t

+∇ · (φcvc) = Γc ,

∇ ·Tc +mc = 0 ,

∂φm
∂t

= Γm ,

∂φℓ
∂t

+∇ · (φℓvℓ) = Γℓ ,

φℓvℓ = − K

µ
∇P ,

(2.1)

where Γc, Γm and Γℓ are respectively the supplies of cells, ECM and interstitial liquid, Tc is the
stress tensor for the cell population, P is the interstitial pressure, and mc is the interaction force
between cells and the other constituents. Since our focus will be on growth phenomena in het-
erogeneous environments, as discussed in [11] the mechanical interactions between the interstitial
fluid and the solid constituents (cells and ECM) can be neglected in such slow processes. This
leads to the possibility of neglecting the interaction force between cells and interstitial liquid in mc

and in separating the fluid dynamic problem (2.1)4,5 from the remaining equations having solved
first the equations related to cell growth and motion.

Regarding the stress tensor for the cellular constituent, following [2, 11, 21, 23] we take

Tc = −ΣI+T′
c , (2.2)

with

Ṫ′
c +

(
5

3
∇ · vc −

Γc

φc

)
T′

c +
ν

η

(
φc
φn

)5/3
T′

c = 2ν

(
φc
φn

)5/3(
Dc −

1

3
(trDc) I

)
, (2.3)

where Dc =
∇vc + (∇vc)

T

2
and Σ will be specified in the following.

Actually, in some simulationsT′
c is neglected in order to show that even in the simplest (inviscid

fluid) situation cell compartimentalization by the ECM can still be achieved.
In principle, one could consider the stress tensor as split in a passive and an active part related

to the traction forces that the cell is able to exert by adhering to the ECM and activating the
molecular motors (myosins) inside the cytoplasm. However, for the purpose of this article this will
not be done here.
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In addition, in the following, the action of the production of matrix degrading enzymes from
the cells will be also included. This programme is activated by mesenchymal cells in order to cleave
the ECM fibres that represent an obstacle to their motion. Hence, this phenomenon will strongly
influence cell motility. In fact, by activating metallo-proteinases (MMPs) cells once segregated in
certain regions of the tissue are able to invade the surrounding environment. In this case (2.1) will
be joined to a reaction-diffusion equation describing the evolution of the concentration cMMP of
MMPs

∂cMMP

∂t
= κ∇2cMMP + γMMPφc −

cMMP

τ
, (2.4)

where κ is the diffusion coefficient, γMMP is the production of MMPs and τ its half life.
The supply of ECM in Eq. (2.1)3 is then modelled assuming that cells are able to produce

new peptidic filaments and that MMP molecules degrade the ECM fibres. Denoting by γm the
deposition rate and δm the MMP degradation rate, we can then write

Γm = γmφc − δmcMMPφm . (2.5)

3 Cell Motility in ECM

One of the aims of this paper is to describe cell motility in a porous environment and in particular
in situations with ECMs thick enough to avoid their penetration, so that growing cell aggregates
can not go through them. In order to do that we will refer to the experimental results by Wolf
et al. [30] and also to the outcomes of the mathematical models describing the motion of single
cells interacting with virtual regular ECMs and microchannels [8, 25, 26, 27] based on other
experimental behaviours [12, 13, 24].

As already stated, in growth phenomena it is possible to neglect in mc the contribution due to
the interaction between cell and interstitial fluid with respect to the one between cells and ECM,
so that mc = mcm. Focusing on the attachment and detachment processes of the transmembrane
proteins deputed to interact with the ECM (mainly integrins) in [21] several constitutive laws
have been justified for mcm starting from microscopic arguments. Here, for sake of simplicity, we
take it to be proportional to the relative velocity of cells with respect to the ECM, which at the
microscopic level means that integrins constantly renew at the cell membrane independently from
the force exerted on the focal adhesion points. Since the ECM is assumed to be rigid, we can then
write

∇ ·Tc −M−1vc = 0 , (3.6)

where M, called here motility tensor, takes into account of possible anisotropic situations with
strongly aligned ECM fibres in which motion along the fibre bundles is favoured with respect to
motion across them, as in the case of invading glioblastoma cells in the brain. However, in the
following, we will consider isotropic situations because of lack of experimental data in anisotropic
cases and replace (2.1)2 with

vc =M∇ ·Tc . (3.7)

From the experiments described in the introduction [30] it appears that the motility tensor M
in (3.6) can not be considered constant or simply depending on the volume ratio like in Cozeny-
Karman rule. There is a threshold pore area A0 below which there is actually no relative motion
of cells with respect to the ECM. Furthermore, it appears that for pore areas sligthly above A0

the velocity is proportional to Am −A0 where Am is the pore area of the ECM, that depends on
some volume ratio of ECM. An evaluation of this dependence is given in the Appendix and shown
in Fig. 2a. In particular, the figure puts in evidence that for a given ECM volume ratio, different
cross sections Af of the fibre bundles will be related to different pore areas, i.e., at constant φm the
thinner the fibre is, the smaller the pore area is, or in order to have a given pore area smaller fibre
bundles require smaller overall volume ratios of the ECM. If Am ≫ Af , as in some physiological
cases, then Am ≈ 9Af/φ

2
m.
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Figure 2: Evaluation of the relationships between pore area and ECM volume ratio (a) and between
the scaled threshold pore area and the ratio of stress versus nucleus stiffness given by f−1 (see
Eq.(3.10) (b).

The motility term M can then be assumed to be given by

M = α[Am(φm)−A0]+ , (3.8)

where (f)+ = f+|f |
2 stands for the positive part of f and α can be evaluated by the experiments

in [30].
However, it is known [3, 7, 16, 18, 20, 32] that in both two- and three-dimensional environments

cell motion has a bimodal behaviour depending on the ECM structure, porosity, density, adhesion,
and stiffness, as also obtained by the simulations of the models described in [25, 26, 27]. This
means that there is an optimal ECM density (and therefore pore size) below which traction is not
so effective because the number of focal adhesion points that the cell can form is limited, so that
they are unable to pull strongly on the ECM and advance. Above this optimal value cells strongly
adhere to the ECM and detach with more difficulty from it to move in the ECM. Therefore, a
more proper generalization of (3.8) could be

M = α
[Am(φm)−A0]+(
1 + Am(φm)−A0

A1

)n , (3.9)

that reduces to (3.8) for n = 0, saturates to a maximum motility αA1 for n = 1 and goes to zero
again for large pore areas for n > 1. Unfortunately, to our knowledge there are no quantitative
experiments that can help in evaluating neither A1 nor n. However, some hints can be obtained
by the simulations given in [25, 26].

Also the threshold value A0 in general can not be taken constant, because as shown in [8, 25, 26],
it depends

• on nucleus stiffness and dimension and

• on cell adhesion and stress.

The former dependence is a measurement of the force or energy needed to deform the shape of
the nucleus enough to allow its penetration through pores of a given area. The latter dependence
is a measurement of the force that the cell passively experiences due to the pressure of the other
cells, or is able to exert by itself attaching and pulling on the ECM fibres in order to pass through
the ECM pore. Therefore, in general this last contribution will depend on the density of integrins
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expressed at the membrane, on the density of adhesive sites on the ECM, and on the active force
due to myosin activation [8].

Denoting by

G =
1

3µ
|trTc| ,

where µ is the elastic modulus of the cell nucleus, using the results in [8], we have that the threshold
value A0 can be evaluated by formally inverting the relationship

f

(
A0

An

)
= G ,

where

f

(
A0

An

)
=

2

3

2
A0

An
+
A2

n

A2
0

− 3

2
An

A0
− 1 +

√
1− A0

An

√
An

A0
, for A0 < An , (3.10)

and An is the cross section area of the cell nucleus at rest. This gives the relationship

A0 = Anf
−1

(
1

3µ
|trTc|

)
.

plotted in Fig. 2b.
For a given pore dimension Am(φm) it will be also useful to denote by

Tm = µf

(
Am(φm)

An

)
, (3.11)

that represents a measure of the traction necessary to pass through pores of area Am.

4 Growth of an Aggregate in a Heterogeneous Network

In order to test the behaviour of a tumour cell aggregate growing in a heterogeneous environment,
we assume that nutrients are abundant everywhere and growth is limited by cell-cell compression
only, a phenomenon known as contact inhibition of growth [5]. The growth term is then assumed
to be given by

Γc = [γcHε(ψ0 − ψ)− δc]φc , (4.12)

where ψ := φc + φm, ψ0 is the threshold value that models the triggering of contact inhibition,
γc is the duplication rate of cells, δc is the apoptotic rate, Hε is a continuous mollificator of the
Heaviside function defined as

Hε(ψ) =





0 , if ψ ≤ 0;
ψ/ε , if 0 < ψ ≤ ε;
1 , if ψ > ε.

Regarding the constitutive model we take Σ in (2.2) to be given by

Σ(ψ) = E
1− φn
1− ψ

(ψ − φn)+ , (4.13)

where E is analogous to the Young modulus for low compression and φn is the highest volume
ratio below which cells experience no compression.

We can now distinguish between two problems of interest in cell migration: the MMP-independent
and the MMP-dependent migration.

To model the first one it is sufficient to set to zero the production rates of MMP, γMMP = 0.
Assuming that MMP is absent from the domain since the beginning of the simulation, the second
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equation in (2.1) and (2.4) become unnecessary, being the distribution of ECM constant in time,
though strongly heterogeneous. The solution of this problem would reproduce the behaviour that
in [30] has been observed for the so-called GM6001 cells, and thus stress how the newly defined
motility catches the interaction between cells and ECM.

It is instructive to observe that if T′
c = 0 the MMP-independent model reduces to the single

equation

∂φc
∂t

+∇ ·



φcα

[Am(φm)−A0]+(
1 + Am(φm)−A0

A1

)nΣ′(ψ)∇ψ



 = [γcHε(ψ0 − ψ)− δc]φc , (4.14)

which becomes degenerate when Am(φm) = A0 and changes type from parabolic, in those time-
dependent regions where Am(φm) > A0 (i.e., where and when cells move), to hyperbolic otherwise.
Then the character of the equations is such that the appearance of discontinuities in the volume
ratios can not be excluded. For this reason we chose to use a finite volume numerical scheme, that
can handle both the parabolic and the hyperbolic nature of the equations and in particular is able
to garantee an accurate evaluation of mass balances.

To model the MMP-dependent migration, Eqs.(2.1)1,3 must be joined with Eqs.(2.2), (2.3),
(2.4), and (3.7). Its solution will simulate situations in which cells confined by too thick ECMs
open their own ways by the production of matrix degradation enzymes.

Scaling times with 1/γc, lengths with
√
αAnE/γc, velocities with

√
αAnEγc, stresses with

E, and MMP concentration with γc/δm, it is possible to rewrite the problem in the following
dimensionless form





∂φc
∂t∗

+∇∗ · (φcv∗
c ) = [Hε(ψ0 − ψ)− δ∗c ]φc , in Ω∗

∂φm
∂t∗

= γ∗mφc − c∗MMPφm , in Ω∗

∂c∗MMP

∂t∗
= κ∗(∇∗)2c∗MMP + γ∗MMPφc −

c∗MMP

τ∗
, in Ω∗

v∗
c · n = 0 , on ∂Ω∗

∇∗c∗MMP · n = 0 , on ∂Ω∗

(4.15)

with
v∗
c =

(
A∗(φm)−A∗

0(ψ)
)
+
(−∇∗Σ∗ +∇∗ ·T∗

c) ,

and

Ṫ′
c
∗ +

(
5

3
∇∗ · v∗

c −
Γ∗
c

φc

)
T′

c
∗ +

1

η∗

(
φc
φn

)5/3
T′

c
∗ = 2ν∗

(
φc
φn

)5/3(
D∗

c −
1

3
(trD∗

c) I

)
,

where the stars denote non-dimensional quantities and where

A∗(φm) :=
1

An
A(φm) , A∗

0(ψ) :=
1

An
A0(ψ) = f−1 (E∗Σ∗) ,

Notice that in absence of quantitative experimental data on the behaviour of the motility for
large pore areas, we set n = 0 in (3.9) for the simulations to follow. The problem then depends
on the following dimensionless parameters

δ∗c =
δc
γc
, η∗ =

ηγc
ν
, ν∗ =

ν

E
, E∗ =

E

µ
,

κ∗ =
κ

αAnE
, γ∗m =

γm
γc

, γ∗MMP =
δmγMMP

γ2c
, τ∗ = γcτ ,
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Figure 3: Evolution of the volume ratio of MMP-inhibited tumour cells for δ∗c = 1/8, η∗ = 10,
ν∗ = 1, E∗ = 25, A∗

f = 0.16. On the left, φ+m = 0.3 and t = 4.000, 7.649, 9.598, 11.936, 17.404.

On the right, φ+m = 0.25 and t = 4.000, 7.128, 9.598, 11.936, 15.719, 21.391, 27.715. When reaching
the region with a denser ECM, on the left tumour cells will stop because the network is too tight,
while on the right they are able to pass through the dense ECM region.

in addition to the already dimensionless parameters ψ0, φn, and ε, that were set to ψ0 = φn = 0.6,
and ε = 0.01 in all simulations and to A∗

f = Af/An that is needed to define A∗
0, as described in

the appendix.
As a test case we consider our domain as divided in two parts by a region, denoted by Ωm,

characterized by a higher density of ECM. Specifically,

φm(x, t = 0) =





φ+m , if x ∈ Ωm

0.2 , otherwise
.

In the MMP-inhibited case shown in Fig. 3 (left), tumour cells start growing but when they
reach the region Ωm = [0.2, 1] with a denser ECM with φ+m = 0.3 they are not able to penetrate in
and remain segregated. In Fig. 3 (right) the ECM is not thick enough and therefore the cells are
able to pass through the network and invade Ωm. Specifically, the decrease of the ECM density
φ+m from 0.3 to 0.25 is such that upon reaching this region the value of A0 is now below Am there,
so that the overcompression of the tumour cells by itself is enough to allow motility in the region
Ωm.

In presence of matrix degrading enzymes a different mechanism leads to cell invasion as shown
in Figure 4. In fact, tumour cells are now able to remodel the ECM by the secrection of new
fibres and by the expression of MMPs. This causes a digestion of the excessive part of the ECM
close to the border of the growing aggregate. Hence, though slowed down, the tumoural invasion
is successful. Notice that cells do not penetrate the thick ECM region, but rather decrease the
ECM density, i.e., increase the pore areas of the ECM channels to penetrate the thick zone Ωm.

5 A Two-population Generalization

In view of the application of the model to tumours growing in a normal tissue, we will generalize
the above model to two cellular sub-populations. The first one, denoted by i = 1, is representative
of normal cells, the second one, denoted by i = 2, is instead representative of abnormal cancerous
cells, that by mutation have lost contact inhibition of growth. This means that

Γi
c =

[
γicHε(ψ

i
0 − ψ)− δic

]
φic , i = 1, 2 , (5.16)
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Figure 4: Evolution of one dimensional system when cells are able to express MMPs at t =
8.052, 11.839, 16.595, 18.923. In the simulation γ∗m = 0.15, κ∗ = 6× 10−5, γ∗MMP = 50, τ∗ = 0.02
and φ+m = 0.3, other parameter being as in Fig. 3.

in particular with ψ2
0 > ψ1

0 leading to different contact inhibition responses. In addition, tumour
cells might have different mechanical properties, e.g., softer nuclei.

Regarding the stress tensor, for sake of simplicity we assume here that the cell aggregate
behaves like an elastic fluid Ti

c = −Σ(ψ)I, in order to show that segregation also occurs for such
a simple (compressible invisid fluid) constitutive equation.

In this case, neglecting the interaction between the two cell populations, because cell cytoplasm
can deform much more easily than ECM fibres, Eq.(4.14) is replaced by the two equations

∂φic
∂t

+∇ ·



φ

i
cα

[Am(φm)−Ai
0]+(

1 +
Am(φm)−Ai

0

A1

)nΣ′(ψ)∇ψ



 =

[
γicHε(ψ

i
0 − ψi)− δic

]
φic , i = 1, 2 , (5.17)

where ψ = φ1c+φ
2
c+φm is the overall volume ratio of cells and ECM. We notice that the numerical

integration of Eq.(5.17) is not straightforward at all, not only for the presence of the cross diffusion
term represented by the gradient of the sum of the two volume ratios but also because of the fact
that the region in which the two equations might degenerate and change type from parabolic to
hyperbolic (identified by the sign of Am(φm)−Ai

0) is usually different for the two sub-populations
and will depend on the evolution of their volume ratios.

Regarding MMP remodelling, it is assumed that only tumour cells are able to secrete matrix
degrading enzymes and to produce ECM. So, in Eqs.(2.4, 2.5) φc is replaced by φ2c .

Considering tumour cells as a genetic mutation of normal cells we will consider most of the
parameters of the model to be identical for the two populations. As already stated, the two
populations differ for the level of sensitivity to compression (ψ1

0 = 0.6 and ψ2
0 = 0.7 in (5.17) in

all simulations). Then we will focus on the different behaviour determined by a change of density
of ECM in the thick regions Ωm = {x : 0.45 < y < 0.55}, of cell stiffness, and on the expression
of MMPs. In this case the regions below and above Ωm are filled with normal cells in equilibrium
that cannot penetrate Ωm because the corresponding pore area Am is smaller than A1

0 at φn.
The following simulations will reproduce what happens when a little portion of a sane tissue

transforms into cancerous cells because of loosing contact inhibition of growth. Considering first
the MMP-inhibited case, we insert some tumour cells on the bottom-left corner, that because of
reduced contact inhibition tend to spread all over the place. In fact, the misperception of the
compression state induces an abnormal proliferation of tumour cells that can sustain a relatively
more compressed state, compressing in turn the normal cells nearby. Feeling overcompressed,
the normal tissue then does not proliferate and only apoptosis occurs, so that the normal cells
gradually die and are replaced by the growing tumour.

The starting (control) simulation shown in Figure 5 describes how under suitable conditions
the presence of a tumour clone might be segregated by Ωm representing a sort of growth of an in
situ (ductal) carcinoma. In fact, the higher value of stress achieved by the tumor cells is still not
sufficient for overcoming the segregation condition. When tumour cell reach the region Ωm they
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Figure 5: Evolution of the volume ratio of MMP-inhibited tumour cells for δ∗c = 1/8, E∗ = 25,
A∗

f = 0.16 and φ+m = 0.3. When reaching the region with a denser ECM, tumour cells will stop
and continue to grow along it.
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Figure 6: Evolution of the volume ratio of MMP-inhibited tumour cells for φ+m = 0.25, other
parameter being as in Fig. 5. The evolution before reaching the region with a denser ECM, is
similar to the previous figure. In this case, however, tumour cells are not stopped, and, though
slowed down, are able to pass through the denser region.

are not able to pass through it and growth will continue along the region with a denser ECM to
fill progressively the region below Ωm. Eventually, the tumour clone will completely replace the
normal tissue reaching a segregated equilibrium with tumour cells below Ωm, normal cells above
Ωm and no cells in Ωm.

The following simulations show how a change in a single parameter is able to change completely
the situation and induce invasion through the region Ωm. Before reaching Ωm the simulation is
qualitatively similar to that shown in Fig. 5. Specifically, in Figure 6 the decrease of the ECM
density φ+m in the region Ωm from 0.3 to 0.25 is such that upon reaching this region the value of A2

0

is now below Am there, so that the overcompression of the tumour cells by itself is able to cause a
transition through the region Ωm of tumour cells still keeping normal cells segregated below Ωm.
Cells are actually slowed down by the higher density of ECM but can efficaciously reach out the
upper region even in absence of activation of MMPs.

A qualitatively similar behaviour is observed when other parameters influencing the segrega-
tion rule are changed. We will only present here the case in which the nucleus of tumour cells
is softer than that of sane cells as it is known experimentally, i.e., µ2 < µ1. This is a very
interesting situation from the biomedical point of view because it represents a differentiation of
purely mechanical origin that is able to induce a cell invasion dynamics as shown in Figure 7. The
simulation is represented in one dimension, in order to give a more clear view of the results about
the evolution of the volume ratio of both the populations and of the overall volume ratio ψ. Upon
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Figure 7: Evolution of one dimensional MMP-inhibited system for E1∗ = 25, E2∗ = 37.5 and
φ+m = 0.3, other parameter being as in Fig. 5. Tumour cells thanks to their softer nucleus are
able to invade the region Ωm that is too dense for the stiffer nucleus of sane cells, also in the
compressed configuration.
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Figure 8: Evolution of one dimensional system when MMP production is activated for κ∗ =
6 × 10−5, γ∗MMP = 50, and τ∗ = 0.02, other parameter being as in Fig. 5. Tumour cells growth
compressing the sane cells against the denser region Ωm, until they reach it and there remodel the
ECM opening their own way.

reaching Ωm not only the tumour cells are able to penetrate it but they also completely populate
it so that the overall volume ratio ψ is eventually constant everywhere.

A different phenomenon occurs when MMPs are expressed. Recovering the configuration of
the control simulation we further assume that only the tumour clone is now able to remodel the
ECM by the secrection of new fibres and of MMPs. This causes the cleavage of the excessive part
of the ECM that is then restored after the passage of the tumour cells. Therefore, though slowed
down, tumoural invasion is successful through a smoothing of the thickest ECM. In Figure 8 a one
dimensional simulation shows the evolution of the volume ratios of the cell populations and of the
ECM.

The last simulation in Figure 9 gives the evolution of an MMP-inhibited tumour in a het-
erogeneous tissue where it can be appreciated how neither normal nor tumor cells are able to
penetrate the most dense regions of a very heterogeneous tissue. The ECM is distinguished into
three regions: the low density one with φm = 0.2 (from below, the first, third, fifth, and seventh
stripe), the high density one with φm = φ+m,1 and the medium density one with φm = φ+m,2. All
cells are able to move in low density regions, and tumour cells also in medium density ones; no
cell is instead able to penetrate the highest density regions. So, in conclusion, tumour cells are
able to find their way through higher density areas.
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Figure 9: Evolution of the volume ratio of MMP-inhibited tumour cells for φ+m,1 = 0.3, φ+m,2 = 0.25,
other parameter being as in Fig. 5. The tumour growths in the heterogeneous tissue avoiding
denser regions.

6 Discussion

In this paper we have deduced a model that is able to describe situations in which cell aggregates
and growing tumours can be compartimentalized by porous structures with a sufficiently low pore
dimension. The model is characterized by a presence of a threshold that was put in evidence by
several experiments and that depends on several microscopic characteristics of the cells. The most
relevant one is the ratio of the dimension of the pore area of the ECM with respect to that of the
nucleus, which is the stiffest part of the cell, because it determines how much the nucleus must
compress in order to squeeze in the ECM pores. Of course, the amount of energy and the work
to be done depends on the nucleus stiffness and on the ability of the cells to pull on the ECM or
on the pressure the growing tissue is exerting on the compartimentalizing ECM. Simulations show
that changing one of the parameters related to the above characteristics might determine whether
the surrounding normal tissue will be invaded or not by the tumour. The case of MMP expession
is also modelled giving rise to a disruption of the thickest regions of ECM and to the invasion of
the normal tissue beyond it.

The model deduced is very challenging for those who want to study its analytical properties
because even in the case of a single population the equations may change type, being hyperbolic
in those region when there is no motion (but there might be possibly growth) and degenerate
parabolic in the regions where cells move with respect to the ECM. In the presence of more cell
population the mathematical model is also characterized by cross diffusion.

In addition, the problem is usually characterized by the presence of free boundaries, which
suggest the use of level set methods from the numerical point of view. For instance, if there is
an interface dividing a cell-free region from a region where cells are duplicating, this interface will
not move if the stress is below Tm which according to (3.11) depends, for instance, on the stiffness
of the nucleus and on the ratio of the pore area of the ECM and the section of the nucleus. If the
tissue grows so that at the surface the threshold is overcome, then the interface will move together
with the cells and the problem becomes degenerate parabolic with an interface condition on the
stress.

The model can be improved in several aspects. From the mechanical point of view one could
consider more complex constitutive laws regarding the behaviour of cells, or the interaction of the
cellular population with the ECM, or the active forces that mesenchymal cells exert on the ECM.
In addition one could drop the hypothesis of a rigid ECM.

Also from the physiological point of view, it would be interesting to modify the model to treat
the case of thin basal membranes or going more in details in the remodelling of the ECM. Finally,
it would be very interesting to achieve a closer comparison with the migration modes triggered by
different ECM confinements as those reported in [14, 15].
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Appendix

In the study of problems where ECM remodelling plays an important role, for example in the case
of MMP-dependent motion of cells, it is important to evaluate how the pore area Am of the ECM,
parameter necessary in the definition of the motility of cells through the matrix, is related to the
volume ratio φm of the ECM, known from the solution of the relative mass balance equation.

A relation between these two quantities is reacheable assuming that the ECM is constituted by
peptide fibres locally disposed as a uniform orthogonal cartesian crystal lattice, as in Figure 10.
Assuming for sake of simplicity that geometrically the fibres have a square cross section with
thickness 2r, and that the side of each crystal cell is l, it is possible to state that in a single crystal
cell Vtot = l3 and VECM = 12lr2 − 8r3, and thus recover the relation between l and φm,

φm =
VECM

Vtot
= 4(3x2 − 4x3) , (6.18)

where x = r/l.
On the other hand, the following obvious relation between the pore area Am and the crystal

cell’s side holds

Am = (l − 2r)2 = r2
(
1

x
− 2

)2

. (6.19)

From the definition of the crystal cell arises the physical constrains r, l > 0 and 2r < l, thus
the non-dimensional quantity x must obey to the inequalities 0 < x < 1

2 . It may be interesting
to notice the extreme behaviours: when x tends to zero, i.e. l ≫ r, the porous area grows
indefinitely; viceversa when x tends to 1

2 , i.e. l ∼ 2r, the porous area decreases toward zero. For
any φm ∈ [0, 1], the number x can be easily computed as the only root of the polynomial (6.18)
that belongs to [0, 12 ].

To obtain a relation between φm and Am, Eq. (6.19) can be inverted to give

x =
1√

Am

r
+ 2

,

and substituted back in (6.18) to obtain

φm =

3

√
Am

Af
+ 1

(√
Am

Af
+ 1

)3 ,
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where we have used the fact that in this case Af = 4r2. Notice that for Af ≪ Am, as in some

physiological cases, φm ≈ 3

√
Af

Am
.

The proposed relation is qualitatively in agreement with experimental results. Indeed, in [30]
it is observed that matrices obtained by collagen fibrils extracted by bovine dermis are constituted
of bigger pores than matrices of the same density (i.e., volume ratio) obtained by fibres extracted
by rat tail. The first collagens are characterized by 60 nm thick fibrils, while the latter by 20 nm
thick fibrils (see Fig. 1a). According to the proportionality between Am and Af in (6.19), these
measurements are sufficient to justify the above mentioned observation.

However, it need be mentioned that in physiological tissue several fibrils run aligned and are
organised in fibre bundles with a thickness that can reach up to a couple of micrometers which is
almast equal to the radius of a cell nucleus.

Similar results can be obtained replacing square section fibres with cylinders. However, in this
case at maximum packing l = 2r the volume ratio φm does not reach 1 because of voids in the
center of the cubic lattice, while Am → 0.

Assuming that cylinders do not cross but are orthogonally tangent to each other, then Eq.
(6.18) is replaced by φm = 3πx2 (φm = 12x2 in the case of square section fibres) with x being
limited by x ≤ 1/4 for geometric reasons. In this case getting close to close packing gives some
problems in uniquely identifying the pore area. As before, when x → 1/4, φm → 3π/16 < 1
(φm → 3/4 in the case of square sections).

However, when Af ≪ Am, as in most cases, all evaluations collapse to the same estimate

φm ≈ 3

√
Af

Am
mentioned above.
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