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A fundamental problem of out-of-equilibrium physics is the speed at which the order parameter grows
upon crossing a phase transition. Here, we investigate the ordering dynamics in a Fermi gas undergoing
a density-wave phase transition induced by quenching infinite-range, cavity-mediated interactions.
We observe, in real time, the exponential rise of the order parameter and track its growth over several
orders of magnitude. Remarkably, the growth rate can exceed the Fermi energy by an order of magnitude,
consistent with predictions from a linearized instability analysis. This case contrasts with the ordering
process driven by short-range interactions. We then generalize our results to linear interaction ramps,
where deviations from the adiabatic behavior are captured by a simple dynamical ansatz. Our study offers
a paradigmatic example of the interplay between strong short- and long-range interactions in quantum

4

nonequilibrium dynamics.

DOI: 10.1103/PhysRevX.15.021089

I. INTRODUCTION

Understanding the coherent evolution of many-body
systems crossing a phase transition is an ubiquitous
problem in physics, arising in a wide range of contexts,
including inflation [1], photoinduced states in solid-state
physics [2,3], and adiabatic quantum computing [4].
A central question is the timescale over which the order
of a symmetry-broken state emerges, bridging the gap from
microscopic instabilities to macroscopic ordering.

Quench experiments, in which an external control
parameter is abruptly changed, are among the most power-
ful tools for probing nonequilibrium dynamics. They
are particularly suited for studying phase transitions in
quantum gases, where the quench duration can be shorter
than intrinsic timescales of the system. In short-range
interacting atomic systems, two main features have been
observed: (i) After quenching across a phase transition, the
time evolution of long-range order is dominated by the
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formation and relaxation of defects [S—12]. These processes
depend on the general properties of the transition but not on
the microscopic instabilities that trigger it. (ii) The dynam-
ics of short-range or short-time correlations occur at the
scale of the Fermi time for a broad range of phenomena,
from the formation of short-range pairs close to Feshbach
resonances [13,14] to losses [15-18] or magnetic correla-
tions [19,20]. On general grounds [21], any dynamics
driven by contact interactions saturates at the scale of the
Fermi time, which is the fastest microscopic timescale in a
Fermi gas. Lastly, upon continuously ramping through a
phase transition at finite speed, the dynamics of order
formation follows the Kibble-Zurek scenario [22], where
the defect dynamics is dictated by a power-law behavior of
the underlying relevant timescales and length scales.

The recent advent of fermionic systems with controlled
long-range interactions [23-26] opens the possibility to
study far-from-equilibrium dynamics of order parameters
in a nonlocal setting [27-29]. There, both the paradigms of
defect formation and the upper limit set by the Fermi time
to relaxation rates are challenged [30]. In fact, long-range
interactions disfavor defect formation, which is completely
suppressed in the regime of infinite-range interaction. This
finding raises the prospect of observing the development of
a microscopic instability without it being obscured by the

Published by the American Physical Society
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defect dynamics. An intriguing situation can then be
anticipated for the timescales of the dynamics: Atomic
ordering requires atomic motion, which is constrained by
the Pauli exclusion principle or Cooper pairing; however,
interactions with a range exceeding the interparticle spac-
ing are not affected by quantum statistics, so the Fermi time
may not play the same role.

Here, we exploit the unique settings of cavity quantum
electrodynamics to record quantum trajectories of a
strongly interacting Fermi gas within an optical cavity
undergoing density-wave (DW) ordering after a quench of
long-range atom-atom interactions. In this system, virtual
cavity photons mediate infinite-range interactions while
rare, spontaneous photon leakage events carry real-time
information about the order parameter dynamics [31-35].
Upon quenching the system above the critical point, we
directly observe the exponential growth of order over two
decades, tracking it over a wide range of control param-
eters. The critical point is determined by the interplay
between Pauli exclusion and contact interactions [26].
However, we observe a growth rate exceeding the Fermi
energy by up to an order of magnitude. This finding
suggests that Fermi statistics no longer influences the
dynamics, in sharp contrast with quenched short-range
interactions. The experiments are well described by a linear
instability analysis, which allows us to identify the role of
high-energy modes that are negligible around the critical
point but dominate the growth rate for deep quenches. It
also suggests that the fastest growth rates are determined by
sum rules rather than Fermi energy. Finally, we examine the
response to a linear ramp of long-range interaction strength
and find that the ordering threshold shifts with the ramp
speed following a power law. We show that this behavior is
well explained by a simple adiabatic dynamical ansatz
based on the separation of photonic and atomic timescales.
This ansatz links the behavior to the growth rate depend-
ence on interaction strength and differs strongly from
predictions based on Kibble-Zurek scaling. All our findings
are robust against variations of contact interactions across
the Feshbach resonance, suggesting that the results are a
generic feature of the nonequilibrium evolution of long-
range interacting systems.

II. EXPERIMENTAL SYSTEM

We produce strong long-range interactions in a unitary
Fermi gas by placing the atoms in a high-finesse Fabry-
Perot cavity in the presence of side pumping. We start the
experiments with a spin-balanced, degenerate Fermi gas
of ®Li close to a Feshbach resonance, trapped within the
fundamental mode of a high-finesse optical cavity (see
Ref. [36] and Appendix A for details). The gas has a Fermi
energy of Ep = h x20.7 kHz. We illuminate the cloud
from the side with a linearly cross-polarized, retroreflected
pump beam as illustrated in Fig. 1(a). The pump beam
is detuned by —2z x47.690 GHz from the atomic D,
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FIG. 1. Concept of the experiment. (a) Strongly interacting
Fermi gas of °Li, residing inside a high-finesse optical resonator,
illuminated by a retroreflected pump laser with cross-
polarization. Pump photons dispersively couple to atomic motion
and impart momentum kicks of magnitude k. = |k, + k.| on
atoms through scattering from the pump into the cavity and vice
versa. (b) Long-range interaction strength D, quenched across
the critical point Dyc by suddenly switching on the pump beam
with a strength V) in units of the recoil energy Eg, here shown
for DO/DOC = 151(2) (—) and DO/DOC = 082(2) ( )
(c) Photon flux exiting the cavity measured on a single photon
counter following the quench displayed in panel (b). (d) Cumu-
lative count of photons N, (O) detected during a fixed time
window of 2 ms subsequent to the starting point of the quench.
We identify Dyc by the onset of a finite N, and extract its value
by a fit of the kink (= = =). The critical value coincides with the
onset of an instability of the symmetric equilibrium in the free
energy of the system [26]. The error bar represent 1 standard
deviation.

transition but has a close detuning of A, ~ MHz from a
dispersively shifted cavity resonance, such that direct
Rayleigh scattering in the cavity is off resonant but
second-order photon-exchange processes dominate, yield-
ing an atom-atom interaction extending over the entire
mode volume of the cavity. Photon exchanges impart
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discrete momentum kicks of ky = |k, =k, to the
atoms, where k. are the wave vectors of the pump and
cavity photons, respectively [see Fig. 1(a)]. The angle of
18° between the pump and cavity axis results in the
hierarchy k_ <« kg < k., with the Fermi wave vector
kg = \/2mEg/h. The resulting long-range interaction
potential between atoms reads (see Appendix C):

D(r,v') = Dycos (k, - (r=1')) +cos (k_ - (r —r'))
+cos(k, -r+k_-r)+cos(k_-r+k, - ),

with Dy « V/A,, and V, is the light shift induced by
the pump beam. In contrast with Refs. [25,37], we operate
in the strong dispersive coupling regime where the photon
decay rate xk is much smaller than both the dispersive
shift and A_, such that dissipation due to cavity-photon
losses does not dominate the phase diagram nor the
dynamics [38]. Above a critical long-range interaction
strength, the system undergoes a quantum phase transition
into a DW-ordered phase [25,26] at wave vectors k.
determined by the cavity and pump geometry. If the
interaction strength is increased above the critical value,
the system finds itself in an unstable equilibrium and
density-wave order appears, as shown in Fig. 1(d). The
single-mode nature of the cavity enforces ordering at all
spatial locations simultaneously. This instability arises
from an inversion of the curvature in the free-energy
landscape, suggesting an analogy with a simple inverted
harmonic oscillator, which is a model ubiquitous across
different fields of physics [39].

III. QUENCH DYNAMICS

We perform a sudden quench of D in the atom-cavity
system by switching on the pump beam power from zero
to a finite value at time 7 = 0 at fixed A_, as presented in
Fig. 1(b), and we record the photon flux 714, leaking from
the cavity over a single realization using a single photon
counter (SPC). The cross-polarization used for the pump
beam ensures that there is no optical lattice along the pump
direction. Consequently, no atomic dynamics is initiated
along the direction k. For Dy > D¢, we observe that 7ige
builds up in time, as shown in the examples in Fig. 1(c).
In our regime of Ep < hA_, the cavity field follows the
DW order adiabatically, such that photon traces represent
individual quantum trajectories of the ordering process in
the cloud [35]. Integrating 714, Over time after a quench
allows us to precisely determine the phase boundary D,
as presented in Fig. 1(d).

To understand the dynamics of ordering, we systemati-
cally record individual time traces of 714y following a Dy
quench. After applying a moving-average filter, we analyze
each time trace. Typical curves and their exponential fit are
presented in Fig. 2, for quenches of D, between Dy and
15 x Dyc. We observe an uninterrupted exponential growth
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FIG. 2. Exponential growth of the instability. Photon flux 714
for different single experimental realizations, following a sudden
long-range interaction quench to values of D ranging from D¢
to 15 X Dyc. The individual traces exhibit exponential growth
across all parameters, spanning more than an order of magnitude
in photon flux before saturation occurs. Each photon flux trace is
represented as a binwise step function, fitted with an exponential
curve (solid lines) to extract the growth rate.

over more than 1 order of magnitude in the photon flux.
This observation is the generic behavior of ordering at early
times in the unstable regime [5], which we observe here
with a high dynamic range thanks to the cavity-QED
setting. We find that the growth of order is well described
by an exponential for all parameters explored. Remarkably,
the exponential growth persists over more than a decade in
Nge» With no indication of a change in behavior until
saturation is reached. The long-range character of the
interactions prevents the proliferation of defects in the
ordering process, such that the runaway evolution of
the unstable oscillator can proceed without yielding any
defect coarsening dynamics. As a result, the ordering is
described by a single growth rate . We find that this
behavior is not restricted to our bulk, three-dimensional
Fermi gas; it is also observed in numerical simulations for
one-dimensional systems coupled to a classical cavity
mode (see Appendix E).

We now proceed to systematically explore the evolution
of a in a unitary Fermi gas quenched into the DW-ordered
phase, for Dy up to 30 x Dyc. The growth rate is obtained
by a fit of individual photon flux traces. The results are
presented in Fig. 3(a) for three different choices of A.. As
expected, curves for these three detunings collapse, show-
ing that the only relevant parameter is the long-range
interaction strength. For D, approaching Dc, a tends
to zero, which is a manifestation of the critical slowing
down close to the phase transition [30]. Deeper in the DW-
ordered phase, @ monotonically increases with D, over 2
orders of magnitude, showing no sign of saturation.
It reaches and eventually exceeds the Fermi energy by
about an order of magnitude for the largest D\, meaning
that the system orders much faster than the local fermionic
timescale. Effectively, the long-range character of the
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FIG. 3. Instability growth rates. (a) Instability growth rate « in units of the Fermi energy Ef at unitarity as a function of D, for different

pump-cavity detunings A.: —1.4 MHz (), —2.5 MHz (0), and —3.4 MHz (<). Theoretical prediction based on an instability analysis

including trap averaging (===), with the individual contributions of k, (

)and k_ (=:=). (b) Growth rates away from unitarity at AC:

—-34MHz (), -2.5 MHz ( ), —1.4 MHz (), 1/kga: 1.1 (&G0DO), 0 (Goo), and —0.7 (& o0) and for a noninteracting Fermi gas at
A, = —1.3 MHz () and —0.8 MHz ( ). Solid lines show the corresponding theoretical predictions. Note that & converges to a limiting
value given by the f-sum rule (s==== ) for Dy — o0. The inset shows the same data with D, normalized by the value D, observed for
the corresponding interaction strength and cavity detuning. The error bars represent 1 standard deviation.

interactions circumvents the effects of the Pauli exclusion
on interactions.

To uncover the microscopic origin of this behavior, we
model the early-time evolution following the quench using
a linear-response theory (see Appendix D). This framework
amounts to a linear instability analysis, which naturally
yields an exponential growth of the order parameter for the
unstable polaritonic mode. The growth is seeded by either
initial fermionic density fluctuations or cavity shot noise
and coherently amplified by the unitary dynamics. This
approach leads to the following implicit equation for a:

|- 5 [ dvoingleo)

8 o T a? + w?

: (2)

q=xk+

with yR(q, ) the retarded density-density response func-
tion at momentum ¢ and frequency w, evaluated prior to the
quench for the equilibrium gas at unitarity and including
averaging over the harmonic trap. The above expression is
valid in the limit of a/A. < 1, which is relevant for the
experimental parameter regime. For higher-order correc-
tions and details, see Appendix D. The k_ mode has the
lowest energy, and it controls the location of the phase
transition. It corresponds to sound waves or pair-breaking
excitations on the Fermi surface, and its natural scale is the
Fermi energy, the maximum width of the pair-breaking
continuum. This fact motivates the normalization of the
data by Eg in Fig. 3. In contrast, the k, mode only
contributes at high frequencies, away from criticality,
and is weakly affected by Pauli exclusion and atom-atom
interactions.

Using the random-phase-approximation result for
xR (k., w) at unitarity [40], we obtain a prediction for the
growth rate for all values of D, without free parameters, as
plotted in Fig. 3(a) as a solid black line. The agreement of
theory with experimental data is very good over the whole
range of parameters. This analysis also highlights the role of
the k_ and k. modes in the dynamics, and their individual
contribution is presented as dashed and dotted-dashed lines
inFig. 3(a). Since k., > k_, we observe a crossover between
the k_-dominated dynamics close to the critical point and the
k., -dominated dynamics at very large D,.

We now generalize these investigations to Fermi gases
away from unitarity through the crossover between the
Bose-Einstein condensate (BEC) and Bardeen-Cooper-
Schrieffer (BCS) superfluids for finite positive and negative
scattering length a, as well as for an ideal, fully polarized
Fermi gas. The results are presented in Fig. 3(b). The
critical point changes with interaction strength, and so
does the growth rate. In all cases, the theory is in
quantitative agreement with the experimental data.
After normalizing the long-range interaction strength
of each curve by Dyc, we observe a collapse of the
curves within our signal-to-noise ratio [inset of Fig. 3(b)]
across the two decades of growth rate explored by the
system. This behavior also extends to the noninteracting
Fermi gas. This striking similarity suggests that, while the
microscopic details of the gas are important to determine
Dyc, the dynamics of ordering is mostly governed by the
long-range interactions.

Our theoretical model suggests a possible set of explan-
ations for the independence of growth rates on contact
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interactions. For a — oo, Eq. (2) simplifies to the f-sum
rule, which enforces a universal, interaction, and quantum-
statistics independent growth rate. The corresponding value
is presented in Fig. 3(a) as a dotted line, and Fig. 3(b) shows
it in the asymptotic regime, which is not reached in our
experiments. For lower growth rates, deviations from the
f-sum rule appear due to the weak dependence of y*(k_., w)
on interactions. For Dy closest to D¢, the growth rate is
controlled by the critical behavior of the system, primarily
determined by the zero-frequency response function at k_,
which approaches the compressibility for k_ < kg [26]. In
our case, the averaging over the harmonic trap smoothens
out the moderate quantitative differences to a range com-
parable with the experimental noise.

IV. RAMP DYNAMICS

We now utilize a ramp protocol in which the transition is
crossed at a finite speed, as commonly used to investigate
the dynamics of phase transitions [8]. After a similar
preparation as in the quench protocol, we perform linear
ramps of Dy at finite speed ¢ with ¢ = [(Dy — Doc)/Docl,
as shown in Fig. 4(a). Throughout the linear ramp, time
directly maps onto D, which allows us to identify for each
¢ an apparent ordering threshold D, as presented in
Fig. 4(b) (see Appendix B for details). We use the photon
traces to extract the relative differences of the apparent
threshold to the critical value ey, = [(Dgm — Doc)/Doc]

over four decades in speed. The results are presented in
Fig. 4(c). As the speed increases, we observe a growing
difference in the apparent ordering threshold, which occurs
because the system orders at later relative times during the
ramp at higher speeds. The smooth variations, spanning up
to a tenfold increase in the threshold, are identical from
noninteracting to strongly interacting fermions across the
BEC-to-BCS crossover. At the lowest speeds, we observe a
large noise in €y, and systematic deviations caused by atom
losses during the ramp.

Here, ¢y, exhibits a consistent power-law behavior
over more than 1 order of magnitude in speed. We
substantiate this by fitting a power law to the different
curves at unitarity, finite a, and for an ideal gas, as
presented in Fig. 4(d). Such a power-law behavior could
suggest an explanation in terms of a generalized Kibble-
Zurek scenario [30,32,41], in which the instantaneous
growth rate of the order parameter is integrated throughout
the ramp protocol [42]. We fit the power-law behavior with
eqr  €/047) " as presented in Fig. 4(d). In the Kibble-
Zurek framework, y corresponds to the dynamical critical
exponent, which characterizes the phase transition. We find
an exponent of 0.73(14), strongly deviating from the value
of 0.18 measured in Ref. [32] for the open Dicke model
with rising pump ramps but in agreement with the value of
0.75 found there for decreasing ramps. It also differs from
predicted mean-field values for closed (y = 0.5) and open
quantum systems (y = 1) [30,43-45].
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FIG. 4. Linear ramps of long-range interactions. (a) Linear ramps of D,, with different speeds of ¢ = 10.7 ms™" ( yand 21.7 ms™!

(===). Each line represents the pump-power ramp as experimentally measured. (b) Cavity photon leakage 74, during the ramp, from

which we extract the long-range interaction strength Dy g, (vertical lines) to reach a threshold count rate of 1 MHz (

). (¢) Relative

difference €y, of threshold to the critical point as a function of the quench rate ¢ for A, = —1.4 MHz at 1/kga: 1.1 (@), 0 (), and
—0.7 (7) and for the polarized Fermi gas ( ). Here, (===) shows the behavior as a function of the ramp speed predicted from the
dynamical ansatz, based on the data of Fig. 3 (see text for details). (d) Power-law fits to ey, for the different interaction strengths reported
in panel (c), offset by a multiplicative factor of 5 for clarity. (e) Power-law exponents for different short-range interaction strengths
1/kga (1), where the point at —co represents the polarized, noninteracting Fermi gas. Each data point corresponds to the weighted
average, and the error bar shows the standard deviation among the exponents y obtained over datasets at different A.. We also indicate
the critical exponent determined from fitting the dynamical ansatz (= = = ), together with its fit error reported as the shaded region. Unless
otherwise stated, error bars on data points for each panel represent 1 standard deviation.
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Rather than connecting the ramp response to the critical
behavior as in the Kibble-Zurek scenario, we can explain
the observed power-law based on the knowledge of the
growth rate after a quench. Knowing the exponential
scaling law of Fig. 3 for a given D, offers the possibility
to compare the ramp speed with the instantaneous growth
rate at each point in time, thus quantifying the deviations
from the adiabatic behavior. This process leads to a first-
order differential equation ansatz for the photon flux
leaking from the cavity as a function of time in the
presence of time-varying D:

dﬁdet _

O a(t)fige(1). 3)

Here, we propose the adiabatic dependence a(t) =
alDy(1)], which generalizes the exponential law while
keeping the dynamics independent of any microscopic
detail beyond the determination of a. Direct integration of
Eq. (3) using the data of Fig. 3(b) yields a prediction for the
photon flux throughout the ramps, as presented as a dashed
line in Fig. 4(c). We have combined all the data of Fig. 3(b),
as they show no significant difference within our signal-to-
noise ratio. The agreement is excellent across most of the
parameter range, except at the highest speeds, further
demonstrating the universal character of the dynamical
properties. Together with our previous analysis of the
growth rate, this agreement suggests that ramp responses
are ultimately determined by the response function of the
equilibrium Fermi gas in the initial state.

Interestingly, our results support the extended interpre-
tation of the Kibble-Zurek picture [42]: It ties the scaling of
the ramp response to the growth rate of the order parameter
and thus to the equilibrium properties of the gas without
long-range interactions, following our theoretical interpre-
tation. A manifestation of this feature is the role of the high-
energy mode at k. as observed in Fig. 3, which contributes
to our dynamical ansatz throughout integration but is
negligible for the determination of the critical point.

V. CONCLUSION AND PERSPECTIVES

In conclusion, our thorough investigation of the ordering
dynamics of long-range interacting fermions suggests a
distinct classification for these systems compared to their
short-range interacting counterparts. Here, the entire order-
ing process follows an exponential growth mechanism,
weakly dependent on microscopic details. In short-ranged
systems, the ramp protocol reflects the critical properties
of the transition, as given by Kibble-Zurek prescriptions.
However, in our setting, the long-ranged photon-mediated
interactions enforce an infinite correlation length for the
order parameter throughout the transition, nullifying the
association between diverging spatial and temporal scales
at criticality.

Beyond our theoretical analysis of the three-dimensional
system, these general conclusions are also supported by our
numerical simulations of simplified models in one and two
dimensions (see Appendix E). Interestingly, we did not
observe photon-number ringing in the early-time dynamics
nor a late-time steady-state regime with high temperature
throughout the parameter space explored in our experi-
ments, in contrast with Ref. [37]. There, the sudden quench
protocol was investigated in a regime of weak collective
coupling and A, ~ x. While our general framework cannot
capture the late-time dynamics, we attribute the absence
of ringing in our case to our operation in the regime
A, > k > Eg. Beyond the context of cavity QED, our
results also provide a framework for the description of
Fermi gases interacting at finite range due to dipolar
interactions or Rydberg dressing, where the interplay
between the finite interaction range and the system size
would give rise to a richer scenario.

By virtue of the ability of our cavity-QED system to
record not only average time evolution but also single
quantum trajectories, we have access to information in the
noise and correlations of such signals. There, we anticipate
that quantum effects, such as measurement backaction from
the cavity and quantum noise in the gas, could arise in the
form of deviations from the mean-field description.
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APPENDIX A: EXPERIMENTAL PROCEDURE

We produce a strongly interacting Fermi gas of °Li
comprising 5.68 x 10° atoms in the two lowest hyperfine
states in the vicinity of the broad magnetic Feshbach
resonance at 832 G. We make use of the apparatus described
in our previous work [47,48], with modifications in the last
evaporation stages as presented in Ref. [36], leading to a
deeply degenerate gas trapped in an elongated harmonic trap
with transverse frequencies w, . =430 Hz and a longi-
tudinal frequency of @, = 28 Hz along the cavity axis.

As mentioned in the main text, the pump beam is
operated in the atomic dispersive coupling regime but very
close to a TEM,, cavity mode. We monitor the power
sent on the atoms during each shot on a photodiode. The
pump potential depth is calibrated in atomic recoil units
Eg = h?k3/2m = h x 73.67 kHz by first performing a
Kapitza-Dirac diffraction experiment on a molecular BEC
at 690 G using a standing-wave pump beam with =z
polarization, obtaining the pump lattice depth V xp [49].
We subsequently cancel the pump lattice by introducing
linear, orthogonal polarizations for the pump beam and its
back reflection as shown in Fig. 1(a), which we verify
through the absence of diffraction peaks in the Kapitza-
Dirac experiment. The geometry and properties of the
pump are otherwise the same as in Ref. [26]. The lattice-
free pump potential depth is given by Vy = Voxp/2.

The long-range interaction strength Dy « V,,/A, can be
tuned by varying the pump detuning from the dispersively
shifted cavity A, or the pump potential depth V,. The pump-
cavity detuning A, = A, — 8, is chosen to largely exceed the
cavity dispersive shift of 6. = =2z x 1.5 MHz and the
cavity linewidth of k = 2z x 77 kHz. For sudden quenches,
we switch on V, from zero to a finite value on a characteristic
timescale of 1 ps, which is faster than the dissipative photon
dynamics on the timescale 1/k =2 ps and any atomic
motion in the uniform state at #/Eg ~ 7.7 ps but slower
than the coherent photon dynamics at 2z/A..

After a quench, the photon flux leaking from the cavity is
detected using a single-photon counter with an efficiency of
approximately 3% [50].

APPENDIX B: DATA ANALYSIS

1. Analysis of sudden quenches

We extract the system response to sudden quenches by
performing an exponential fit on the histograms of photon

counts in the early time for each experimental realization.
We apply a moving average before fitting to mitigate
photon shot noise. The fit function is given by

Mg (1) = Rge™, (BI)

with a seed flux value 71 and a growth rate . The fit range
is up to either 60% of the maximal value or a maximal
count rate of 20 MHz, depending on which value is reached
first. At count rates larger than 20 MHz, the photon flux
traces are significantly distorted due to dead-time effects of
the single-photon counter. The fit is performed as a linear fit
on a log scale, therefore equally weighting low and high
count rates in the least-square minimization.

2. Analysis of dynamic ramps

We extract the apparent ordering threshold Dy, at
which the photon rate 714, reaches 1 MHz, by fitting the
onset of the acquired photon flux traces with a linear
function:

Rge (1) = 01 = 1) B(t — 1), (B2)
where 6(7) is the Heaviside function, and ¢, and B are fit
parameters. From this fit, we obtain the time #y, at which
the photon flux exceeds 1 MHz, which is subsequently
converted to a long-range interaction strength D, using
the linear ramp shape. Thus, we perform a linear fit to
the pump power, which is monitored for each realization
on a photodiode, and use it to extract its power at fty,,
which we then convert into D,. The same linear fit on the
photodiode signal also provides a measurement of the
ramp speed €.

To extract the scaling exponent y, we perform a power-
law fit of ey, over a limited range of ramp speed ¢ [see
Fig. 4(d) of the main text]. In particular, we constrain the fit
region up to ¢ = 200 ms~!, which is the largest ramp speed
at 1/kpa = —0.7. On the other hand, ¢, can be artificially
increased by atom losses happening before reaching the
threshold in the low speed limit [which is strongest for
the data at 1/kra = 1.1 in Fig. 4(c)] because of the long
duration of the pump-power ramp. We exclude the loss-
dominated region at low speed by performing a two-step fit:
We first fit ey,, over the full range of ¢ and then exclude all
the points up to the ¢ value where the residual of the first fit
is 25%. The power-law fit performed over such a restricted
range of ¢ provides the best value of y, and its correspond-
ing fit error is typically on the order of 5%.

The method we use to obtain the optimal value of y is
subject to two sources of systematic error. First, both €,
and ¢ are calculated from the measured value of Dy,
which we extract as described above. To account for the
systematic on y reflected by the error on D¢, we repeat the
power-law fit on e, (€) several times, employing, for each
fit, a different value of the critical long-range interaction
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strength in the confidence range of the measured Dgc.
Calculating the standard deviation over the values of y
obtained from the different fits, we estimate the systematic
error on the power-law exponent due to the finite precision
on measuring Dyc to be on the order of around 1% for all
the datasets. Second, a source of systematic error on y arises
from our selection of the range of ¢ over which the fit is
conducted. We estimate this contribution by releasing the
fit range constraints and computing the standard deviation
over the different values of y obtained in the extended range
of €. In particular, to estimate the systematic, we let the fit
range vary up to 1000 ms~!, corresponding to the absolute
largest ramp speed and down to the value of ¢ where the
residual of the first fit is 10%.

We estimate the systematic error on y due to the choice
of the fit range to be of the order of about 7% for all the
datasets. The final error on y is then calculated as the
quadratic sum of the different error contributions: the fitting
error on the best fit and the two systematic errors. The value
of y = 0.73(14) reported in the main text corresponds to
the weighted average and standard deviation over the y
values obtained for the datasets at different A, and short-
range interaction strength.

APPENDIX C: EFFECTIVE HAMILTONIAN

In this section, we derive the effective Hamiltonian
describing the transversely pumped atom-cavity system.
The Fermi gas inside the optical resonator is transversely
pumped by a pump laser with a geometry as shown in
Fig. 1. The pump beam and its back reflection are both in a
coherent state with equal amplitude A,. Their linear and
orthogonal polarizations are described by the unit vectors
e; =1/v2(e,—e,) and e, =1/v2(e, +e,), with the
polarization vector in the pump-cavity plane e, =
cos(¢)e, +sin(¢)e, and the angle of the pump to the
cavity axis ¢p = z/10. The atoms couple to two degenerate,
standing-wave modes of the cavity described by the
annihilation operators a,,. with respective polarizations
along y and z. The combined pump-cavity field is given by

H(r) = cos(k, -
+ Ay (e™

r)(a,e, +a.e,)

tkr)

Te; +e ey (C1)

The absence of vector polarizability in our experimental
regime leads to the usual dispersive light-matter coupling
of atomic density of both hyperfine states 7a(r) =
> ot} fis(r) to an effective pump-cavity potential [35]
given by

Hip = / dr(r) Vg (1), ()

where

a, +ala.)cos? (k. - 1)
) ( )Sm( p I’)(fly—&;)
1) cos(ky, - r)(a; + al)],

Vet = Vo + U (@)
+ noli cos(¢p

+ cos(k, (C3)
with lattice-free pump potential of depth V,, the intracavity
lattice depth per photon Uy, and 5y = +/UyV,. The full
Hamiltonian can then be recast in the form

where A, = A, — 8. = A, — U, [ drn(r)cos? (k. - r) is the
detuning of the pump from the dispersively shifted cavity
resonance and H,, is the Hamiltonian of an interacting,
harmonically trapped two-component Fermi gas. The
potential offset created by the pump has been dropped.
Furthermore, we introduce the density-wave operators for
polarizations y and z, describing the modulation of the
atomic density at wave vectors k. = Kk, = K:

@
I
—

drcos(k, - r)sin(k, - r)7i(r)

(C5)

with fiy = [ dri(r)e’t" being the Fourier transform of the
fermionic density. Since A, is the largest energy scale,
ensuring that the coherent cavity dynamics are much faster
than any other processes, the cavity photon field can be
integrated out, which results in an effective long-range

interaction Hamiltonian

H=Hy, + / drde D(r,v)i(0)a(r),  (C6)

where the effective long-range interaction D(r, ') is given
in Eq. (1):

D(r,r')=Dy[cos(k, - (r—r'))+cos(k_-(r—r'))

+cos(k, -r+k_-r)+cos(k_-r+k, -r)], (C7)
with the long-range interaction strength Dy = 3/ A, =
UyVy/A.. We note that the two cavity modes couple to
linearly independent combinations of DW operators ®y
and C:)z; hence, within linearized equations of motion,
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the two fields remain uncoupled. The main difference
between the two terms is that the term (:)Z couples to 7
and the term ©, couples to 7ycos¢. In the following,
we analyze the coupling of the fermionic atoms to only one
cavity mode, as including the other is a straightforward
extension.

APPENDIX D: INSTABILITY ANALYSIS
AND EQUATIONS OF MOTION

1. General expression

In this appendix, we provide details on the general
derivation of the growth rate equation [Eq. (2)]. For a single
cavity mode, the Hamiltonian can be written as

Ao . A
H = Hy+ =5 (8 + p%) + vV2n(0)x6,  (D1)

with x and p being the canonical quadrature operators
%= (l/\/i)(aI +a) and p=(i/V2)(a' —a). Here,
© = 6., and the long-range coupling strength ;(r) = 7,
for # > 0 and #(z) = 0 before the quench. To compute the
growth rate, we begin by using the linearized Heisenberg
equations of motion, which, for the photon field, are

\/EACI’]()(:).

Computing the equation of motion for the DW operator
is complex, as its exact form depends on the microscopic
details. However, we can utilize linear response theory to
express the expectation value of the density operator:

2 )
:\i_noN/ diy(q,t—71

where N is the total number of fermions in the cavity and
x(q, 1) is the standard (intensive) density-density response
function of the interacting fermions in the absence of the
cavity [51]. Combining Egs. (D2) and (D3), we obtain a
second-order integro-differential equation for the expect-
ation value of x:

¥=-A.p, p=A3- (D2)

)x(),  (D3)

nq(1)

1 0
x+A2x—§170NA/ dt’Z)((q,t—t’)x(t’):O. (D4)

TR g=tky

As we are looking for quench instabilities, we consider
an exponentially growing solution of the form x(7) =
x(0)e* as an ansatz. This approach allows us to obtain
a nonlinear, self-consistent equation for the instability
growth rate a:

a +A2—§;7 NA. > x(g.0 = ia) =0.
q==ky

(Ds)

Since the photon detuning is the largest energy scale, we
neglect the & term in the above equation, leaving D, as the
only relevant experimental parameter. The final instability
growth rate equation is

1= lDON Z x(q, 0 = ia). (D6)

8 g=+ky

By neglecting the o term, we simplify the dynamics,
implying that the behavior of the cavity photons is not relevant
to the instability. Instead, photons simply mediate the long-
range interactions between fermions, with an amplitude
determined by D,. The above expression is equivalent to
Eq. (2) by reexpressing y (¢, @ = ia) as an integral over real
frequencies via the spectral representation [51].

2. RPA density response in the BEC-BCS crossover

In this section, we outline the derivation of the interact-
ing fermion response function within the random-phase
approximation (RPA), which captures the collective sound
mode of the system, as well as the usual particle-hole
continuum, which is gapped [52]. We follow the derivation
of Refs. [40,53,54], where the approach is based on
computing equations of motion of individual operators
and then including the self-consistent field in a canonical
way. The atomic Hamiltonian in momentum space reads

AT At A A
Hy, = E (& — Ckck + U E Chtq.6Ck—g,0' €K 0 Chos
k kK .q.0,0'
(D7)
where &; is the single fermion dispersion and U is an

effective interaction strength, which satisfies the usual
T-matrix scattering-length equation:

m 1 1 m
i " UV

We proceed by performing a mean-field decoupling and
derive the BCS Hamiltonian:

HY =Y (& -

k.o

(D8)

ck oCho + Ach Tck-l +H.c. (D9)

Using the Hamiltonian H°, we can compute the indi-
vidual response functions y° due to external driving. To
include the RPA response, we employ mean-field decou-
pling of the interacting Hamiltonian but also keep any term
proportional to the expectation value of the operator we are
driving, for example, (7). Overall, this method gives rise
to the RPA response function:

0
RPA __ X

B - UXO(Gx @ Gx) ’

x (D10)
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where o, is a Pauli matrix. The above matrix equation
should be understood as if acting on the vector
(8figy, gy, 08, 8AT), with Af = 37 &l el By evalu-
ating the entries and performing the matrix product,
we obtain the expression for the density-density response
of a homogeneous system. The above expression can

now be generalized to the trap-averaged case by replacing
it with [54]

£q.0) = / den(0 (g, w.n(r). A(r)).  (DI1)

where n(r) is the local density and A(r) is the local
superfluid gap. Note that n(r) satisfies [ drn(r) = N, with
N being the total atom number. We use this result in Eq. (2)
to obtain the growth rate a.

APPENDIX E: NUMERICAL SIMULATIONS
FOR SIMPLIFIED SYSTEMS

1. tMPS calculations in 1D

In this section, we show that the picture of the ordering
dynamics has applicability beyond the three-dimensional
Fermi gas described in the main text. In this regard, we
study coupled cavity-atom systems, in which the atoms are
confined to a one-dimensional lattice. In agreement with
the experimental observations, we obtain an exponential
ordering dynamics at early times, whose growth rate is
mainly influenced by the strength of the long-range
interactions.

In the following, we perform numerical simulations of
one-dimensional interacting systems coupled to the field
of the optical cavity. We recover the short-time dynamics of
interest by employing a mean-field description of the cavity
field. This approach neglects the fluctuations in the atom-
cavity coupling [35,55,56]; however, it allows us to access
larger sizes for the atomic system than in the simulations
that treat the cavity field exactly [57,58]. Thus, we consider
the following Hamiltonian for the coupled atom-cavity
system [33,35]:

H= Hatoms +Hacv

w = —hn(& + )Y cos(kej)iy, (I
J

where 71 is the atomic density operator and /4. is a complex
number describing the cavity field. The equation of motion
of the cavity field is given by

= iny cos(kej) (i) -

For the results presented in this section, we consider the
case in which the cavity is transversely pumped, with A,

(iA. +x)A..  (E2)

the detuning of the cavity with respect to the pump beam
and the strength of the effective atom-cavity coupling given
by #n. The photon losses are controlled by the dissipation
strength k. As we are interested in the short-time dynamics,
we do not include a stochastic Langevin noise term in
Eq. (E2) [59], which would be relevant at later times. We
choose the commensurability between the cavity wave
vector and the one-dimensional lattice such that k. = ;
e., the cavity couples to the atomic odd-even density
imbalance, > _;(=1)/(7;).
To further emphasize the generality of our conclusions,
for the atomic Hamiltonian, we consider interacting models
for both spinful fermionic atoms:

Hy = Hip + Hyns

Hi = U Rjsiij .
7

Hyn = =) (8] 81110+ 11 4850), (E3)
j.o
and bosonic atoms:
Hg = Hiy + Hyin,
UL
mt Eg
L-1 .

Hkin:_‘] (b]b1+l +b/+1b ) (E4)

=1

In both cases, J represents the tunneling amplitude and
U the on-site repulsive interaction strength. In the
presence of the cavity-induced global-range interactions,
these models exhibit a phase transition to a density-wave-
ordered state in their steady states as the atom-cavity
coupling is increased [33,35].

While the cavity is treated at a mean-field level, we
simulate the atomic dynamics numerically exactly. We
employ a time-dependent matrix product state (tMPS)
algorithm [60-62] for the Hamiltonian in Eq. (El) while
numerically integrating in parallel Eq. (E2). The initial state
of the evolution corresponds to a state without any photons,
A.(t=0) =0, and the atoms in the ground state of the
model. The ground state is computed using the density
matrix renormalization group (DMRG) algorithm in the
matrix product state (MPS) representation [62,63]. The
implementations make use of the ITensor Library [64].

We focus on the early times of the coupled atom-cavity
dynamics, where we observe an exponential increase in the
photon number, n,, = |A.|>. We obtain the exponential
dynamics for all parameters considered and regardless of
the statistics of the atomic model. We extract the growth
rate of the exponential increase for different values of the
atomic interactions and coupling 5, presented in Fig. 5,
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FIG. 5. One-dimensional cavity-atoms simulations. (a) Growth

rate a in units of the hopping amplitude J as a function of
Dy/Dgc, obtained from the numerical simulations of Egs. (El)
and (E2) for fermionic atoms, Eq. (E3), with on-site interaction
strengths U/J: O (===), 4 ( ), 16 ( ). The inset shows the
exponential growth of the intracavity photon number n,, for a
quench to Dy/Dyc =4 and U/J =4 as a function of time 7.
(b) Growth rates for bosonic atoms, Eq. (E4), with U/J: 0.25
(====), 4 (===, 00 (===). The parameters used for panels (a) and
(b) are hA,/J =200 and hx/J = 3.75, considering a similar
separation of scales as in the experiment. The simulations were
performed for L = 48 sites and an atomic filling N/L = 0.375.
The filling was chosen not to be commensurate with the potential
induced by the cavity.

for parameters with similar scale separation as in the
experiment. The critical value 7, has been determined by
analyzing the self-organization phase transition, which
occurs in the ground state of the Hamiltonian, Eq. (E1),
computed self-consistently with the mean-field relations
derived from the steady state of Eq. (E2). We observe that
the main influence on the growth rate stems from the
strength of the coupling to the cavity field #. Interestingly,
we obtain very similar growth rates for both bosonic and
fermionic atoms, for all values of the short-range inter-
actions considered, ranging from noninteracting to strongly
repulsive. This result further suggests that the exponential
growth of the density wave order is mostly controlled by
the strength of the long-range interactions while being only
weakly influenced by the microscopic details of the atoms.

2. Gaussian state calculations in 2D

While linearized dynamics of the coupled atom-cavity
system can be computed analytically and have good
agreement with experiment, it is hard for it to predict
how long the linear regime persists and thus how many

decades of exponential growth there are. To estimate the
duration of the exponential regime, we employ variational
Gaussian states (GS) [65]. The variational parameters
are the fermionic correlation matrix I = (ygs|CCTlwgs)
and the photonic displacements Ag = (wgs|(%, )T lwas).
where |y gs) is the Gaussian wave function. In this way, we
have the best possible description of the system up to two-
point correlators. We perform a 2D square lattice discre-
tization of the Hamitonian [Eq. (D1)] with nearest-neighbor
hopping with hopping amplitude J for the kinetic term. We
work in two dimensions instead of three since we do not
expect solutions to change qualitatively for Gaussian states.
We find the ground state for a given U < 0 in the absence
of light, which is a BCS or BEC state, depending on the
magnitude of U. We then apply a small noise trans-
formation that preserves particle number to I' and A,
and we perform real-time evolution with the light-matter
coupling quenched above the critical value. The equations
of motion are

d,AR = O'l’lA,
dl'y = i[[s. hy. (E5)
where 6 = (Y — ) and
E
hy =22E
PN
oF
hy=-2——=, E6
f aFE ( )

which are the derivatives of the expectation value of energy
E = (wgs|H|wgs) in the time-dependent Gaussian state.
Energy and particle number are conserved in the simu-
lations. For simplicity, we take a single ordering wave
vector q = (4z/L,,0)”. We expect translational invariance
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FIG. 6. Two-dimensional Gaussian state simulation. Intracavity
photon number 7., vs time ¢ in units of the hopping amplitude J,
following a deep quench into the DW-ordered phase for four
repetitions of the quench simulation with random initial noise.
The dynamics are modeled with variational Gaussian states and a
lattice-discretized model.
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in the perpendicular direction. The results shown here
are for a lattice of L, x L, = 16 x 4 sites, but the compu-
tation has favorable scaling for much larger studies in the
future. We set the filling factor to v = 0.6 so that the ratio
q/kr = 0.4 is close to the experimental value of k_. We
choose detuning A, = 50/ to have a good separation of
scales. Figure 6 shows intracavity photon number versus
time for a deep quench from a BEC state to Dg/Dgc > 1,
with U = —2J, for four simulations. The dissipation is set
to k = 2J. We observe several decades of uninterrupted
exponential growth, which qualitatively agrees with experi-
ment. We also check that reducing or increasing dissipation
does not significantly alter the duration of the linear regime.
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