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Abstract
In in vivo applications of magnetic particles one crucial aspect is the control of their transport in the
tissue microvasculature and their release to target areas. These mechanisms can be driven and
influenced by external magnetic fields with large gradients. Experimental results can be elucidated
with the aid of in silico models that can also be employed to design optimized multifunctional
particles and magnetic sources. In this framework, we have developed a numerical model that enables
us to calculate the trajectory of an ensemble of magnetic nano/microbeads injected in a blood vessel
and manipulated by an applied magnetic field. The model combines Navier-Stokes equations for the
fluid dynamics simulation of blood flow with classical Newtonian mechanics for bead motion,
performing the analysis in a 3D vessel segment reconstructed from a computed tomography scan.
The numerical model is applied to study the influence of bead properties (size and magnetic moment)
on both transport and adhesion rate, taking into account the interplay of magnetic and viscous drag
forces, as well as magnetic dipole-dipole and steric interactions. We also consider different
configurations of the external magnetic source, in order to optimize bead accumulation and adhesion
to the vessel wall in a specific target region, processes that can be driven by magnetic forces.

Keywords: Magnetic biotransport; Magnetic particle; Drug delivery; Drug release; Blood flow; In
silico model.

1. Introduction
Magnetic nanoparticles (MNPs) and generally magnetic nanomaterials can be advantageously used
as contrast agents for magnetic resonance imaging (MRI) [1] or mediators for hyperthermia treatment
[2-4], as well as to label, deliver and separate biological samples [5]. This is due to their capability to
be manipulated by magnetic fields, independently of biological processes. Large gradient magnetic
fields can influence the motion and activities of MNPs in biological media, such as immobilizing
them, driving their direction in blood vessels towards a specific area of the body and activate the
release of carried drugs in a precise portion of tissue.
Regarding magnetic field source, several methods have been proposed to obtain high magnetic forces
with controlled spatial profiles, in order to guide MNPs transport and their release. In most cases the
magnetic field is generated by electromagnetic coils or permanent magnets placed outside the body,
eventually arranged in arrays to improve MNPs targeting [6-8]. For applications in which magnetic
manipulation is required in non-superficial areas, magnetic implant scaffolds have also been proposed
[9]. All these studies emphasize the need for a greater understanding of the interplay between
magnetic and hydrodynamic forces that act on MNPs circulating in blood vessels, in order to better
control their trajectories.
In this scenario, in silico models represent an essential tool for predicting the transport of MNPs in
blood vessels from their injection to their successive release into target areas [10], providing support
to the optimization of both MNPs properties and magnetic source configurations. In Ref. [11] an
analytical model was proposed to study the capture of spherical carrier beads with different size,
taking into account the effect of the only dominant forces, i.e. the magnetic and the fluidic ones. The
magnetic field was assumed to be generated by a magnet of cylindrical shape and infinite extension
along the axis orthogonal to the blood vessel. This simple model enables a rapid parametric analysis
of magnetic targeting as a function of key parameters like bead size, properties and volume fraction
of the embedded magnetic nanoparticles, position, size and magnetization of the magnet, microvessel
radius, viscosity and flow rate of blood. Additional effects that have to be included are the interaction
forces between beads, like the contact and magnetic dipole-dipole forces, which have an influence on
colloidal stability and aggregation phenomena [12,13].
There are also studies that focus on the interaction between particles and vessel wall, e.g. Decuzzi
and Ferrari [14] proposed a stochastic approach for predicting the adhesion strength of spheroidal
particles in specific contact with a substrate under a linear laminar flow. The probability of adhesion
results to be a function of the dislodging hydrodynamic force and of the binding processes, involving
the receptors on the vascular endothelial cells and the ligands grafted on the particle surface. Other

studies investigate the role of vessel geometry on MNPs transport and distribution, considering as
domains of analysis vessel segments reconstructed from medical images [15,16].
Here, we present a numerical model for the simulation of the magnetically driven transport of
magnetic nano/microbeads within a 3D microvascular network extracted from a computed
tomography (CT) scan. The model combines the Navier-Stokes equations, to simulate blood flow,
with classical Newtonian dynamics [17], to calculate the trajectory of each bead. As factors of
influence of bead motion, we consider the magnetic force, which is generated by a permanent magnet
outside the vessel, the hydrodynamic force, the magnetic dipole-dipole interactions between beads
and the steric repulsion effects due to bead surfactant layer, generally added to preserve colloidal
stability [18,19].
The model is applied to study the influence of magnet position on the percentage of beads adhering
to vessel wall in a specific vessel segment, encapsulated in a target region where we aim at enhancing
the release. To analyze the magnet efficacy, we first calculate the surface spatial distribution of the
generated magnetic force, focusing on the outward normal component to the vessel wall. We vary the
size and position of the magnet to find an optimal configuration that enables us to maximize the
magnetic field gradient. Then, we simulate bead transport and release to the target region, as a
function of magnet position and bead distribution at the injection site. The overall study is performed
for two types of commercial beads, one with size of 300 nm and saturation magnetic moment of about
0.002 pAm2, the other with size of 1 m and saturation magnetic moment of about 0.024 pAm2. All
the results are compared to the ones obtained without the external magnetic field source to highlight
the role of the magnet in driving bead transport.
2. Physical Model
The transport of magnetic nano/microbeads in a microvascular network is governed by the combined
effects of several phenomena, like magnetic forces due to applied magnetic fields, viscous drag
forces, gravity, buoyancy, inter-bead effects (e.g. magnetostatic interactions, van der Waals forces,
surface coating layers’ interactions), perturbations to blood flow, interactions with vessel wall,
Brownian motion (negligible for particles larger than a few tens of nanometers) [17]. Here, we
consider the main effects only, i.e. the magnetic and drag forces, and the magnetic dipole-dipole and
steric interactions, disregarding blood flow perturbations and approximating the adhesion to vessel
wall as an inelastic collision [21]. The validity of this assumption was verified a priori by applying
the model of contact described in Ref. [14]; in this case, the approach to the vessel wall leads to a
succession of collisions, generally characterized by oscillations whose amplitude rapidly reduces.

For the generic i-th bead, velocity vi and position si are predicted by means of classical Newtonian
dynamics, therefore its trajectory is described by
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where  is the bead mass (assumed the same for all the beads), N is the total number of beads, 𝐅
is the viscous drag force, 𝐅
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the steric repulsive force that occurs when the surfactant layers of the i-th and j-th beads are going to
overlap [18, 19]. In the following, the different force contributions are briefly described.
2.1 Drag force
The viscous drag force due to blood flow is expressed by
𝐅
where 𝑅

,

= −6πη 𝑅

(𝐯 − 𝐯 ),

(2)

is the bead hydrodynamic radius, η is the blood viscosity and 𝐯 is the blood velocity.

In (2), 𝐯 and 𝐯 are calculated at the bead barycenter. The spatial distribution of 𝐯 in the considered
vessel segment is obtained by solving the Navier-Stokes equations for steady-state laminar
incompressible flow [10], resulting in
ρ ∇ ∙ (𝐯 ) = 0
ρ 𝐯 ∙ ∇𝐯 = −∇𝑝 + η ∇ 𝐯

(3)

Boundary condition 𝐯 = 0 is applied on the vessel surface, apart from the vessel cross-sections
where the flow enters and gets out. In (3), 𝑝 is the pressure of blood and  is its density.

2.2 Magnetic force
The force due to the applied magnetic field Ha is expressed by

𝐅

,

= μ (𝐦 ∙ ∇)𝐇 ,

(4)

where μ is the permeability of vacuum. The bead is approximated as a point dipole with magnetic
moment 𝐦 , described by the Langevin function in the following way
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where 𝑘 is the Boltzmann constant and T is the absolute temperature. In (5) we assume that the bead
is made of 𝑁

non-interacting magnetic nanoparticles, each of them with an amplitude of the

magnetic moment defined by μ

[22]. Parameters 𝑁

and μ

are used to fit bead

magnetization curve [22, 23].
The applied field Ha is assumed to be generated by an external cylindrical permanent magnet with
remanent magnetization Mr, radius a and height b, and it is evaluated in an analytical way [24]. In
cylindrical coordinates (, φ, z) with the origin at the magnet barycenter, the field components take
the following form
𝐻 = 𝑀 [α 𝐶(𝑘 , 1,1, −1) − α 𝐶(𝑘 , 1,1, −1)]
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In (6) C(∙,∙,∙,∙) is the generalized complete elliptic integral.
2.3 Magnetic dipole-dipole interaction force
Having approximated beads as point dipoles, the magnetic dipole force produced by the j-th bead on
the i-th one is determined as
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where 𝐫 = 𝐫 − 𝐫 is the vector distance between beads barycenters, with the corresponding unit
vector 𝐞 =

𝐫

[19,20]. When the distance between two beads is larger than 12 times the bead radius,

we consider the contribution from the dipole-dipole interaction negligible.

2.4 Steric repulsion force
To preserve ferrofluid stability and limit aggregation phenomena, MNPs and magnetic beads are
generally coated with a surfactant layer, which is responsible for a steric repulsion force, whose effect
becomes important when particles are so close that their coating layers start overlapping [18, 19].
Following Ref. [18] the steric force produced by the j-th bead on the i-th one is expressed by
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elsewhere

In (8) 𝑛 is the number of surfactant molecules per unit area on bead surface, 𝑅 is the radius of the
solid part of the bead and δ is the surfactant layer thickness. The hydrodynamic radius of the bead is
defined as 𝑅

= 𝑅 + δ.

The steric force is fundamental to avoid the formation of aggregations, which can produce damages
to the circulatory system, like blockages in blood vessels.
3. Vessel image acquisition and fluid dynamics simulation
The considered vessel segment is extracted from a computed tomography (CT) scan of a region of
the abdomen, acquired from the example data sets of 3D Slicer, an open source software for 3D
visualization and processing of medical images [25]. The 3D reconstruction of the vessel segment
from the CT scan is performed with the Vascular Modelling Toolkit (VMTK) software, a collection
of tools for geometric and surface data analyses for image-based modelling of blood vessels [26]. The
selected vessel segment is constituted by an entering branch, from which the blood flow arrives, then
dividing into four branches, one of them separating into two branches. The vessel has a cross section
with an average diameter of 0.8 mm and extends for a length of about 1.8 cm.
Once the 3D structure is acquired, we discretize the vessel domain with a mesh composed of
tetrahedral elements with an average size of 0.9 µm [see Fig. 1(a)]. Then, we obtain the spatial
distribution of blood velocity by solving the Navier-Stokes equations (3) with COMSOL
Multiphysics® software, which implements a 3D Finite Element Method that approximates velocity
components and pressure with quadratic and linear basis functions, respectively.
The fluid dynamics simulation is performed by setting the blood average velocity at 0.75 cm/s, the
blood density at 1060 kg/m3 [27] and the viscosity at 0.005 Ns/m2. Figure 1(b) shows the calculated
blood velocity profile, which is considered in the following as an input for the determination of the
viscous drag force during biotransport simulations.

Fig.1. (a) Schematic of the considered blood vessel segment and cylindrical magnet reference position, with indication
of the target region for bead adhesion and of the injection site. (b) Blood velocity profile within the vessel. (c) Spatial
distribution on the vessel surface of the outward normal component of the magnetic force exerted by a 1.5 cm radius and
2 cm height magnet in reference position, calculated for Dynabeads MyOne bead.

4 Numerical analysis
The modelling study is performed by considering two types of commercial spherical beads for
research use only, namely MagSIGNAL (with a 300 nm mean diameter and a saturation magnetic
moment of about 0.002 pAm2) and Dynabeads MyOne (with a 1 µm diameter and a saturation
magnetic moment of about 0.025 pAm2). The first one is composed of 10-15 nm sized ferromagnetic
grains dispersed in a silica shell and has a density of 2.5 g/cm3 [28]; the second one is constituted by
a mixture of iron-oxides in a polymeric matrix and has a density of 1.8 g/cm3 [29]. The magnetic
behavior of the two beads is reconstructed by fitting, with Langevin function [5], the experimental
magnetization curves provided by the manufactures. For the evaluation of the steric force we assume
that the number of surfactant molecules per unit area on bead surface ns is 1015 [27], and the surfactant
layer thickness δ is set at 15 nm for MagSIGNAL and 40 nm for Dynabeads MyOne.
The magnetic field source is a cylindrical NdFeB magnet with remanent magnetization fixed to 1000
kA/m, and with a radius a of 1.5 cm and a height b of 2 cm, if not differently specified. In the
simulations below, the bottom of the magnet is generally localized at a distance of about 1 cm from
the nearest portion of vessel wall. In its reference position [schematized in Fig. 1(a)], the magnet
barycenter is located above the middle of the target region, which is defined as the upper part of the
wall in the central area of the vessel bifurcation.

4.1 Influence of magnetic source configuration
To investigate magnet efficacy to attract beads in a defined target region, we first calculate the surface
spatial distribution of the magnetic force, and in particular of the outward normal component 𝐹



to

the vessel wall. The analysis is performed by varying several parameters of the magnet, i.e. size
(height and radius), position and inclination with respect to the vessel. The aim is to find the magnetic
source configurations that maximize magnetic force, thus increasing the percentage of adhesion to
the target region. As an example, Fig. 1(c) reports the surface map of 𝐹



for the magnet reference

configuration, calculated for Dynabeads MyOne bead and for a magnet with radius of 1.5 cm and
height of 2 cm. The map enables us to find the areas of the vessel wall where the attraction should be
stronger (force amplitude in the order of 0.4-0.5 pN for the considered case).
For each considered configuration, we then estimate the average 𝐹



of the outward normal

component of the magnetic force, determined as the mean value on the surface mesh nodes in the
target region. In Fig. 2 we report the maps of 𝐹  , obtained by varying magnet parameters in the case
of Dynabeads MyOne bead. In particular, Fig. 2(a) shows the variation of 𝐹



as a function of magnet

radius a and height b; here, the x and y coordinates of the magnet barycenter are fixed to the reference
position ones, while the z component is modified to guarantee a minimum distance of 1 cm between
the magnet bottom and the nearest part of the vessel wall. The highest magnetic forces are reached
when the radius is about 1.5 cm and the height is larger than 1.5 cm: the greatest value, in the order
of 0.24 pN, is obtained for b = 3.2 cm.
In the following analysis, we fix the radius and height of the magnet to the reference values, i.e. a =
1.5 cm and b = 2 cm, which guarantee an average magnetic force in the target region of about 0.21
pN. The shift of the magnet on the xy-plane leads to the map of 𝐹



reported in Fig. 2(b), which shows

a quasi-circular symmetry with an increase in the attractive force up to 0.3 pN for displacements along
x- and y-axes of about 1 cm. For displacements larger than 2 cm the magnet becomes practically
ineffective in the target region: this emphasizes the need for an accurate fine-tuning of its position,
achievable with a pre-treatment medical imaging.
The attractive action of the magnet can be increased by modifying its inclination with respect to the
vessel wall. As an example, Figs. 2(c) and 2(d) show the change in 𝐹



obtained for two different

magnet positions when varying angles α and β, which define the orientations with respect to y- and
x-axis, respectively, as depicted in the reference frame of Fig. 1(a). In particular, Fig. 2(c) is calculated
for x=y=0, while Fig. 2(d) for Δx = -8 mm and Δy = -6 mm, i.e. the position that leads to the highest
magnitude of the average magnetic force, according to Fig. 2(b). In the two maps we can observe
ring-shaped areas where 𝐹



is larger; for the case with x=y=0 a maximum force higher than 1 pN

is reached, at the cost of a strong approach of the magnet to the vessel, which limits the possibility of
application. For the other case, the highest force value (0.5 pN) is achieved with α = 4.6º and β = 8º.
The results obtained for Dynabeads MyOne bead, illustrated in Fig. 2, are qualitatively valid also for
MagSIGNAL bead, with the significant difference that for the latter the magnetic force amplitude is
approximately one order of magnitude lower.

Fig. 2. Maps of the average magnetic force in the target region for Dynabeads MyOne bead. The average is calculated on
the outward normal component of the force with respect to the surface of the blood vessel. The study is made by varying:
(a) radius and height of the magnet; (b) position of magnet barycenter in the xy-plane (b); magnet inclination with respect
to x-axis (angle β) and y-axis (angle α) for the barycenter located (c) at the reference position and (d) shifted (Δx = -8 mm,
Δy = -6 mm). In (b), (c) and (d) the radius and height of the magnet are fixed to 1.5 cm and 2 cm, respectively.

Fig. 3. Results of bead transport simulations for different magnet positions u [Fig. 2(b)], comparing the behavior of
Dynabeads MyOne [(a), (c)] and MagSIGNAL [(b), (d)] beads. The plots in (a) and (b) report the percentage of bead
adhesion, when an ensemble of 300 identical beads is considered. The plots in (c) and (d) report the average adhesion
time per bead. Each graph shows separately the contributions from the whole vessel and the target region only, comparing
the results obtained without and with the magnet (with 1.5 cm radius and 2 cm height). The star-shaped markers
correspond to the case with the magnet located at u = 1 cm and rotated of angles α = 4.6º and β = 8º (in blue the result for
the entire vessel and in red the one for the target region only).

4.2 Analysis of bead transport and adhesion rate
Here, we investigate magnetic bead transport and rate of adhesion to the target region for the most
significant cases previously analyzed, solving systems of equation (1) by means of an implicit
variable-order and adaptive step method, based on Numerical Differentiation Formulas (NDFs) [30].
The aim is to study how the position of the magnet and the initial spatial distribution of beads at the
vessel inlet influence bead motion and, especially, bead adhesion to the target region. We also
compare these results with the ones obtained in the absence of external magnetic fields, to establish
the effective role of the magnet on bead adhesion. The simulations are carried out for both bead types,

calculating the trajectories of ensembles of 300 identical beads, from the injection site to release areas
or vessel outlets, assuming that the initial velocity of beads is zero. To set the initial positions of the
beads, we select an inner volume of the vessel close to the inlet cross-section, where beads are
randomly dispersed; this volume represents an ideal injection site indicated in Fig. 1(a).

Fig. 4. Schematic representing bead adhesion along the vessel wall, comparing the results obtained for (a) Dynabeads
MyOne and (b) MagSIGNAL beads to the relative ones for the case without magnet. The considered magnet has a radius
of 1.5 cm, a height of 2 cm and a position in the xy-plane defined by u = 1 cm.

Considering the results summarized in Fig. 2(b), we first simulate bead motion for eight different
positions of the magnet along the xy-plane, indicated with point markers in the same figure and
defined by distance parameter u. For all the configurations, the magnet axis is parallel to z-axis, except
for u = 1 cm, for which we also consider the case with a non-zero inclination, i.e. α = 4.6º and β = 8º.
In Figs. 3(a) and 3(b) we report the percentages of beads that adhere to the vessel wall versus magnet
position u, considering separately the adhesion on the entire vessel wall and in the target region only.
For both bead types, the number of beads immobilized on the vessel wall is generally larger when the
magnet is present, with a significant enhancement in the target region, which proves the efficacy of
the magnet to attract beads in the desired site. The role of the magnet is more evident for Dynabeads
MyOne beads, for which a strong increase in the percentage of adhesion can be observed also in the
entire vessel, due to the higher value of the magnetic force. The magnet efficacy tends to become
negligible for distances from the reference position larger than 1.5 cm, meaning that a fine control of
its location is required to drive in an optimized way the bead trajectories. For distances lower than
1.2 cm, no strong variations in the magnet performance are observed by varying u.
When u is set at 1 cm, in the target region Dynabeads MyOne and MagSIGNAL beads have a
percentage of adhesion equal to 68% and 54%, respectively, which is a significant increase compared
to the 49% and 46% reached in the absence of the magnet. For the case of Dynabeads MyOne, the
number of adhesions can be further increased by rotating the magnet; as an example, when α = 4.6º
and β = 8º, a percentage of adhesion of 75% is achieved (see the star-shaped markers in Fig. 3).

As a further study, we evaluate the adhesion time, i.e. the time interval that elapses between the
injection of beads in the vessel and the collision to the vessel wall, event in which we consider that
beads stop moving. Figures 3(c) and 3(d) show the average time of bead adhesion, as a function of
magnet position u; the beads that exit from the vessel through the outlets are not considered in the
average calculation. Like the percentage of bead adhesion, also the adhesion time does not exhibit
strong variations for distances lower than 1.2 cm, where in most cases the magnet accelerates the
approaching to vessel wall, mainly for Dynabeads MyOne. On the contrary, a considerable rise can
be observed when u is larger than 1.5 cm, especially for MagSIGNAL. This is again an indication of
the loss of magnet efficacy in the considered vessel segment, also proved by the fact that for u > 2
cm the average time of adhesion without the magnet is even lower than when it is present. For large
values of u, the magnet tries to exert a magnetic force that slows down beads in the blood flow, but
at the same time it is too weak to attract them to the vessel wall in the target region. As a result, the
number of adhesions in the target region decreases and a higher percentage of beads tends to adhere
in peripheral areas, where much more time is needed for targeting. These effects lead to an increase
in the average adhesion time and are particularly evident when the difference between the percentage
of bead adhesion in the whole vessel and that in the target region is larger.
The role of the magnet for optimal configurations (e.g. u = 1 cm) is well illustrated by Fig. 4, which
shows the corresponding spatial distribution of beads deposited on the vessel wall, comparing the
results obtained for Dynabeads MyOne and MagSIGNAL beads to the ones without the magnet. In
the latter, we can notice that the geometrical structure of the vessel has a significant influence on bead
distribution, with an enhancement of adhesion in proximity to bifurcations. Under the magnet action,
the beads tend to distribute more uniformly, especially in the target region. This effect is less
important for MagSIGNAL beads, even if the magnet leads to an increase in the number of adhesions.
Finally, we investigate if bead adhesion is affected by the initial spatial distribution of beads at the
inlet, considering a fixed magnet configuration (u = 1 cm). To this aim, we introduce a parameter ,
which defines the average distance of bead ensemble from the upper part of the vessel wall close to
the inlet [see schematic in Fig. 1(a)]. The obtained results are summarized in Fig. 5, which shows the
percentage of adhesion as a function of  (the data reported in the previous figures were calculated
with   0.17 mm). Generally, if the beads are initially placed closer to the wall part on the same
side of the magnet, a higher number of adhesions can be obtained, putting in evidence the need for a
proper selection of the injection site in relation to magnet position and vessel structure. A small
reduction in the percentage of adhesion can be observed for very low values of , due to the decrease
in bead velocity in proximity to the vessel wall. The role of the initial spatial distribution of beads is

more evident for MagSIGNAL beads, due to their weaker reaction to the applied magnetic field and
consequent dominance of viscous drag effects.

Fig. 5. Results of transport simulations for different spatial distributions of beads at the injection site, obtained by varying
parameter , i.e. the average distance of beads (at the initial time instant) to the upper part of the vessel wall close to the
inlet [Fig. 1(a)]. The figure compares the behavior of (a) Dynabeads MyOne and (b) MagSIGNAL beads, also considering
the relative cases without magnet. The plots report the percentage of bead adhesion, when an ensemble of 300 identical
beads is considered, showing separately the contributions from the whole vessel and the target region only. The considered
magnet has a radius of 1.5 cm, a height of 2 cm and a position in the xy-plane defined by u = 1 cm.

5. Conclusions
The numerical model presented here allows us to simulate the transport and deposition, under the
action of external magnetic fields, of magnetic nano/microbeads that circulate in a 3D segment of a
blood vessel reconstructed from medical images. The role of an external cylindrical magnet in driving
the motion of beads and their adhesion to a target region has been elucidated, investigating the
influence of magnet size and position with respect to the vessel. The magnet has been demonstrated
to be more effective for beads with larger size and magnetic moment, due to the dominance of

magnetic force over viscous drag effects. The analysis has also highlighted the need for an accurate
fine-tuning of the position of the magnet (to be controlled in the millimeter range) as well as of the
bead injection site, in order to enhance the rate of adhesion to a specific target region. In particular,
it is evidenced the importance of a priori study of the magnetic force spatial distribution along the
vessel wall, in order to find the magnet configuration that leads to larger magnetic field gradients and,
consequently, that allows us to increase the number of bead adhesions with reduced time of
circulation.
Finally, the developed model has proven to be a useful tool for studying the magnetically driven
transport and targeting of magnetic particles in the tissue microvasculature, providing support to the
optimization of both particle properties and magnetic source configurations for biomedical
applications, like drug delivery.
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