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Abstract 

Traceability of digital sensors is a metrological challenge, as well as a present priority, as stated within the emerging 
metrology requirements for the future in the Strategy 2017 to 2027 document of the Consultative Committee for Acoustics, 
Ultrasound, and Vibration of BIPM. From this perspective, in this paper, a calibration system for 3-axis digital MEMS 
accelerometers is described, in order to simultaneously evaluate the main and transverse sensitivities in the frequency domain 
(from 5 Hz up to 3 kHz) and in static conditions, together with a proper sensitivity parameter for digital outputs, thus providing 
the required metrological traceability. The procedure, based on the comparison to a reference transducer, involves a single-axis 
excitation of inclined planes. Experimental results are expressed in terms of exploitation and sensitivities matrices. Overall 
expanded uncertainties of the main terms are in the order of 2%, in dynamic conditions, and 1%-2% in static conditions. The 
feasibility of this system can be exploited for the development of manufacturers’ in-line control systems and for the 
investigation of large-scale calibration procedures. 

Keywords: calibration, multi-component, digital MEMS accelerometer, 3-axis, sensitivity matrix  

 

1. Introduction 

Accuracy and traceability of digital MEMS accelerometers, 
beyond being fundamental requirements in measurement 
science, allow improving the measurement reliability in 
applied sciences and engineering. Vibrations and dynamic 
motions control play an important role in many industrial 
processes (e.g., by ensuring the correct functioning of systems 
and subsystems, or monitoring performance degradation for 
defects prevention), in smart manufacturing and Industry 4.0 
(e.g., by managing the automation and enhancing the Machine 
Learning), as well as for many other applications nowadays 
widespread, such as environmental, seismic and 
infrastructures survey, navigation and positioning systems, 
remote surgery and diagnoses, health feedback survey and 
environmental/natural hazard. 

In these applications, data quality is of paramount 
importance, in particular for managing big data and data 
aggregation in extensive sensor and multi-sensor networks. 

Actually, data quality assessment of sensor networks depends 
on a complex metrological infrastructure, in which topics as 
traceable calibration of digital sensors in nodes, metrological 
treatment of sensor network as a whole, as well as remote self-
calibration, data fusion in network systems and the overall 
uncertainty budget evaluation, are nowadays under 
investigation [1, 2]. As reported by the BIPM strategy 
document by the Consultative Committee for Acoustics, 
Ultrasound, and Vibration, «the deployment of such systems 
needs to be underpinned by new metrology to support reliable 
and safe operation (including digital sensoring) and for 
underpinning traceability chains and quality management 
requirements» [3]. The calibration of digital sensors, with the 
associated uncertainty budget, is the first step in order to 
ensure traceability and measurement accuracy of nodes in 
sensor networks, as well as in other innovative 
implementations. Moreover, the evolving improvement of the 
technical performance and the reliability of MEMS sensors are 
emerging quality attributes of interest for costumers and end-
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users, as a consequence «manufacturers see value in a 
traceability chain to the national laboratories, however, the 
currently used reference accelerometers and testing protocols 
are not compatible with their requirements» [3]. 

At present, most of digital MEMS sensors are not always 
reliable to quantify with adequate accuracy the physical 
phenomena to be measured [4], due to the lack of metrological 
traceability and proper sensitivity parameters of digital 
sensors [5], since «these technologies have different mounting 
requirements, use different testing and calibration protocols, 
and use digital interfaces for data and communications» [3]. 
In the particular case of digital MEMS accelerometers, the 
sensitivity is generally provided by the manufacturer without 
traceable methods and is obtained in static conditions, whereas 
dynamic response, as a function of frequency, is often barely 
known or completely disregarded. On the other hand, 
traceable calibration methods for digital sensors, including 
sensitivity parameter and an appropriate uncertainty 
evaluation are necessary [1,6] in order to consider digital 
MEMS accelerometers as actual measurement devices in the 
frequency domain, in analogy to inertial 3-axis 
accelerometers, calibrated in the local gravitational field [7,8]. 

In this paper, a calibration system, developed at INRiM, is 
proposed and applied for the simultaneous calibration of 3-
axis digital MEMS accelerometers in the frequency domain. 
The calibration procedure, based on the comparison to a 
reference transducer (in analogy to ISO Standard 16063-21 
[9]), allows to simultaneously evaluate the main and 
transverse sensitivities on three axes by means of a single-axis 
vibration excitation, by using inclined planes rigidly fixed to 
the vibrating table. A preliminary version of the system was 
previously investigated for the characterization of analog 
MEMS accelerometers performance in operative conditions 
[10-12]. This method differs from the methods proposed in 
ISO 16063-31 [13] and literature [14 -16], in which the main 
and the transverse sensitivities are simultaneously determined 
by means of 3-axis vibration excitation.  

Measurements are performed at a nearly constant amplitude 
of 10 m∙s-2, as a function of frequency, from 5 Hz up to 3 kHz, 
and in static condition. The main sensitivities and the related 
transverse sensitivities are determined in matrix form, as well 
as the exploitation matrix, whose terms are the ones actually 
used by end-users. The detailed uncertainty budget is 
evaluated according to GUM [17]. 

 

2. The digital 3-axis MEMS accelerometer 

In very general terms, a digital MEMS sensor is composed 
of a sensing element to detect the physical signal to be 
measured, a programmable gain amplifier to boost the signal 
and an analog-to-digital converter to digitize the signal into 
the digital domain. All components are included in a volume 

of about 10 mm3 or less. Digital signal is then transferred to a 
microcontroller for data processing.  

The digital MEMS accelerometer investigated in this work 
is a commercial low-power digital MEMS accelerometer (ST, 
model LSM6DSR [18]), as shown in figure 1. It is composed 
of an accelerometer sensor, a power supply, a charge 
amplifier, and an analog-to-digital converter. The digital 
MEMS accelerometer is connected by a serial cable to a 
separated IC-board, in which other electronic components are 
integrated. The external microcontroller (ST, model 
32F769IDISCOVERY [19]) acquires the digital samples and 
provides the required power supply to the MEMS 
accelerometer. The signal is acquired by means of a Serial 
Peripheral Interface (SPI), which is a synchronous serial 
communication interface used for connecting digital devices 
together.  

 

 
 
Figure 1. a) The IC-board of the external microcontroller, 
for the output data managing, (60mm×50mm); b) the MEMS 
accelerometer (25mm×25mm). 

 
The mechanical vibrations to be measured are detected by 

the MEMS sensing element, which releases a related quantity 
of charge. Variations of  quantity of charge are converted into 
voltage variations, amplified, and then converted into digital 
samples by a sigma-delta analog-to-digital converter (ΣΔ-
ADC) located within the MEMS. The 1-bit signal from the 
ΣΔ-ADC is then converted through a decimation process and 
a low pass filter into a standard 16-bit-signed PCM (Pulse 
Code Modulation) signal with a sampling frequency rate of 
6.66 kHz. The amplitude values range 
between -216-1-1=-32767 Decimal16-bit-signed and 
+(216-1-1)=+32767 Decimal16-bit-signed, where the digit unit is a 
signed 16-bit sequence converted into a decimal number.  

The sensitivity of this digital MEMS accelerometer, 
expressed by manufacturer as 0.122 mg/Decimal16-bit-signed, i.e. 
1.197×10-3 (m s-2)/Decimal16-bit-signed, is conventionally 
attributed to every sensitive axis of the sensor for static and 
dynamic measurements, independently from frequency. 

3. The definition of «digitized» sensitivity 
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As defined in the International Vocabulary of Metrology 
[20], the sensitivity of a measuring system, or sensitivity, is 
the «quotient of the change in an indication of a measuring 
system and the corresponding change in a value of a quantity 
being measured». Sensing elements of analog measuring 
systems convert the input physical quantities to be measured, 
into proportional output physical quantities, as “indication”. 
In digital measuring systems, the output physical quantities 
are directly digitized by the analog-to-digital converters, and 
the related “indication” is given in bit-strings; as a 
consequence, calibration of digital measuring systems is 
carried out by defining the relation between a 0/1 sequence 
and a physical quantity. The resulting “quotient” is a digitized 
sensitivity since the numerator unit of measurement is related 
to a n-bit 0/1 sequence converted into a decimal number 
(Decimaln-bit) and the denominator is the unit of the reference 
measured physical quantity [21,22]. Therefore, the sensitivity 
of a digital MEMS accelerometer is expressed, in linear units, 
as Decimaln-bit/(m∙s-2), similarly to typical sensitivity of analog 
accelerometers, expressed in linear units, in terms of V/(m∙s-

2).  

4. Calibration setup and procedure 

4.1 Calibration set-up and experiment design 

ISO 16063-21 defines procedures and methods for the 
calibration of single-axis vibration transducers by comparison 
to a reference transducer with a single-axis excitation [9]. 
However, these methods are not suitable for the simultaneous 
evaluation of main and transverse sensitivities of multi-
component accelerometers. On the other hand, in ISO 
16063-31 [13] the main and the transverse sensitivities along 
the three axis can be simultaneously determined only by using 
tri-axial vibration excitation; otherwise, for single-axis 
excitation, main and transverse sensitivities can be determined 
with different procedures, e.g., by using controlled turntable 
[23], but only along a single-axis. Therefore, these methods 
are not feasible in terms of timings and costs, compatibly with 
the low-cost of the sensors. 

The calibration set-up here proposed, consisting of a single-
axis vibrating table on which aluminum inclined planes are 
screwed, allows to generate a projection of the reference 
acceleration along three axes simultaneously. A single vertical 
sinusoidal acceleration at nearly-constant amplitude acts as 
reference acceleration aref along the vertical z’-axis of the 
system. In this way, accelerations of proportional amplitudes 
released along the three axes, are simultaneously generated on 
the inclined surface plane. From simple trigonometrical laws, 
the reference accelerations detected by the digital MEMS 
accelerometer, along its three sensitive axes, are expected to 
be: 

 
 ax,theor =  �aref sin(𝛼𝛼) cos(𝜔𝜔)� (1) 

 
 ay,theor =  �aref sin(𝛼𝛼) sin(𝜔𝜔)� (2) 

 
 az,theor = �aref  cos(𝛼𝛼)� (3) 

 
where, α is the inclination angle, ω is the angle of rotation, 

aref is the Root Mean Square (RMS) reference acceleration 
along the vertical z’-axis of the system, and ax,theor, ay,theor, 
az,theor are the RMS reference accelerations spread along x-, y- 
and z-axis of the MEMS accelerometer.  

In figures 2 and 3, the geometrical principle of the proposed 
method on which the digital MEMS accelerometer is fixed 
during calibration is schematically depicted.  

 
 
Figure 2. Inclined plane – scheme (front and lateral view). 

 

 
Figure 3. Inclined plane – 3-D scheme. 

 
In the experimental set-up, the inclined plane is screwed on 

the vertical vibrating table (PCB Precision Air Bearing 
Calibration Shaker), and the digital MEMS accelerometer is 
fixed to the inclined plane and located along the vertical axis 
of excitation (i.e., the center of the vibrating table), by means 
of an ultra-thin double-sided adhesive tape (provided by 3M 
Company) used in actual applications. The effects of the tape 
on the calibration are quantified: a traditional piezoelectric 
accelerometer is calibrated (along the single vertical axis z, 
according to ISO 16063-21), both by screwing it and by fixing 
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it with the tape to the vibrating table. Results of comparison 
show that the relative difference between tape and screw is 
<0.1% up to 1 kHz and <0.4% up to 3 kHz.   

A configuration of the MEMS calibration setup is shown in 
figure 4. Before starting the measurements, the MEMS is 
aligned by means of a suitable aluminum centring mask, 
screwed to the inclined planes, as shown in figure 4.a and 4.b; 
once the MEMS is fixed, the centring mask is removed, and 
calibration is performed as shown in figure 4.c.  
 

 
Figure 4. a) The centring mask. b) The alignment of the 

MEMS on the inclined plane by means of the centring mask. 
c) The calibration set-up: the MEMS fixed to the inclined 
plane on the vibrating table. 

 
The acceleration along vertical z’-axis aref is measured by a 

single axis reference transducer (PCB model 
080A199/482A23), calibrated according to ISO 16063-
11:1999 [24], against INRiM primary standard [25], 
integrated within the stroke of the shaker and is acquired by 
an acquisition board NI 4431 (sampling rate of 50 kHz) 
integrated in the PC and processed through LabVIEW 
software to provide the RMS reference value in m s-2. The 
digital MEMS output is acquired by the external 
microcontroller at a maximum sampling rate of 6.660 kHz and 
saved as binary files. These files are then processed with 
MATLAB software: the RMS digital value for each specific 
frequency f, expressed in Decimal16-bit-signed, is obtained by 
applying a first-order Butterworth band-pass filter, centred at 
the frequency of interest with a fractional bandwidth of 10%, 
to the temporal digital signals and, subsequently, by 
computing the Root Mean Square, in order to remove the off-
set due to gravity and the influence of background vibrations. 
For the static condition, a low-pass filter at 1 Hz is used to 
remove the background vibrations. The reference 
accelerometer signal outputs and the digital MEMS signal 
outputs are simultaneously acquired.  

Calibration is carried out at 11 frequencies between 5 Hz 
and 3 kHz (5 Hz, 10 Hz, 20 Hz, 40 Hz, 80 Hz, 160 Hz, 315 Hz, 
630 Hz, 1 kHz, 2 kHz, 3 kHz) and in static condition. A 
reference acceleration at a nearly-constant amplitude of 10 m 
s-2 is generated along the vertical z’-axis of the system for 10 
s. In static condition acceleration due to gravity is measured 
by the INRiM absolute rise-and-fall gravimeter [25,26]. 
Measurements are performed in 48 configurations obtained by 
fixing the MEMS accelerometer to the center of the vibrating 
table at eight different angles of rotation ω (with rotation steps 
of 0°, 45°, 90°, 135°, 180°, 225°, 270°, and 315°), at six 
different inclination angles α (with inclination of 0°, 15°, 35°, 
55°, 75°, and 90°, with respect to horizontal axis). With these 
experimental plans, no correlation between independent 
variables ω and α occurs, as well as with aref which is constant, 
as shown in figure 5. As a consequence, every combination of 
these parameters, for each frequency, leads to the creation of 
a different set of ax, ay, az reference accelerations. 
Representation of such accelerations, in figure 6, immediately 
shows the large number of measurement conditions, allowing 
to avoid the correlation between the independent variables and 
its influence on measurement uncertainty and accuracy [27].  

 

 
Figure 5. Representation of the 6 inclinations × 8 rotations 
combinations used in the calibration procedure. 

 

 
Figure 6. Representation of the 48 different experimental 
conditions. (ax;az) combinations are reported in blue, while 
(ax;ay) combinations are reported in red. 

   𝐸𝐸𝑡𝑡𝑡𝑡𝑡𝑡 =  ��𝐸𝐸1,0𝑒𝑒𝑖𝑖(𝜔𝜔𝜔𝜔) + 𝐸𝐸2,0𝑒𝑒𝑖𝑖(𝜔𝜔𝜔𝜔+𝜑𝜑2) + 𝐸𝐸3,0𝑒𝑒𝑖𝑖(𝜔𝜔𝜔𝜔+𝜑𝜑3) + 𝐸𝐸4,0𝑒𝑒𝑖𝑖(𝜔𝜔𝜔𝜔+𝜑𝜑4)�2 = ��𝐸𝐸1,0 + 𝐸𝐸2,0𝑒𝑒𝑖𝑖𝜑𝜑2 + 𝐸𝐸3,0𝑒𝑒𝑖𝑖𝜑𝜑3 + 𝐸𝐸4,0𝑒𝑒𝑖𝑖𝜑𝜑4�
2 = 

           = ��𝐸𝐸1,0 + 𝐸𝐸2,0 cos𝜑𝜑2 + 𝐸𝐸3,0 cos𝜑𝜑3 + 𝐸𝐸4,0 cos𝜑𝜑4�
2 + �𝐸𝐸2,0 sin𝜑𝜑2 + 𝐸𝐸3,0 sin𝜑𝜑3 + 𝐸𝐸4,0 sin𝜑𝜑4�

2
 

(4) 
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    ax =  

�
�ax,theor + �a𝑥𝑥′,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠  cos(𝛼𝛼) cos(𝜔𝜔)� cos𝜑𝜑𝑥𝑥′,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 + �a𝑦𝑦′,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 sin(𝜔𝜔)� cos𝜑𝜑𝑦𝑦′,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 + �a𝑧𝑧′,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠  sin(𝛼𝛼) cos(𝜔𝜔)� cos𝜑𝜑𝑧𝑧′,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠�

2 +

+��a𝑥𝑥′,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 cos(𝛼𝛼) cos(𝜔𝜔)� sin𝜑𝜑𝑥𝑥′,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 + �a𝑦𝑦′,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 sin(𝜔𝜔)� sin𝜑𝜑𝑦𝑦′,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 + �a𝑧𝑧′,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠  sin(𝛼𝛼) cos(𝜔𝜔)� sin𝜑𝜑𝑧𝑧′,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠�
2  

  
(5) 

 

ay =  �
�ay,theor + �a𝑥𝑥′,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠  cos(𝛼𝛼) sin(𝜔𝜔)� cos𝜑𝜑𝑥𝑥′,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 + �a𝑦𝑦′,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 cos(𝜔𝜔)� cos𝜑𝜑𝑦𝑦′,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 + �a𝑧𝑧′,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 sin(𝛼𝛼) sin(𝜔𝜔)� cos𝜑𝜑𝑧𝑧′,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠�

2

+��a𝑥𝑥′,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠  cos(𝛼𝛼) sin(𝜔𝜔)� sin𝜑𝜑𝑥𝑥′,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 + �a𝑦𝑦′,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 cos(𝜔𝜔)� sin𝜑𝜑𝑦𝑦′ , 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 + �a𝑧𝑧′,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 sin(𝛼𝛼) sin(𝜔𝜔)� sin𝜑𝜑𝑧𝑧′,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠�
2  

   
(6) 

 

    az =  �
�az,theor + �a𝑥𝑥′,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠  sin(𝛼𝛼)� cos𝜑𝜑𝑥𝑥′,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 + �a𝑧𝑧′,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠  cos(𝛼𝛼)� cos𝜑𝜑𝑧𝑧′,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠�

2 +

+��a𝑥𝑥′,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠  sin(𝛼𝛼)� sin𝜑𝜑𝑥𝑥′,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 + �a𝑧𝑧′,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 cos(𝛼𝛼)� sin𝜑𝜑𝑧𝑧′,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠�
2  

 
(7) 

  

4.2 Evaluation of systematic effects and correction of 
the reference accelerations model 

As described in the previous Section, reference 
accelerations are given by equations (1)-(3) by using simple 
trigonometrical laws. However, in dynamic conditions, 
systematic effects caused by spurious oscillating components 
along the three axis (x’-, y’- and z’) of the reference system at 
MEMS position need to be taken into account. Such 
components are mainly due to the vibrational modes of the 
inclined aluminum plates and due to small but not negligible 
horizontal motions of the shaker.  

Experimental evaluation of systematic effects due to 
spurious components is carried out by means of a laser-
Doppler velocimeter (Polytec OFV 505). Amplitude and 
phase measurements along the x’-, y’- and z’-axis of the 
reference system are evaluated for each inclined plane and for 
all frequencies, at reference vertical amplitude of 10 m s-2. 
Laser signal, during measurements of spurious components 
amplitude, is acquired by a NI 4431 board (sampling rate of 
50 kHz) integrated into the PC, while measurement of phase 
differences between reference acceleration and spurious 
components are measured by means of a dynamic signal 
analyzer (KEYSIGHT 35670A).  

Since the digital MEMS accelerometer is too small to be 
used as a reflective surface, the beam spot of the laser directly 
hits a small aluminum triangular-based parallelepiped located 
at MEMS position and fixed to the different inclined planes, 
as shown in figure 5. The volume of the triangular-based 
parallelepiped is around 0.5 cm3, which is 0.6% of the total 
volume of the inclined plane, i.e., negligible with respect to 
the total mass.  

Each spurious component along reference system x’-, y’- 
and z’-axis, has to be decomposed along MEMS x-, y- and z- 
axis and summed to the reference accelerations ax,theor, ay,theor, 
az,theor according to wave interference laws.  

By way of example, considering the general case of four 
overlapping waves, 𝐸𝐸1 = 𝐸𝐸1,0𝑒𝑒𝑖𝑖(𝜔𝜔𝜔𝜔), 𝐸𝐸2 = 𝐸𝐸2,0𝑒𝑒𝑖𝑖(𝜔𝜔𝜔𝜔+𝜑𝜑2), 𝐸𝐸3 =

𝐸𝐸3,0𝑒𝑒𝑖𝑖(𝜔𝜔𝜔𝜔+𝜑𝜑3), 𝐸𝐸4 = 𝐸𝐸4,0𝑒𝑒𝑖𝑖(𝜔𝜔𝜔𝜔+𝜑𝜑4), oscillating at the same 
frequency ω, with different amplitudes and phase differences 
with respect to the reference signal E1, along a particular 
direction, their interference can be described according to 
equation (4). 

In this way, it is possible to correct reference theoretical 
accelerations along MEMS axes in equations (1)-(3), into ax, 
ay, az of equations (5)-(7), where ax’,syst, ay’,syst, az’,syst and φx’,syst, 
φy’,syst, φz’,syst are, respectively, the amplitudes and the phase 
differences, with respect to the reference signal aref, of the 
spurious components along x’-, y’- and z’-axis. The amplitude 
of spurious components is, as average, around 10% of the 
reference acceleration. In static conditions, these systematic 
effects are neglected and equations (1)-(3) can be used as a 
reference model. 
 

 
 
Figure 5. The laser beam hitting the aluminum triangular-
based parallelepiped located at the MEMS position. 

5. Calibration results and uncertainty assessment 

5.1 Evaluation of exploitation and sensitivity matrices 

In an ideal 3-axis digital MEMS accelerometer, every 
output is only dependent on the relevant acceleration 
component. This condition is usually accepted for traditional 
high-quality accelerometers, whose sensitivity is only 
evaluated and expressed along the main axes. Nevertheless, in 
real conditions, and in particular for low-cost sensors, this 
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condition is not really true, since transducer outputs interact 
with each other and transverse sensitivities might play a 
crucial role [11]. In such conditions, each acceleration 
component aj (j=1, 3) can be expressed, in first analysis, as a 
linear combination of the 3-axis digital MEMS accelerometer 
outputs Ui (i=1, 3), considering the second-order interactions 
negligible, as shown in equations (8)-(9) and, in detail, in 
equation (10). 

 
aj =  �𝑈𝑈𝑖𝑖 ∙ 𝐴𝐴𝑖𝑖,𝑗𝑗

3

𝑖𝑖=1

 (8) 

 
[𝑎𝑎𝑥𝑥 𝑎𝑎𝑦𝑦 𝑎𝑎𝑧𝑧]

=  [𝑈𝑈𝑥𝑥 𝑈𝑈𝑦𝑦 𝑈𝑈𝑧𝑧] �
𝐴𝐴𝑥𝑥𝑥𝑥 𝐴𝐴𝑥𝑥𝑥𝑥 𝐴𝐴𝑥𝑥𝑥𝑥
𝐴𝐴𝑦𝑦𝑦𝑦 𝐴𝐴𝑦𝑦𝑦𝑦 𝐴𝐴𝑦𝑦𝑦𝑦
𝐴𝐴𝑧𝑧𝑧𝑧 𝐴𝐴𝑧𝑧𝑧𝑧 𝐴𝐴𝑧𝑧𝑧𝑧

� (9) 

 
 

�
𝑎𝑎𝑥𝑥 =  𝑈𝑈𝑥𝑥 ∙ 𝐴𝐴𝑥𝑥𝑥𝑥 + 𝑈𝑈𝑦𝑦 ∙ 𝐴𝐴𝑦𝑦𝑦𝑦 + 𝑈𝑈𝑧𝑧 ∙ 𝐴𝐴𝑧𝑧𝑧𝑧
𝑎𝑎𝑦𝑦 =  𝑈𝑈𝑥𝑥 ∙ 𝐴𝐴𝑥𝑥𝑥𝑥 + 𝑈𝑈𝑦𝑦 ∙ 𝐴𝐴𝑦𝑦𝑦𝑦 + 𝑈𝑈𝑧𝑧 ∙ 𝐴𝐴𝑧𝑧𝑧𝑧
𝑎𝑎𝑧𝑧 =  𝑈𝑈𝑥𝑥 ∙ 𝐴𝐴𝑥𝑥𝑥𝑥 + 𝑈𝑈𝑦𝑦 ∙ 𝐴𝐴𝑦𝑦𝑦𝑦 + 𝑈𝑈𝑧𝑧 ∙ 𝐴𝐴𝑧𝑧𝑧𝑧

 (10) 

  
Ai,j are the coefficients used to calculate the aj acceleration 

components from the 3-axis MEMS outputs Ui. Considering 
the n linearly independent sets of values, i.e. the set of the 48 
calibration measurements, equation (9) becomes:  

 

�
𝑎𝑎𝑥𝑥1 𝑎𝑎𝑦𝑦1 𝑎𝑎𝑧𝑧1
⋮ ⋱ ⋮
𝑎𝑎𝑥𝑥𝑥𝑥 𝑎𝑎𝑦𝑦𝑦𝑦 𝑎𝑎𝑧𝑧𝑧𝑧

�

=  �
𝑈𝑈𝑥𝑥1 𝑈𝑈𝑦𝑦1 𝑈𝑈𝑧𝑧1
⋮ ⋱ ⋮
𝑈𝑈𝑥𝑥𝑥𝑥 𝑈𝑈𝑦𝑦𝑦𝑦 𝑈𝑈𝑧𝑧𝑧𝑧

�  �
𝐴𝐴𝑥𝑥𝑥𝑥 𝐴𝐴𝑥𝑥𝑥𝑥 𝐴𝐴𝑥𝑥𝑥𝑥
𝐴𝐴𝑦𝑦𝑦𝑦 𝐴𝐴𝑦𝑦𝑦𝑦 𝐴𝐴𝑦𝑦𝑦𝑦
𝐴𝐴𝑧𝑧𝑧𝑧 𝐴𝐴𝑧𝑧𝑧𝑧 𝐴𝐴𝑧𝑧𝑧𝑧

� 

(11) 

 
or, in general matrix form, 

 
 𝐚𝐚 =  𝐔𝐔 𝐀𝐀 (12) 

 
where a is the n×j reference accelerations matrix, U is the n×i 
matrix of the 3-axis MEMS outputs, and A is the i×j 
coefficients matrix, also called exploitation matrix, which is 
the matrix actually used by end-users. In this specific case, 
matrix A is a 3×3 squared matrix. 

Matrix A and its Ai,j coefficients can be evaluated through a 
linear regression according to equation (13). 

 
 𝐀𝐀 =  [𝐔𝐔𝐓𝐓𝐔𝐔]−1𝐔𝐔𝐓𝐓𝐚𝐚  (13) 

 
In the same way, to evaluate sensitivity matrix, considering 

the n linearly independent sets of values, each 3-axis digital 
MEMS accelerometer output Ui (i=1, 3) can be expressed as a 
linear combination of the acceleration components aj (j=1, 3), 
according to equation (14).  

 
 𝐔𝐔 = 𝐚𝐚 𝐀𝐀−𝟏𝟏 = 𝐚𝐚 𝐒𝐒 (14) 

 
where S (3×3) is the sensitivity matrix, in which the diagonal 
terms are the main sensitivities, and the out-of-diagonal terms 
are the transverse sensitivities. Sensitivity matrix can be 
calculated as the inverse of the exploitation matrix, S=A-1. 

5.2 Uncertainty evaluation 

A comprehensive uncertainty evaluation is performed 
according to GUM [17].  

The i×j (3×3) matrix of the variances referred to the single 
terms of the exploitation matrix, u2(A), is given by the general 
rule of random error propagation, according to equation (15) 
[28]. These matrices have not to be confused with the 
covariance matrix, since, for multi-component transducers, 
sensitivity is represented in matrix form.  

 

𝐮𝐮𝟐𝟐(𝐀𝐀) = �
𝑢𝑢2(𝐴𝐴𝑥𝑥𝑥𝑥) 𝑢𝑢2�𝐴𝐴𝑥𝑥𝑥𝑥� 𝑢𝑢2(𝐴𝐴𝑥𝑥𝑥𝑥)
𝑢𝑢2�𝐴𝐴𝑦𝑦𝑦𝑦� 𝑢𝑢2�𝐴𝐴𝑦𝑦𝑦𝑦� 𝑢𝑢2�𝐴𝐴𝑦𝑦𝑦𝑦�
𝑢𝑢2(𝐴𝐴𝑧𝑧𝑧𝑧) 𝑢𝑢2�𝐴𝐴𝑧𝑧𝑧𝑧� 𝑢𝑢2(𝐴𝐴𝑧𝑧𝑧𝑧)

� = 

 
= [[𝐔𝐔𝐓𝐓𝐔𝐔]−1𝐔𝐔𝐓𝐓]  𝐮𝐮𝟐𝟐(𝐚𝐚)  [[𝐔𝐔𝐓𝐓𝐔𝐔]−𝟏𝟏𝐔𝐔𝐓𝐓]𝐓𝐓 = 𝐜𝐜 𝐮𝐮𝟐𝟐(𝐚𝐚) 𝐜𝐜𝐓𝐓 

(15) 

 
where c=[[UTU]-1UT] is a i×n (3×48) matrix and u2(a) is the 

n×n (48×48) matrix representing the variances of the reference 
accelerations along the three axes, calculated from equation 
(16): 

 
 𝐮𝐮𝟐𝟐(𝐚𝐚) =  𝐌𝐌 𝐮𝐮𝟐𝟐(𝑥𝑥𝑘𝑘) 𝐌𝐌𝐓𝐓 (16) 

 
where M is the n×k (48×24) matrix of the partial 

derivatives, or sensitivity coefficients, from the reference 
model in equations (5)-(7), including systematic effects, 
calculated for each of the n=48 measurements, as reported in 
equation (17). 

u2(xk) is the k×k (24×24) covariance matrix containing the 
uncertainty contributions of the independent variables that has 
to be propagated for the three reference accelerations: u2(aref), 
u2(α), u2(ω), u2(ax’,syst), u2(ay’,syst), u2(az’,syst), u2(φx’,syst), 
u2(φy’,syst), u2(φz’,syst) for ax, u2(aref), u2(α), u2(ω), u2(ax’,syst), 
u2(ay’,syst), u2(az’,syst), u2(φx’,syst), u2(φy’,syst), u2(φz’,syst) for ay, and 
u2(aref), u2(α), u2(ax’,syst), u2(az’,syst), u2(φx’,syst), u2(φz’,syst) for az, 
as shown in equation (18). 

Diagonal terms, reported in bold, are represented by the 
variances of the independent variables, while out-of-diagonal 
covariance terms correspond to the variances when the 
covariance is evaluated between two same variables, 
propagated for different reference acceleration components, or 
are equal to zero in all other cases, i.e., when the
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𝐌𝐌 =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ 𝛿𝛿𝑎𝑎𝑥𝑥
𝛿𝛿𝑎𝑎𝑟𝑟𝑟𝑟𝑟𝑟

�
𝑎𝑎𝑥𝑥1

𝛿𝛿𝑎𝑎𝑥𝑥
𝛿𝛿𝛿𝛿 �𝑎𝑎𝑥𝑥1

𝛿𝛿𝑎𝑎𝑥𝑥
𝛿𝛿𝛿𝛿 �𝑎𝑎𝑥𝑥1

𝛿𝛿𝑎𝑎𝑥𝑥
𝛿𝛿𝑎𝑎𝑥𝑥’,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

�
𝑎𝑎𝑥𝑥1

𝛿𝛿𝑎𝑎𝑥𝑥
𝛿𝛿𝑎𝑎𝑦𝑦’,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

�
𝑎𝑎𝑥𝑥1

𝛿𝛿𝑎𝑎𝑥𝑥
𝛿𝛿𝑎𝑎𝑧𝑧’,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

�
𝑎𝑎𝑥𝑥1

𝛿𝛿𝑎𝑎𝑥𝑥
𝛿𝛿𝜑𝜑𝑥𝑥’,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

�
𝑎𝑎𝑥𝑥1

𝛿𝛿𝑎𝑎𝑥𝑥
𝛿𝛿𝜑𝜑𝑦𝑦’,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

�
𝑎𝑎𝑥𝑥1

𝛿𝛿𝑎𝑎𝑥𝑥
𝛿𝛿𝜑𝜑𝑧𝑧’,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

�
𝑎𝑎𝑥𝑥1

⋮
⋮
⋮

𝛿𝛿𝑎𝑎𝑥𝑥
𝛿𝛿𝑎𝑎𝑟𝑟𝑟𝑟𝑟𝑟

�
𝑎𝑎𝑥𝑥𝑥𝑥

𝛿𝛿𝑎𝑎𝑥𝑥
𝛿𝛿𝛿𝛿 �𝑎𝑎𝑥𝑥𝑥𝑥

𝛿𝛿𝑎𝑎𝑥𝑥
𝛿𝛿𝛿𝛿 �𝑎𝑎𝑥𝑥𝑥𝑥

𝛿𝛿𝑎𝑎𝑥𝑥
𝛿𝛿𝑎𝑎𝑥𝑥’,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

�
𝑎𝑎𝑥𝑥𝑥𝑥

𝛿𝛿𝑎𝑎𝑥𝑥
𝛿𝛿𝑎𝑎𝑦𝑦’,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

�
𝑎𝑎𝑥𝑥𝑥𝑥

𝛿𝛿𝑎𝑎𝑥𝑥
𝛿𝛿𝑎𝑎𝑧𝑧’,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

�
𝑎𝑎𝑥𝑥𝑥𝑥

𝛿𝛿𝑎𝑎𝑥𝑥
𝛿𝛿𝜑𝜑𝑥𝑥’,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

�
𝑎𝑎𝑥𝑥𝑥𝑥

𝛿𝛿𝑎𝑎𝑥𝑥
𝛿𝛿𝜑𝜑𝑦𝑦’,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

�
𝑎𝑎𝑥𝑥𝑥𝑥

𝛿𝛿𝑎𝑎𝑥𝑥
𝛿𝛿𝜑𝜑𝑧𝑧’,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

�
𝑎𝑎𝑥𝑥𝑥𝑥

 

 
𝛿𝛿𝑎𝑎𝑦𝑦
𝛿𝛿𝑎𝑎𝑟𝑟𝑟𝑟𝑟𝑟

�
𝑎𝑎𝑦𝑦1

𝛿𝛿𝑎𝑎𝑦𝑦
𝛿𝛿𝛿𝛿 �𝑎𝑎𝑦𝑦1

𝛿𝛿𝑎𝑎𝑦𝑦
𝛿𝛿𝛿𝛿 �𝑎𝑎𝑦𝑦1

𝛿𝛿𝑎𝑎𝑦𝑦
𝛿𝛿𝑎𝑎𝑥𝑥’,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

�
𝑎𝑎𝑦𝑦1

𝛿𝛿𝑎𝑎𝑦𝑦
𝛿𝛿𝑎𝑎𝑦𝑦’,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

�
𝑎𝑎𝑦𝑦1

𝛿𝛿𝑎𝑎𝑦𝑦
𝛿𝛿𝑎𝑎𝑧𝑧’,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

�
𝑎𝑎𝑦𝑦1

𝛿𝛿𝑎𝑎𝑦𝑦
𝛿𝛿𝜑𝜑𝑥𝑥’,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

�
𝑎𝑎𝑦𝑦1

𝛿𝛿𝑎𝑎𝑦𝑦
𝛿𝛿𝜑𝜑𝑦𝑦’,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

�
𝑎𝑎𝑦𝑦1

𝛿𝛿𝑎𝑎𝑦𝑦
𝛿𝛿𝜑𝜑𝑧𝑧’,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

�
𝑎𝑎𝑦𝑦1

⋮
⋮
⋮

𝛿𝛿𝑎𝑎𝑦𝑦
𝛿𝛿𝑎𝑎𝑟𝑟𝑟𝑟𝑟𝑟

�
𝑎𝑎𝑦𝑦𝑦𝑦

𝛿𝛿𝑎𝑎𝑦𝑦
𝛿𝛿𝛿𝛿 �𝑎𝑎𝑦𝑦𝑦𝑦

𝛿𝛿𝑎𝑎𝑦𝑦
𝛿𝛿𝛿𝛿 �𝑎𝑎𝑦𝑦𝑦𝑦

𝛿𝛿𝑎𝑎𝑦𝑦
𝛿𝛿𝑎𝑎𝑥𝑥’,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

�
𝑎𝑎𝑦𝑦𝑦𝑦

𝛿𝛿𝑎𝑎𝑦𝑦
𝛿𝛿𝑎𝑎𝑦𝑦’,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

�
𝑎𝑎𝑦𝑦𝑦𝑦

𝛿𝛿𝑎𝑎𝑦𝑦
𝛿𝛿𝑎𝑎𝑧𝑧’,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

�
𝑎𝑎𝑦𝑦𝑦𝑦

𝛿𝛿𝑎𝑎𝑦𝑦
𝛿𝛿𝜑𝜑𝑥𝑥’,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

�
𝑎𝑎𝑦𝑦𝑦𝑦

𝛿𝛿𝑎𝑎𝑦𝑦
𝛿𝛿𝜑𝜑𝑦𝑦’,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

�
𝑎𝑎𝑦𝑦𝑦𝑦

𝛿𝛿𝑎𝑎𝑦𝑦
𝛿𝛿𝜑𝜑𝑧𝑧’,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

�
𝑎𝑎𝑦𝑦𝑦𝑦

𝛿𝛿𝑎𝑎𝑧𝑧
𝛿𝛿𝑎𝑎𝑟𝑟𝑟𝑟𝑟𝑟

�
𝑎𝑎𝑧𝑧1

𝛿𝛿𝑎𝑎𝑧𝑧
𝛿𝛿𝛿𝛿 �𝑎𝑎𝑧𝑧1

𝛿𝛿𝑎𝑎𝑧𝑧
𝛿𝛿𝑎𝑎𝑥𝑥’,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

�
𝑎𝑎𝑧𝑧1

𝛿𝛿𝑎𝑎𝑧𝑧
𝛿𝛿𝑎𝑎𝑧𝑧’,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

�
𝑎𝑎𝑧𝑧1

𝛿𝛿𝑎𝑎𝑧𝑧
𝛿𝛿𝜑𝜑𝑥𝑥’,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

�
𝑎𝑎𝑧𝑧1

𝛿𝛿𝑎𝑎𝑧𝑧
𝛿𝛿𝜑𝜑𝑧𝑧’,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

�
𝑎𝑎𝑧𝑧1

⋮
⋮
⋮

𝛿𝛿𝑎𝑎𝑧𝑧
𝛿𝛿𝑎𝑎𝑟𝑟𝑟𝑟𝑟𝑟

�
𝑎𝑎𝑧𝑧𝑧𝑧

𝛿𝛿𝑎𝑎𝑧𝑧
𝛿𝛿𝛿𝛿 �𝑎𝑎𝑧𝑧𝑧𝑧

𝛿𝛿𝑎𝑎𝑧𝑧
𝛿𝛿𝑎𝑎𝑥𝑥’,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

�
𝑎𝑎𝑧𝑧𝑧𝑧

𝛿𝛿𝑎𝑎𝑧𝑧
𝛿𝛿𝑎𝑎𝑧𝑧’,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

�
𝑎𝑎𝑧𝑧𝑧𝑧

𝛿𝛿𝑎𝑎𝑧𝑧
𝛿𝛿𝜑𝜑𝑥𝑥’,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

�
𝑎𝑎𝑧𝑧𝑧𝑧

𝛿𝛿𝑎𝑎𝑧𝑧
𝛿𝛿𝜑𝜑𝑧𝑧’,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

�
𝑎𝑎𝑧𝑧𝑧𝑧⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

 

(17) 

 
 

 
 u2(aref) 0 0 0 0 0 0 0 0 u2(aref) 0 0 0 0 0 0 0 0 u2(aref) 0 0 0 0 0  
 0 u2(α) 0 0 0 0 0 0 0 0 u2(α) 0 0 0 0 0 0 0 0 u2(α) 0 0 0 0  
 0 0 u2(ω) 0 0 0 0 0 0 0 0 u2(ω) 0 0 0 0 0 0 0 0 0 0 0 0  
 0 0 0 u2(ax’,syst) 0 0 0 0 0 0 0 0 u2(ax’,syst) 0 0 0 0 0 0 0 u2(ax’,syst) 0 0 0  
 0 0 0 0 u2(ay’,syst) 0 0 0 0 0 0 0 0 u2(ay’,syst) 0 0 0 0 0 0 0 0 0 0  
 0 0 0 0 0 u2(az’,syst) 0 0 0 0 0 0 0 0 u2(az’,syst) 0 0 0 0 0 0 u2(az’,syst) 0 0  
 0 0 0 0 0 0 u2(φx’,syst) 0 0 0 0 0 0 0 0 u2(φx’,syst) 0 0 0 0 0 0 u2(φx’,syst) 0  
 0 0 0 0 0 0 0 u2(φy’,syst) 0 0 0 0 0 0 0 0 u2(φy’,syst) 0 0 0 0 0 0 0  
 0 0 0 0 0 0 0 0 u2(φz’,syst) 0 0 0 0 0 0 0 0 u2(φz’,syst) 0 0 0 0 0 u2(φz’,syst) 

(18) 

 u2(aref) 0 0 0 0 0 0 0 0 u2(aref) 0 0 0 0 0 0 0 0 u2(aref) 0 0 0 0 0 

u2(xk)= 
0 u2(α) 0 0 0 0 0 0 0 0 u2(α) 0 0 0 0 0 0 0 0 u2(α) 0 0 0 0 
0 0 u2(ω) 0 0 0 0 0 0 0 0 u2(ω) 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 u2(ax’,syst) 0 0 0 0 0 0 0 0 u2(ax’,syst) 0 0 0 0 0 0 0 u2(ax’,syst) 0 0 0 

 0 0 0 0 u2(ay’,syst) 0 0 0 0 0 0 0 0 u2(ay’,syst) 0 0 0 0 0 0 0 0 0 0 
 0 0 0 0 0 u2(az’,syst) 0 0 0 0 0 0 0 0 u2(az’,syst) 0 0 0 0 0 0 u2(az’,syst) 0 0 
 0 0 0 0 0 0 u2(φx’,syst) 0 0 0 0 0 0 0 0 u2(φx’,syst) 0 0 0 0 0 0 u2(φx’,syst) 0  
 0 0 0 0 0 0 0 u2(φy’,syst) 0 0 0 0 0 0 0 0 u2(φy’,syst) 0 0 0 0 0 0 0  
 0 0 0 0 0 0 0 0 u2(φz’,syst) 0 0 0 0 0 0 0 0 u2(φz’,syst) 0 0 0 0 0 u2(φz’,syst)  
 u2(aref) 0 0 0 0 0 0 0 0 u2(aref) 0 0 0 0 0 0 0 0 u2(aref) 0 0 0 0 0  
 0 u2(α) 0 0 0 0 0 0 0 0 u2(α) 0 0 0 0 0 0 0 0 u2(α) 0 0 0 0  
 0 0 0 u2(ax’,syst) 0 0 0 0 0 0 0 0 u2(ax’,syst) 0 0 0 0 0 0 0 u2(ax’,syst) 0 0 0  
 0 0 0 0 0 u2(az’,syst) 0 0 0 0 0 0 0 0 u2(az’,syst) 0 0 0 0 0 0 u2(az’,syst) 0 0  
 0 0 0 0 0 0 u2(φx’,syst) 0 0 0 0 0 0 0 0 u2(φx’,syst) 0 0 0 0 0 0 u2(φx’,syst) 0  
 0 0 0 0 0 0 0 0 u2(φz’,syst) 0 0 0 0 0 0 0 0 u2(φz’,syst) 0 0 0 0 0 u2(φz’,syst)  
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covariance is evaluated between two different independent 
variables, assuming no correlation between the main 
independent variables aref, α, ω, as shown in Section 4.1, and, 
in first approximation, between systematic components. 

In order to quantify the weight of every uncertainty 
contribution, for the sake of simplicity, a single measurement 
is considered. By way of example, the detailed uncertainty 
budget for the ax reference acceleration of equation (5) at an 
inclination of 55°, a rotation of 45° and a frequency of 10 Hz, 
is shown in table 1.  

 
Table 1. Uncertainty table (according to GUM) for ax 
reference acceleration at an inclination of 55°, a rotation of 
45° and a frequency of 10 Hz. 
Variable xk u²(xk) ck uk²(ax) Rank 
Symbol Value Note 
aref 9.781 CMC 1.6E-03 5.8E-01 5.2E-04 2 
α 55 Acc. 3.3E-03 7.2E-02 1.7E-05 3 
ω 45 Acc. 3.3E-01 -1.0E-01 3.6E-03 1 
ax’,syst  0.154 Repeat. 1.9E-06 4.1E-01 3.1E-07 6 
ay’,syst 0.256 Repeat. 1.9E-06 7.1E-01 9.5E-07 4 
az’,syst 0.618 Repeat. 1.9E-06 5.8E-01 6.4E-07 5 
φx’,syst -1.322 Repeat. 4.0E+00 2.3E-05 2.1E-09 7 
φy’,syst 0.134 Repeat. 4.0E+00 -1.3E-05 6.5E-10 8 
φz’,syst 0.011 Repeat. 4.0E+00 -1.1E-06 4.5E-12 9 
ax 6.260  Variance, u²(ax) 4.1E-03  

 
Standard uncertainty u(aref) associated to the reference 

acceleration along the z’-axis of the reference system derives 
from the Calibration and Measurement Capabilities (CMC) 
declared by INRiM [25], which is 0.8% in terms of relative 
expanded uncertainty from 5 Hz to 1 kHz and 1.2% from 
1.25 kHz to 10 kHz. Standard uncertainties associated to the 
inclined plate angle u(α) and to the rotation angle u(ω) are 
considered as type B uncertainty contributions with half-
widths of 0.1° and 1°, respectively, and uniform rectangular 
distribution. This is due to the fact that inclined planes are 
realised with numerical control machines (tolerance of ±0.1°), 
whereas rotation of the MEMS is manually performed, even if 
on the centring mask (tolerance of ±0.1°), and other possible 
uncertainty contributions can occur. Standard uncertainties 
associated to the amplitude of the spurious components, 
u2(ax’,syst), u2(ay’,syst), u2(az’,syst), are considered as type B 
uncertainty contributions with a maximum error of ±0.05 m s-

2, from three repeated measurements, and a uniform 
rectangular distribution. Standard uncertainties associated to 
the phase difference due to the spurious components, 
u2(φx’,syst), u2(φy’,syst), u2(φz’,syst), are considered as type A 
uncertainty contributions with a maximum standard deviation 
of 2° from five repeated measurements.  

From table 1, it is obtained that the major individual 
contribution to the combined standard uncertainty is due to the 

rotation angle ω. The second uncertainty contribution is due 
to the reference accelerometer, while the third uncertainty 
contribution, although very small, is due to the angle of 
inclination α. Uncertainty contributions due to amplitude and 
phase difference of spurious components are negligible 
compared to the other terms. In static conditions, besides 
neglecting dynamic systematic effects, standard uncertainty 
associated with gravitational acceleration, measured with the 
absolute gravimeter, is 4.5×10-8 m s-2, thus its uncertainty 
contribution is negligible. 

Matrix of the variances referred to the single terms of the 
sensitivity matrix u2(S) can be simply obtained from the 
variance matrix of the exploitation terms according to 
equation (19). 

Matrices of expanded uncertainties (at a confidence level 
of 95% with k=2) associated to the exploitation and sensitivity 
matrices, U(A) and U(S), respectively, are calculated from the 
matrices of the variances, u2(A) and u2(S), by applying the 
standard formulation to every element of the matrix as 𝑈𝑈𝑖𝑖𝑖𝑖 =

𝑘𝑘�𝑢𝑢𝑖𝑖𝑖𝑖2 . 

 

𝐮𝐮𝟐𝟐(𝐒𝐒) = �
𝑢𝑢2(𝑆𝑆𝑥𝑥𝑥𝑥) 𝑢𝑢2�𝑆𝑆𝑥𝑥𝑥𝑥� 𝑢𝑢2(𝑆𝑆𝑥𝑥𝑥𝑥)
𝑢𝑢2�𝑆𝑆𝑦𝑦𝑦𝑦� 𝑢𝑢2�𝑆𝑆𝑦𝑦𝑦𝑦� 𝑢𝑢2�𝑆𝑆𝑦𝑦𝑦𝑦�
𝑢𝑢2(𝑆𝑆𝑧𝑧𝑧𝑧) 𝑢𝑢2�𝑆𝑆𝑧𝑧𝑧𝑧� 𝑢𝑢2(𝑆𝑆𝑧𝑧𝑧𝑧)

� =

=

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡𝑆𝑆𝑥𝑥𝑥𝑥2

𝑢𝑢2(𝐴𝐴𝑥𝑥𝑥𝑥)
𝐴𝐴𝑥𝑥𝑥𝑥2

𝑆𝑆𝑥𝑥𝑥𝑥2
𝑢𝑢2�𝐴𝐴𝑥𝑥𝑥𝑥�
𝐴𝐴𝑥𝑥𝑥𝑥2

𝑆𝑆𝑥𝑥𝑥𝑥2
𝑢𝑢2(𝐴𝐴𝑥𝑥𝑥𝑥)
𝐴𝐴𝑥𝑥𝑥𝑥2

𝑆𝑆𝑦𝑦𝑦𝑦2
𝑢𝑢2�𝐴𝐴𝑦𝑦𝑦𝑦�
𝐴𝐴𝑦𝑦𝑦𝑦2

𝑆𝑆𝑦𝑦𝑦𝑦2
𝑢𝑢2�𝐴𝐴𝑦𝑦𝑦𝑦�
𝑆𝑆𝑦𝑦𝑦𝑦2

𝑆𝑆𝑦𝑦𝑦𝑦2
𝑢𝑢2�𝐴𝐴𝑦𝑦𝑦𝑦�
𝐴𝐴𝑦𝑦𝑦𝑦2

𝑆𝑆𝑧𝑧𝑧𝑧2
𝑢𝑢2(𝐴𝐴𝑧𝑧𝑧𝑧)
𝐴𝐴𝑧𝑧𝑧𝑧2

𝑆𝑆𝑧𝑧𝑧𝑧2
𝑢𝑢2�𝐴𝐴𝑧𝑧𝑧𝑧�
𝐴𝐴𝑧𝑧𝑧𝑧2

𝑆𝑆𝑧𝑧𝑧𝑧2
𝑢𝑢2(𝐴𝐴𝑧𝑧𝑧𝑧)
𝐴𝐴𝑧𝑧𝑧𝑧2 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

(19) 

5.3 Calibration results 

For the evaluation of the exploitation and sensitivity 
matrices A and S of the digital 3-axis MEMS accelerometer 
under test, 48 measurements (6 inclinations × 8 rotations) per 
frequency are performed, as described in the previous 
Sections. Each measurement represents a set of reference 
accelerations (ax, ay, az) and MEMS outputs (Ux, Uy, Uz). 
Combining all the experimental measurements, the reference 
acceleration matrix a and the MEMS accelerometer matrix U, 
both with a dimension of 48×3, are obtained. In this way, using 
equations (13), (14), (15) and (19),  exploitation matrix A and 
sensitivity matrix S, along with the expanded uncertainties (at 
a confidence level of 95%), are evaluated for each frequency. 
Results of all frequencies are reported in tabular form in tables 
2 and 3. The sensitivity values of table 3 are also reported in 
the graph of figure 6. 
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Figure 6. Sensitivity matrix terms Sij evaluated at an amplitude of about 10 m s-2 as a function of frequency. Expanded 
uncertainties (at a confidence level of 95%) are reported in table (3). 

 
By way of example, the exploitation matrix A along with 

the associated expanded uncertainty matrix U(A) at 10 Hz are 
shown in equations (20)-(21). Values are expressed in (m s-

2)/Decimal16-bit-signed. 
 

𝐀𝐀 = �
1.30 × 10−3 −1.54 × 10−6 3.67 × 10−6
−5.89 × 10−6 1.30 × 10−3 4.94 × 10−6
14.2 × 10−6 14.7 × 10−6 1.29 × 10−3

� (20) 

 

𝐔𝐔(𝐀𝐀) = �
2.79 × 10−5 1.40 × 10−5 1.44 × 10−5
0.97 × 10−5 2.77 × 10−5 1.44 × 10−5
1.44 × 10−5 1.44 × 10−5 1.75 × 10−5

� (21) 
 

 
In the same way, the sensitivity matrix S along with the 
associated expanded uncertainty matrix U(S) at 10 Hz are 
shown in equations (22)-(23). Values are expressed in 
Decimal16-bit-signed /(m s-2). 
 

𝐒𝐒 = �
768 1 −2

4 772 −3
−9 −9 774

� (22) 

 

𝐔𝐔(𝐒𝐒) = �
16 9 9
6 17 9
9 9 10

� (23) 
 

 
Exploitation (or sensitivity) main terms, in static 

conditions, are similar to manufacturer’s specification [18], 

i.e. 1.197×10-3 (m s-2)/Decimal16-bit-signed, (or 
836 Decimal16-bit-signed/(m s-2)), whereas in dynamic conditions 
they increase (or decrease) at higher frequencies, as declared 
by the manufacturer [29].  

Relative expanded uncertainties of the main 
exploitation/sensitivity matrix terms, in dynamic conditions, 
are around 2%. In static conditions, uncertainties of the main 
terms are around 1%-2% due to very low uncertainty 
associated with the acceleration due to gravity, and to the 
absence of systematic effects occurring in dynamic 
conditions. 

Main sensitivities along the three axes are similar to each 
other at low frequency and start diverging from 315 Hz, 
especially along z-axis, as shown in figure 6. This behaviour, 
beyond being in agreement to manufacturer’s observations  
[29], entails an increase of transverse sensitivities at 
increasing frequencies. This is even more visible if 
exploitation (or sensitivity) matrices are normalized by 
dividing each column term by its associated diagonal 
component. In this way, normalized exploitation and 
sensitivity matrices, A* and S*, are obtained, as reported in 
tabular form in tables 4 and 5. As previously described, at 
increasing frequencies out-of-diagonal (or transverse) 
coefficients Aij or Sij (i≠j) increase, thus the amount of 
interaction with the other outputs is clearly not negligible. 
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Table 2. Exploitation matrix terms Aij evaluated at an amplitude of about 10 m s-2 as a function of frequency, along with the expanded uncertainties (at a confidence level of 95%). 
“D” stands for “Decimal16bit-signed”. Diagonal terms are reported in bold. 

 Static 5 Hz 10 Hz 20 Hz 40 Hz 80 Hz 160 Hz 315 Hz 630 Hz 1000 Hz 2000 Hz 3000 Hz 

 Aij×10-3/ 
(m s-2)/D 

Aij×10-3/ 
(m s-2)/D 

Aij×10-3/ 
(m s-2)/D 

Aij×10-3/ 
(m s-2)/D 

Aij×10-3/ 
(m s-2)/D 

Aij×10-3/ 
(m s-2)/D 

Aij×10-3/ 
(m s-2)/D 

Aij×10-3/ 
(m s-2)/D 

Aij×10-3/ 
(m s-2)/D 

Aij×10-3/ 
(m s-2)/D 

Aij×10-3/ 
(m s-2)/D 

Aij×10-3/ 
(m s-2)/D 

Axx 1.217±0.020 1.239±0.027 1.302±0.028 1.336±0.028 1.338±0.028 1.288±0.028 1.327±0.028 1.220±0.026 1.286±0.028 1.177±0.025 1.281±0.029 1.939±0.041 

Axy -0.003±0.019 0.079±0.026 -0.006±0.010 -0.003±0.028 0.001±0.028 0.029±0.028 -0.018±0.028 0.025±0.027 0.064±0.028 0.105±0.027 0.104±0.031 0.551±0.057 

Axz -0.008±0.010 0.002±0.022 0.014±0.014 0.010±0.023 0.019±0.024 -0.064±0.022 0.016±0.024 -0.007±0.023 -0.020±0.028 0.008±0.029 0.706±0.047 -1.204±0.062 

Ayx -0.009±0.020 0.011±0.027 -0.002±0.027 0.002±0.028 0.005±0.028 0.032±0.028 -0.006±0.028 -0.061±0.027 0.072±0.028 -0.013±0.027 0.040±0.030 0.051±0.043 

Ayy 1.197±0.019 1.231±0.026 1.295±0.026 1.327±0.028 1.329±0.028 1.278±0.027 1.319±0.028 1.330±0.029 1.302±0.028 1.335±0.028 1.414±0.033 2.686±0.063 

Ayz -0.001±0.010 0.013±0.023 0.015±0.023 0.010±0.023 0.020±0.024 -0.059±0.022 0.004±0.024 -0.015±0.024 -0.021±0.028 0.123±0.033 0.648±0.052 -1.043±0.076 

Azx -0.019±0.020 0.007±0.017 0.004±0.017 0.007±0.018 -0.013±0.018 0.011±0.018 0.086±0.018 0.078±0.018 -0.006±0.021 0.101±0.024 0.069±0.038 -0.060±0.050 

Azy -0.018±0.019 0.004±0.017 0.005±0.017 0.008±0.018 -0.008±0.018 0.013±0.018 0.098±0.018 0.019±0.019 -0.017±0.021 0.054±0.026 0.405±0.043 0.976±0.081 

Azz 1.169±0.010 1.256±0.017 1.292±0.017 1.296±0.017 1.312±0.018 1.308±0.017 1.315±0.018 1.476±0.020 1.888±0.026 2.706±0.036 5.394±0.080 8.414±0.109 
 
Table 3. Sensitivity matrix terms Sij evaluated at an amplitude of about 10 m s-2 as a function of frequency, along with the expanded uncertainties (at a confidence level of 95%). “D” 
stands for “Decimal16bit-signed”. Diagonal terms are reported in bold. 

 Static 5 Hz 10 Hz 20 Hz 40 Hz 80 Hz 160 Hz 315 Hz 630 Hz 1000 Hz 2000 Hz 3000 Hz 

 Sij / 
D/(m s-2)  

Sij / 
D/(m s-2)  

Sij / 
D/(m s-2) 

Sij / 
D/(m s-2) 

Sij / 
D/(m s-2) 

Sij / 
D/(m s-2) 

Sij / 
D/(m s-2) 

Sij / 
D/(m s-2) 

Sij / 
D/(m s-2) 

Sij / 
D/(m s-2) 

Sij / 
D/(m s-2) 

Sij / 
D/(m s-2) 

Sxx 821±13 807±17 768±16 748±16 747±16 776±17 754±16 819±18 780±17 849±18 787±18 521±11 

Sxy 3±16 -52±17 4±6 2±16 -1±18 -18±17 11±17 -16±17 -39±17 -67±17 -30±9 -128±13 

Sxz 6±7 0±6 -9±9 -6±14 -11±14 37±13 -9±14 4±12 8±11 0±2 -99±7 59±3 

Syx 7±14 -7±17 1±16 -1±16 -3±16 -20±17 4±17 37±17 -43±17 11±23 -18±14 -8±7 

Syy 835±13 813±17 772±16 754±16 753±16 782±17 759±16 751±16 770±17 750±16 733±17 358±8 

Syz 1±8 -9±15 -9±14 -6±14 -11±14 34±13 -314 8±12 8±11 -34±9 -86±7 43±3 

Szx 14±14 -5±11 -2±10 -4±11 7±10 -6±10 -49±10 -44±10 2±7 -32±7 -9±5 5±4 

Szy 13±14 -2±10 -3±10 -4±11 5±10 -7±11 -57±10 -9±9 7±8 -12±6 -55±6 -42±4 

Szz 855±7 797±11 774±10 772±10 762±10 764±10 761±10 677±9 530±7 370±5 193±3 114±1 
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Table 4. Normalized exploitation matrix A* evaluated at an amplitude of about 10 m s-2 as a function of frequency. Diagonal 
terms are reported in bold. 

 Static 5 Hz 10 Hz 20 Hz 40 Hz 80 Hz 160 Hz 315 Hz 630 Hz 1000 Hz 2000 Hz 3000 Hz 
 Aij*/- Aij*/- Aij*/- Aij*/- Aij*/- Aij*/- Aij*/- Aij*/- Aij*/- Aij*/- Aij*/- Aij*/- 

Axx* 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 

Axy* 0.00 0.06 0.00 0.00 0.00 0.02 -0.01 0.02 0.05 0.09 0.08 0.28 

Axz* -0.01 0.00 0.01 0.01 0.01 -0.05 0.01 -0.01 -0.02 0.01 0.55 -0.62 

Ayx* -0.01 0.01 0.00 0.00 0.00 0.03 0.00 -0.05 0.06 -0.01 0.03 0.02 

Ayy* 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 

Ayz* 0.00 0.01 0.01 0.01 0.01 -0.05 0.00 -0.01 -0.02 0.09 0.46 -0.39 

Azx* -0.02 0.01 0.00 0.01 -0.01 0.01 0.07 0.05 0.00 0.04 0.01 -0.01 

Azy* -0.02 0.00 0.00 0.01 -0.01 0.01 0.07 0.01 -0.01 0.02 0.08 0.12 

Azz* 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 
 
Table 5. Normalized sensitivity matrix S* evaluated at an amplitude of about 10 m s-2 as a function of frequency. Diagonal 
terms are reported in bold. 

 Static 5 Hz 10 Hz 20 Hz 40 Hz 80 Hz 160 Hz 315 Hz 630 Hz 1000 Hz 2000 Hz 3000 Hz 
 Sij*/- Sij*/- Sij*/- Sij*/- Sij*/- Sij*/- Sij*/- Sij*/- Sij*/- Sij*/- Sij*/- Sij*/- 

Sxx* 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 

Sxy* 0.00 -0.06 0.00 0.00 0.00 -0.02 0.01 -0.02 -0.05 -0.08 -0.04 -0.25 

Sxz* 0.01 0.00 -0.01 -0.01 -0.01 0.05 -0.01 0.00 0.01 0.00 -0.13 0.11 

Syx* 0.01 -0.01 0.00 0.00 0.00 -0.03 0.00 0.05 -0.06 0.01 -0.02 -0.02 

Syy* 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 

Syz* 0.00 -0.01 -0.01 -0.01 -0.01 0.04 0.00 0.01 0.01 -0.05 -0.12 0.12 

Szx* 0.02 -0.01 0.00 0.00 0.01 -0.01 -0.06 -0.06 0.00 -0.09 -0.04 0.04 

Szy* 0.02 0.00 0.00 -0.01 0.01 -0.01 -0.08 -0.01 0.01 -0.03 -0.28 -0.37 

Szz* 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 
 

6. Conclusions and future works 

In this work, traceability to a low-cost digital 3-axis MEMS 
accelerometer is provided through a simultaneous calibration 
system, based on the calibration method by comparison to a 
reference transducer in analogy to ISO 16063-21, with 
inclined planes and single-axis excitation at an amplitude of 
10 m s-2 from 5 Hz to 3 kHz, and in static conditions. The 
mechanical calibration system, composed of the shaker and 
the inclined planes, is characterized in order to take into 
account systematic effects. The sensitivity of the digital 
MEMS accelerometer is expressed, as «digitized» sensitivity, 
in Decimal16bit-signed/(m s-2), where the Decimal unit is a signed 
16-bit sequence converted into a decimal number.  

Experimental results, in terms of exploitation and 
sensitivities matrices, show that the main terms, along the 
diagonal, are comparable to the manufacturer’s specification 
evaluated in static conditions. Occurring divergences at high 
frequencies are accurately identified and quantified up to 
3 kHz. It is also shown that transverse sensitivities are not 
negligible, especially at high frequencies. A comprehensive 

uncertainty evaluation is performed according to GUM. 
Overall experimental expanded uncertainties of main terms 
are in the order of 2%, in dynamic conditions, and 1%-2% in 
static condition. The main uncertainty contribution is due to 
the rotation angle ω. Future work will be aimed at improving 
the alignment system, likely with an automation system 
instead of a centring mask, in order to reduce the uncertainty 
associated to the rotation angle. 

The high number of experimental measurements (48 per 
frequency by using 6 inclined planes × 8 rotations) allows to 
provide highly accurate calibration results and to evaluate the 
associated uncertainties without the influence of possible 
correlations between the independent variables.  

By taking as a reference this method and the results here 
presented, a lower number of experimental conditions will be 
investigated in order to reduce calibration timing and costs, 
compatibly with the low costs of the sensors, and appropriate 
uncertainty coverage factors, suitable for actual applications, 
will be also evaluated. Furthermore, the possibility to carry on 
a calibration on a sub-sample of sensors will also be explored, 
in order to attribute the experimental calibration values of the 
sub-sample to more extended batches through the use of 
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appropriate statistical methods of production quality control. 
As a matter of fact, due to the huge quantities of digital MEMS 
actually produced (millions/week [29]), «the industry has 
moved from testing and calibrating every device towards 
statistical sampling to reduce manufacturing costs while 
delivering statistically acceptable levels of performance and 
reliability» [3]. Lastly, based on single-axis sinusoidal 
excitation of inclined planes, the possibility to design and 
realize a dynamical 3-axial in-line control system on the 
manufacturer’s production line will be investigated. 
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