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We have implemented absolute acoustic gas
thermometry at 10 K, 13.8 K, 19 K and 24.6 K to
evaluate the performance of this primary method for
the direct thermodynamic calibration of capsule-type
resistance thermometers, including both platinum
and rhodium-iron types. Our implementation is
based on speed of sound measurements in helium
at a single pressure, chosen in the range 65 to
130 kPa, with non-ideality corrections relying on
accurate ab initio calculations of the thermodynamic
properties. The overall accuracy achieved in the
determination of the thermodynamic temperature T
varies between a minimum of 0.1 mK at 13.8 K to
a maximum of 0.2 mK at 24.6 K. From the acoustic
results and the calibration of thermometers on the
international temperature scale ITS-90 providing Tgg,
we determined the differences (T-Tqp), finding them
in good agreement with the 2022 consensus estimates
within the combined uncertainties. These results
include a determination of the thermodynamic
temperature at the triple point of neon Tne =
(24.55502 + 0.00030) K. This new value of Tne is
consistent with other recent determinations obtained
with various primary methods. Finally, we provide
an example of a rapid, yet accurate, simplified
thermodynamic calibration procedure.

This article is part of the Theo Murphy meeting
issue “The redefined kelvin: progress and prospects’.
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1. Introduction

After more than one century of use for precise temperature metrology, resistance thermometers
are still unsurpassed as the best performing and most practical devices for measuring tempera-
ture across wide ranges. For use in the cryogenic regime, special capsules filled with helium
(He) are employed to ensure effective thermal contact between the external environment and
the internal sensitive element; this is formed by a fine coiled wire made of either a highly
pure metal or alloy, depending on the working temperature range. Capsule-type standard
platinum resistance thermometers (CSPRTs) can cover the whole range from ambient temper-
ature down to approximately 13.8 K. Below this threshold, CSPRTs are too insensitive and
rhodium-iron resistance thermometers (RIRTs) are preferred owing to their superior sensitiv-
ity. In recent years, an alternative to RIRTs has appeared in the form of the platinum-cobalt
(PtCo) thermometer. All these thermometers—with RIRTs and PtCo limited below 24.6 K—are
conventionally calibrated on ITS-90 [1], which requires multiple measurements, for a complete
calibration between 13.8 and 273.16 K, at eight pre-established fixed-point temperatures. Six out
of eight fixed points are obtained through sealed cells, each one containing a different substance
whereof the triple point is realized; no method currently exists allowing measurement of all
of them by a single experimental apparatus. Therefore, thermometers are necessarily required
to be mounted on customized adapters and moved from time to time into specific systems
holding the cells; at least three independent measurements are required for the triple points
of water, mercury and the cryogenic gases. In addition, the two remaining fixed points near
17 K and 20.3 K, i.e. the vapour-pressure points (VPPs) of equilibrium hydrogen, are typically
no more realized with open cells or obtained using an interpolating gas thermometer (ICVGT),
as prescribed by the ITS-90, but rather transferred with RIRTs [2] previously calibrated on an
ICVGT. This procedure often requires additional comparison equipment for the subsequent
and much more expeditious dissemination of multiple secondary calibrations at cryogenic
temperatures. Consequently, in addition to all the risks and drawbacks associated with the
transfers (e.g. mechanical shocks, workloads, etc.), primary calibrations of resistance thermom-
eters on ITS-90 can take from several weeks to months, depending on the temperature range/
subrange considered and the resulting number of fixed-point measurements required. More
importantly, the main limitations of ITS-90 calibrations derive from the structure of ITS-90 itself,
because of known errors in the values of thermodynamic temperature assigned to the defining
fixed points, the restrictions coming from defined position and scarcity of calibration points
along the range of validity, and non-uniqueness issues [3]. Recently, this limited perspective
was modified by two relevant changes for temperature metrology: (i) the redefinition of the
kelvin in 2019 [4], based on the assignment of an exact value to the Boltzmann constant k,
accompanied by the Mise en pratique (MeP-K) with guidelines for its realization [5]; (ii) the
accurate updated consensus estimate [6] of the differences between T and Tgy below 335 K,
from the determinations of thermodynamic temperature obtained by four gas-based primary
thermometry methods, namely: acoustic (AGT), dielectric-constant (DCGT), constant-volume
(CVGT) and refractive-index (RIGT).

The present work fits into this context to assess the performance and evaluate the uncer-
tainty of AGT for the direct calibration of CSPRTs and RIRTs using thermodynamic temperature
in the range 10 to 25 K. From previous ITS-90 calibrations of the same thermometers, the
uncertainty in the realization of T and Tqg is compared, and (T-Tog) differences are derived.

For all the results reported and discussed here, we implemented the absolute version
of acoustic primary thermometry, which determines thermodynamic temperature T from an
estimate of the speed of sound in He at zero pressure wy as

T = wo—, 1.1
o (L1
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Table 1. Thermodynamic states investigated in this work, corresponding values of T and estimated standard uncertainties
u(T) determined from absolute AGT, values of Tog and estimated standard uncertainty u(Tqg), resulting (T-Tqq) differences
and combined standard uncertainties u(7-Tgp).

Tref, Pref Tgg + u(Tgo) (T-Tgp) £ u(T-Tgo)

(K, kPa) (K)
10.0000, 66.640 10.000 1410000 139 10.000 00 +0.000 42 0.14+044

8929 +0.000 170
5016 +0.000 202

where M and y( are, respectively, molar mass and ideal gas heat capacity ratios, and R is
the molar gas constant. The value of R has been exactly defined since 2019 and entails no
uncertainty contribution to AGT. Also, our investigated temperature range (10 to 24.5 K), being
lower than the triple point of most ordinary gaseous substances, constrains the choice of the
thermometric gas to He and facilitates an accurate estimate of the ratio M/yy. We assume yq =
5/3 and M = 4.0026063 g mol™ for our sample, and discuss below the validity of these assump-
tions, based on previous work with the same He batch [7]. He has the additional advantage that
its thermodynamic properties are calculated from first-principles with very high accuracy. This
is the case for the acoustic virial coefficients, which define the pressure dependence of the speed
of sound w as a function of temperature:

(0, ) = i1+l s D)+ )+ | 12
’ RT RT RT) | :
In equation (1.2), wp(T) = Ba(T), w3(T) = RTyF(T) and wy(T) = (RT)*67(T), where Bo(T) is the
second acoustic virial coefficient, and y/(T), 0,/(T) are, respectively, the third and fourth
acoustic pressure virial coefficients. We take advantage of the accuracy by which the acoustic
virials of He Ba(T), y4'(T), 64'(T) are known from theory to calculate the correction expressed
by the series in equation (1.2) as needed to experimentally determine wp, and hence T, from
speed of sound measurements w(Tyef, Pref) taken in proximity of a single thermodynamic state
nominally identified as (Tyef, Pref), @ procedure first demonstrated in [8] for a determination
of the Boltzmann constant k. The reference values of pressure and temperature investigated in
this work, listed in table 1, were chosen to be a close approximation to the realized thermody-
namic conditions and, because in the course of the experiment the temperature of the gas is
inferred by the readings of one or more thermometers calibrated on ITS-90, Tyef = Tgg. At each
state, our determinations of speed of sound are obtained by measuring the acoustic resonance
frequencies f*° of the radial modes of a He-filled copper cavity having quasi-spherical geometry
and approximately 0.5 1 internal volume. A precise estimate of the dimension of the cavity is
obtained by measuring the microwave resonance frequencies f™" of two transverse magnetic
(TM) modes, upon correcting for the refractive index of He calculated from the polarizability
and the dielectric virial coefficients predicted by ab initio calculations. Experimentally deter-
mined values of f* and f™" must be corrected for major perturbing effects. Models of these
corrections are available from the development of AGT supporting theory as reviewed in [9].

In the following sections, after a brief description of the most relevant features of the
apparatus, we present and discuss the quality of the acoustic and microwave data. In both
cases, this can be assessed by two main indicators, namely, the consistency of results obtained
from different modes and the comparison between the modelled contributions to the resonance
halfwidths with those determined experimentally. These indicators are then combined with
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other minor contributions, including the uncertainty of the ab initio calculated properties of
He, to define the overall uncertainty budget of our determination of T. In a separate section,
we discuss the procedures used for the ITS-90 calibration of four capsule thermometers (two
CSPRTs and two RIRTs) that were placed in contact with different parts of the resonant
cavity. Unfortunately, temperature readings from the four capsules were not always found
in agreement within their calibration uncertainty, with discrepancies particularly evident at 19
K (see §3d). These inconsistencies, which attest to the difficulty of ITS-90 calibration in the
cryogenic range, severely limit the uncertainty of the (T-Tog) differences reported in this work
(see table 1 and §3e).

Finally, to demonstrate the convenience of absolute AGT for direct thermodynamic
calibration of capsule thermometers, we present and discuss the (T-Tgp) results obtained by
setting up a fast automated calibration procedure. In the course of the procedure, which
determines T from the resonance frequency of a single acoustic mode, the He temperature and
pressure within the cavity respectively vary along an isochore, between (11 K, 77 kPa) and (27
K, 185 kPa), providing 28 calibration points and requiring approximately 110 h to be completed.

2. Experimental method

(a) Overview of the apparatus

Speed of sound measurements in He were obtained using the apparatus previously developed
in a microwave-only configuration to implement RIGT between 13.8 and 161.4 K [10]. Basically,
it comprises a triaxial-ellipsoidal copper cavity (see figure 1), with 50 mm nominal internal
radius, contained in a vacuum- and pressure-tight (up to 1 MPa) copper experimental vessel,
itself surrounded by a vacuum-tight copper thermal switch vessel used to regulate heat transfer
to the innermost stage of a pulse-tube cryocooler. Foil electrical heaters wrapped around the
experimental and the thermal switch vessels can be used to set the working temperature in the
range 9.5 to 300 K.

The experiment was adapted for the AGT measurements reported here with minor
modifications, including flush mount with the internal surface of the resonator of two 4"
free-field condenser microphones, located on the lower cavity hemisphere at positions labelled
MP1 and MP2 in figure 1, to excite and detect the acoustic field. A copper tube with 0.8 mm
internal diameter (not shown in figure 1) was inserted within a bored-through adapter on the
cavity wall to form a gas inlet-outlet port with a total length of 50 mm. The port equilibrates
the pressure within the cavity and the experimental vessel, which is connected by a dedicated
gas line to the external manifold for regulation and measurement of the pressure based on the
readings of a quartz transducer with a full-scale range of 690 kPa. The central conductor of two
coaxial cables cut flush with the internal cavity surface act as very weakly coupled monopole
antennas at positions MW1 and MW2 on the upper hemisphere.

A total of four Tgp-calibrated capsule-type resistance thermometers, two CSPRTs and two
RIRTs, were inserted into hollow posts bored within the resonator wall structure. CSPRTs
with serial numbers RS144-01 and 5435 were placed at the top and bottom ends of the cavity,
respectively, near RIRTs with serial numbers 200607 and 200609 (locations highlighted in figure
1). Details about the calibration history of the thermometers can be found in [2,10,11] and are
discussed further below.

Coaxial and wiring connections from the microphones, the antennas and the thermometers
lead, by suitable feed-through connectors, across the various stages of the cryostat to the
instrumentation in the laboratory. With minor exceptions separately commented on below,
instruments and devices were the same used for previous RIGT and AGT experiments,
respectively described in [10] and in [7,12].
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Figure 1. Front and cross-sectional schematic views of the AGT resonant cavity used in the present work, with dimensions
in mm, showing the positions of microphones (MP1,2 in green), microwave antennas (MW1,2), platinum (CSPRTs in red) and
rhodium-iron (RIRTs in blue) capsule resistance thermometers.

(b) Measurement procedure

The experiment was initially prepared by extensive evacuation of the different stages of the
apparatus and by repeated flushing and filling with various samples of He, as needed for
preliminary speed of sound measurements covering the overall temperature range 14 to 297
K for pressures up to 500 kPa. The results of these test measurements were useful to refine
various aspects of the apparatus and measurement procedure; they are not reported on or
further discussed here.

The temperature of the experiment was regulated by PID control of the current fed into a 230
Q resistance foil heater wrapped around the external surface of the thermal-switch vessel, based
on the readings of a thin-film resistance temperature sensor attached to its top head flange.
During measurements, the thermal switch vessel was filled with a few mbar of He to increase
and speed up heat transfer to and from the experimental vessel and the resonator contained
therein. Heating power in the order of 3.5 W was sufficient to maintain the temperature of
the experiment at 30 K. This simple temperature regulating system allowed for temperature
stability of the experiment better than 0.1 mK over several hours. No pressure regulation or gas
flow was implemented for this work, but temperature control normally maintained pressure
fluctuations within + 1 Pa of their mean.

Using the same instrumentation and fitting procedures described in [7,10,12], for each single
experimental run at (Tj, p;), the acquisition of a dataset composed by the resonance frequen-
cies fio,N)(Tj pi) and halfwidths g ny(T; pi) of eight radial acoustic modes, (0,2) to (0,9), and
by the mean resonance frequencies {frapin(T; p;)? and halfwidths {g¢rvin(Ti pi)?  of the
triply degenerate microwave TM11 and TM12 modes, required approximately 17 min, and was
repeated over a period of time lasting between a minimum of 3.5 h and a maximum of 12.5
h. From these records, each successively fitted frequency fi(T;, p;) is corrected to fi(Tref Pref),
at the nominal reference temperature and pressure for the corresponding experimental run.
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For both acoustic and microwave frequencies, these corrections—implemented as per eqns. (8)
and (10) in [12]—require an estimate of the linear thermal expansion coefficient ay, of copper.
In addition, the microwave and acoustic corrections involve, respectively, the refractive index
n(T, p) and the speed of sound w(T, p) of He. Because the corrections are small, knowledge of
all these quantities does not need to be accurate. However, for the cavity used here, accurate
knowledge of ay, is available from previous microwave measurements in vacuum at different
temperatures [10]. Also, as further discussed below, both n(T, p) and w(T, p) of He can be
accurately calculated from first-principles. Once corrected, repeated measurements fi(Tref, Pref)
are averaged to provide a single mean estimate f(Tref, pref). The standard deviation of this mean
incorporates the uncertainty contributions arising from fitting single resonances, the stability
and repeatability of the experiment, and the effectiveness of the corrections. For the acoustic
measurements at 13.8 K, 19 K and 24.6 K, this uncertainty estimator was found negligibly
small, relatively less than 0.3 ppm. Acoustic measurements at 10 K represented an exception,
presumably because temperature control was not active, with the relative standard deviation
of the mean of the frequency of several radial modes as large as 5 ppm. This exception was
accounted for with a specific uncertainty contribution (row 1 in the uncertainty budget table 2)
for the final estimate of T listed in table 1.

3. Results and discussion

(a) Acoustic model and corrections

For each radial acoustic mode (0,N), our determination of the speed of sound at the reference
conditions wN(Tref, Pref) from the corresponding measured resonance frequency fa(Tref, Pref) is
based on

_ 27-(a(Tref/ pref)
ZEN

wN(Tref/ pref) [fN(Tref/ pref) - Z AfN] . (3.1)

In equation (3.1), the radius of the cavity at the reference conditions a(Tref, Pref) is determined
from measurements of microwave resonances of the gas-filled cavity, as discussed below. The
same measurements precisely determine the shape of the internal geometry by the shape
parameters €1 and €y which define the difference between the three semi-axes of the ellipsoid,
namely, a, a(1+e1) and a(1+e). Based on these parameters, corrections to the acoustic eigenval-
ues of a perfect sphere can be calculated [13] leading to precise estimates of zgn. For our cavity,
these corrections vary between a minimum of 0.5 ppm for mode (0,2) to a maximum of 18 ppm
for mode (0,9).

Because of the interaction of the acoustic field within the cavity with the finite, non-uniform
impedance of its internal cavity surface, the measured resonance frequencies fN(Tref, Pref)
must be corrected to account for the resulting perturbations, summarized by the summation
symbol in equation (3.1). The interaction at the cavity surface, and to a minor extent within
the bulk of the fluid, dissipates acoustic energy in a measure quantified by the resonance
halfwidths gn(Tref, Pref). Because experimental estimates of the halfwidths are obtained by
fitting the resonance curves, and are otherwise calculable from theoretical models in a fully
independent manner, the comparison of experimental and theoretical halfwidths is a reliable
quantitative indicator of the completeness and adequateness of the acoustic model, proving that
relevant perturbations have indeed been taken into account. In our modelled corrections to the
experimental frequencies, we first account for perturbations induced by the thermal boundary
layer, including the propagation of a thermo-elastic wave into the shell and imperfect ther-
mal accommodation at the boundary. Calculation of these corrections requires an estimate of
several thermophysical properties. At the thermodynamic conditions investigated here, thermal
boundary corrections are small, overall ranging between -100 ppm for mode (0,2) at 25 K
and -30 ppm for mode (0,9) at 10 K. Also, for He, thermophysical properties are accurately
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Table 2. Uncertainty budget for the acoustic determination of the thermodynamic temperature T.

reference temperature/K 24.5561 19.0000  13.8033 10.0000

reference pressure/kPa 99.98 127.60 91.80 66.64

row uncertainty source relative standard uncertainty u,(T)/ppm
1standarddewat.onofthemeanofrepeated ................. 0 3 e e 048 ......... 818

measurements

2therma|accommodanoncorrect.on ........................... 041 ................... 026 ................. 022 ................... 020 ............
3she||(orrect|on159139 ................. 116 ................... 030 ............
4|mperfectdeterm|nat|onofpressure133168 ................. 022 ................... 350 ............
5 maimumdifferencebetweenselected modes 371 X 2 10
6meandoub|eexcessha|m|dth .................................. 651762 ................. 652 ................... 654 ...........
totalacousuc ....................................................... 7 98 .................. 8 52 ................ 7 22 ................. 131 ..............
squaredm|crowaverad|usres|st|v|ty116120 ................. 124124 ...........
8 squedmicowaveradivstotal mode ifference 142 142 9w
mtalmmowave ................................................... 133 .................. 186 ................ 1 89 ................... 139 ...........
9ab m’tmco"ectlontozempressure .................... 0 81 ................... 2 oo ................ 2 83 ................... 4 30 ...........
combmed/ppm .................................................... 8 22 .................. s 94 ................ 7 93 ................. 139 .............

known from theory [14] and contribute negligible uncertainty. The thermal accommodation
correction varies between 0.6 ppm and 1.1 ppm, assuming the accommodation coefficient h
to be comprised between 0.34 and 0.39 [15] at all investigated temperatures. The uncertainty
contribution from the imperfect estimate of & is always less than 0.4 ppm and included only for
completeness (see row 2 in table 2).

We account for the perturbation induced by the gas inlet-outlet duct by a calculation of
its complex acoustic impedance [16]. The corresponding relative frequency perturbation was
always less than 0.35 ppm, the relative contribution to the halfwidths was always less than 0.5
ppm. The real acoustic impedance of the diaphragm of two 4” condenser microphones, and
the corresponding frequency perturbation, was calculated equal to 0.9 ppm for all modes and
temperatures in this work, using eqn. (2.37) in [17]. Thus, the overall frequency perturbations
induced by the duct and the acoustic transducers are small enough that their uncertainty
contribution to the overall uncertainty can be neglected.

Finally, we considered frequency corrections as needed to account for coupling of the
acoustic field within the cavity with elastic motion of the shell. In principle, larger perturbations
to the acoustic radial modes are expected near the lowest radially symmetric mode of the shell,
identified by a breathing frequency fy;, which can be calculated by analytical models. Experi-
mental practice shows that the convoluted structure of a resonator differs enough from a simple
isotropic spherical shell that coupling with non-radial modes of the shell may also be effective.
For our cavity, a calculation based on the analytical model [18], and the elastic properties
of copper, leads to an estimated f;,, of approximately 20 kHz. However, our experimental
observations evidence major perturbating effects taking place around 17.5 kHz. These observa-
tions are favoured by the large relative shift, by a factor 1.6, of the resonance frequencies as a
consequence of the temperature increase between 10 and 25.4 K, with fy varying between 2.7
kHz and 4.2 kHz and fqg varying between 15.8 kHz and 24.9 kHz. For instance, the dispersion
and excess halfwidth plots in figure 2 show a large perturbation for mode (0,7) falling near 16.7
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kHz at 19 K. Assuming f,; = 17.5 kHz, we used the simplified model of eqn. (3.1) in [17] to
calculate corrections to the radial modes at different temperatures, typically found in the order
of + 5 ppm but rising to —40 ppm for mode (0,7) at 19 K. Our selection criteria of the best modes
for the final determination of T reject modes with calculated shell perturbations larger than 10
ppm. While it is hard to work out a realistic estimate of the uncertainty of our educated guess of
for, we conservatively assume 500 Hz as the standard uncertainty and estimate its contribution
to the uncertainty by the difference between our determination of T upon recalculating shell
corrections with f,,, = 17 kHz or with f,; = 18 kHz (row 4 in table 2). If shell perturbations were
ignored and no shell correction applied, the overall effect on T would vary between a minimum
of 2.3 ppm at 24.5 K and a maximum of 8.2 ppm at 19 K.

The left-hand plot in figure 2 shows the progressive effect of applying successive corrections
to the experimental acoustic frequencies measured at 19 K to account for various types of
perturbations. Displayed are the corresponding (T-Togg) differences scaled in mK temperature
units. Formally, the calculation of T in this plot requires the estimate of the cavity radius and
the ab initio correction of the speed of sound at zero pressure, as discussed in the following
sections. The right-hand plot in figure 2 shows the relative double excess halfwidths 2(gexp—
8calc)/fcalc scaled in mK for the same data. The large shell perturbation for mode (0,7) falling
near our estimated breathing frequency of the shell is evident. Figure 3 shows the dispersion
and excess halfwidth plots, scaled in mK units for acoustic data measured at other temperatures
investigated here: 10 K, 13.8033 K and 24.5561 K.

For modes (0,2) to (0,7) at the four temperatures investigated here (with the exception
of mode (0,7) at 19 K which is strongly perturbed by shell coupling), figure 4 plots the (dou-
ble) relative excess halfwidths in ppm, 2(gexp~ Scalo)/fcale as a function of the corresponding
mode eigenvalue. The clearly evident mode-dependent pattern indicates that our acoustic
model is imperfect or incorrect in accounting for some perturbations, probably arising from
the impedance of ducts and/or transducers. These observations suggest accounting for this
imperfection with a specific uncertainty contribution as per row 6 in table 2.

(b) Microwave determination of the cavity radius

We estimate the internal radius of the cavity at the reference conditions a(Tref, Pref), and the
shape parameters which define the acoustic eigenvalues zgy in equation (3.1), from measure-
ments of the resonance frequencies of the TM11 and TM12 electromagnetic modes falling,
respectively, near 2.6 GHz and 5.8 GHz. In the temperature range explored here, the electri-
cal resistivity of copper is in the order of 1.2 nQ) m, leading to resonance quality factors of
approximately 1 x 10° and 1.7 x 10°, and resonance halfwidths of 14 kHz and 17 kHz, for
modes TM11 and TM12, respectively. For both modes, the standard deviation of repeated
measurements is typically less than 0.01 ppm. Because microwave measurements take place
while He fills the cavity, the estimate of the cavity radius at the reference conditions requires
that the mode frequencies are first corrected by multiplication with the refractive index of the
gas n(Tref, Pref)- At 10 K and 66.64 kPa, n differs from unity by approximately 634 ppm, at
24.5 K and 100 kPa, by approximately 380 ppm. The calculation of n(T, p) enjoys the progress
achieved by theory in modelling the required electromagnetic properties of He, including the
molar polarizability A, = 0.517 254 08(5) cm® mol™ [19], the second dielectric virial coefficient
B (T) [20], for instance B, (10 K) = -3.9(1) cm® mol?, the third dielectric virial coefficient C, (T)
[21], for instance C, (10 K) = -0.210(3) cm’® mol™, and the diamagnetic susceptibility xo = -1.891
04(3)x10° cm® mol™ [22], with the number in brackets indicating the standard uncertainty
of the last reported digit. Given the remarkable accuracy of these calculated properties, the
uncertainty contribution of the correction by #n(Tief, pref) to our determination of a(Tyef, Pref)
and hence of T, is negligible. However, the refractive index is sensitive to small changes of
density, like those possibly caused by errors in the experimental determination of T and p.
At the densities explored here, an error of 100 Pa would change n by approximately 1 ppm,
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Figure 2. (Left) Progressive reduction of the dispersion of (T—Tgq) results determined from eight radial acoustic modes
measured at Tref = Tgg = 19 K upon successively subtracting from the experimental data corrections to account for various
perturbations, that is, for the ellipsoidal shape of the cavity, for the thermal boundary layer, for the shell coupling and for the
duct and microphone impedance. (Right) Double excess halfwidths, scaled in mK temperature units, 2Tyef(gexp— gcalc)/fcalc Of
acoustic resonances at 19 K. The plots evidence the larger perturbation occurring for mode (0,7) near the breathing frequency
of the shell.

the same change would be caused by a temperature error of 15 mK. Both these sensitivities
are low enough that their uncertainty contributions can be safely ignored. As for the acoustic
modes, corrections to the experimentally measured resonance frequencies must be applied. A
geometrical correction to the microwave eigenvalues of a perfect sphere, to account for the
ellipsoidal shape of the cavity, can be calculated using the model in [23], based on the shape
parameters determined from the relative separation of the single components of the modes,
leading to &1 = (1.0592 + 0.0004) x 107 and &, = (0.50567 = 0.0004) x 107, at all temperatures
investigated here, with relative corresponding corrections of 0.15 ppm and 0.89 ppm to the
eigenvalues of TM11 and TM12, respectively. The finite electrical conductivity of the cavity
surface allows for penetration of the field within the wall at the boundary with a major
contribution to the resonance halfwidths and decreasing the frequencies by the same amount.
Because we have no other modelled contributions to energy losses, correcting the experimental
frequencies by adding the fitted mode halfwidths accounts for this perturbation. Alternatively,
copper resistivity values can be obtained by fitting the resonance halfwidths, typically obtaining
slightly different results from different modes. The change in the corrected frequencies resulting
by these alternatives contributes to the uncertainty of our determination of the cavity radius
with a relative contribution of 0.6 ppm, and twice as much to the determination of T (see row
7 in table 2). Additional small corrections are applied to account for the perturbations induced
by the coaxial waveguides used as antennas, and the gas inlet-outlet duct, using the model in
[24]. Upon these corrections, the radius calculated from modes TM11 and TM12 is compared
and found to differ by 0.7 ppm, very nearly constant at all temperatures. This discrepancy is
accounted for with a specific contribution (row 8 in table 2) of approximately 1.4 ppm to the
uncertainty of T.

(c) Determination of thermodynamic temperature

The corrected unperturbed acoustic frequencies and the determination of the cavity radius at
the reference conditions, discussed in the previous sections, lead to an estimate of the speed of
sound wN(Tref, Pref) for each radial mode. Before thermodynamic temperature can be calculated
from these estimates, they must be corrected to corresponding values at zero-pressure. This
correction is large, for instance at 10 K and 66 kPa [wn(Tref, Pref)/WN(Tref) — 1] is approximately
-0.0052, and its uncertainty must be carefully considered. Also, the correction is sensitive to
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Figure 3. (Left, from top to bottom) Dispersion of (T—Tgg) results determined from eight radial acoustic modes respectively
measured at Tref = Tog = 10 K, 13.8033 K, 24.5561 K. (Right) Double excess halfwidths 2T;ef(gexp— gcalc)/fcalc Scaled in mK
units for the same reference temperatures.

errors in the experimental determination of pressure. Based on previous work [7], we conser-
vatively assume + 25 Pa as a plausible error of our experimental estimate of p and account
for its effect on the speed of sound in He with a specific uncertainty contribution (row 4 in
table 2). As per equation (1.2), the correction to zero pressure requires estimates of the acoustic
(pressure) virial coefficients w;(T) of various order as a function of temperature. Gokul et al.
[25] recently calculated the terms in the acoustic virial equation of state expanded in terms of
density (or pressure as in equation (1.2)), up to the seventh order over the temperature range
2 to 1000 K. These calculations use published information on the density virial coefficients and
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the pair and three-body interaction potentials of He [26-29]. Because [26] also reports its own
estimates of the second acoustic virial coefficient w(T) = f5(T), and these are more accurate than
in [25], we retain the former source of wy(T) as the most convenient. Otherwise, we assume
functions from w3(T) up to ws(T) and their uncertainties from [25] in our implementation of
the ab initio correction leading from wn(Tref, Pref) t0 WN(Tref). To exemplify the remarkable
accuracy achieved by these calculated properties, note that at 10 K, f, = -13.546(4) cm® mol™, w3
= 807.0(16) cm® mol?, w4 = 55010(37) cm’® mol™® and w5 = 2.647(6)x10° cm' mol™. We use these
uncertainties to estimate specific uncertainty contribution to our determinations of T, listed as
ab initio in row 9 in table 2, relatively spanning between 0.8 ppm and 4.3 ppm for the (T,
Pref) Values investigated here. The right-hand panel in figure 5 plots these relative uncertainty
contributions as a function of T for p = 100 kPa, showing them decreasing as the uncertainty of
the theoretical calculation of f,(T) from [26] decreases significantly at higher temperature. This
observation strengthens the validity of an acoustic determination of T based on measurements
of the speed of sound in He at a single pressure, instead of the time-consuming procedure
of taking several measurements along isotherms. The left-hand plot in figure 5 compares the
relative magnitude of successive terms in the acoustic pressure virial expansion in equation
(1.2).

Upon correcting to zero pressure, the speed of sound determined for each radial acous-
tic mode wpn(Tref) leads to a determination of the thermodynamic temperature Ty using
equation (1.1) and, eventually, to the corresponding determination (Tn—Tref), i-e. to (Tn—Top).
The recommended single estimates of (T-Toqg) listed in table 1 are obtained from the simple
arithmetic mean of typically four (out of eight) selected radial modes at each temperature, with
the two main criteria for selection (see plots in figures 2 and 3) having small excess halfwidths
and not falling close to f,; where large shell corrections were applied. Two parameters related
to the particular mode selection are considered as main contributions to the uncertainty of T.
These are, respectively, the maximum difference in the speed of sound calculated from any of
the selected modes (row 5 in table 2), and the mean double excess halfwidth of the selected
modes (row 6 in table 2). Note that the alternative calculation of a weighted mean of all the
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Figure 5. Corrections to squared speed of sound at zero pressure calculated from theory in the temperature range 10 to
300 K. (Left) Relative difference from unity of squared ratios w,/w,,_1> where w,? are approximations of increasing order in
equation (1.2) and w1 = wo[1+wy(p/RT)], w2 = wo[1+w,(p/RT)+w3(p/RT)Y, ... (Right) Relative uncertainty contributions
to acoustic determinations of T by ab initio corrections of first (up to w;) and second order (up to w3). In both plots, pressure is
fixed at 100 kPa.

eight recorded modes, using excess halfwidths as weights, shifts the final determination of
(T-Typ) by less than 2.5 ppm at all temperatures.

With regard to the traceability to the kilogram required by equation (1.1), i.e. to the need of
an accurate, independent estimate of the molar mass of the thermometric gas, we considered
the results of three independent mass-spectrometric analyses discussed in [7] for the same
bottled source of gas, named L7. These analyses evidenced the presence of trace amounts
of Ne and Ar, well below 100 ppb concentration by volume, as the only present impurities,
justifying the assumption yo = 5/3. Below 25 K, the residual concentration of Ar and Ne would
be significantly reduced to sublimation pressure over the frozen solid [30]. The same analyses
accurately evaluated the *He/*He isotopic ratio as (0.26 + 0.08) ppm, leading to the estimate
M = 4.0026063 g mol”, based on the atomic masses of the two He isotopes, with negligible
uncertainty.

A summary of the overall uncertainty budget of our determinations of T is listed in table
2, where all the entries are standard uncertainties. There we consider nine distinct sources
of uncertainty, separately organized in three categories: (i) acoustic, related to the determina-
tion of the acoustic resonance frequencies; (ii) microwave, related to the determination of the
cavity radius from microwave frequencies; (iii) ab initio, related to the theoretical correction
calculated to derive speed of sound at zero pressure from its measured estimates at pres. All
three categories affect the uncertainty of the squared speed of sound, and hence that of the
thermodynamic temperature T (with a sensitivity factor of 2), already accounted for in table
2. The combined uncertainties of each category are finally added in quadrature to provide the
overall uncertainty of our T determination.

(d) Ty calibration and uncertainty

The two types of resistance thermometers carrying Tgp in the (T-Tgg) determinations were
calibrated in distinct ways: CSPRTs by direct realization of cryogenic fixed points (except for
VPPs) between 13.8033 and 273.16 K, whereas RIRTs were calibrated by comparisons with a
reference national standard RIRT between 4 and 25 K. In general, the latter type of calibration
results in a slightly lower confidence, especially when used to give traceability for the CSPRTs
to the two VPPs. This results in a measurement uncertainty of + 0.78 mK (coverage factor k =
1) near 19 K, the largest uncertainty contribution from Ty realizations in the present work (see
figure 6 and table 3).
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CSPRT RS144-01 was previously employed in our RIGT measurements as a north pole
thermometer in the same resonator [10], while CSPRT 5435 was the transfer standard of a
bilateral comparison carried out between INRiM and LNE-CNAM on different realizations of
the scale, obtained by the two metrological institutes in the temperature range 13 to 273 K [2].
Thus, for more detailed information about their characteristics, historical calibration results and
individual components of uncertainty, the same considerations already discussed are still valid;
a small exception concerns the RS144-01 thermometer, with regard to [10], where only the latest
calibration procedure in 2020 was considered because it was closer in time to the measurements
presented here. The calibration of 5435 dates back to 2019; however, a stability check performed
in 2025 at the triple point of water showed only a very minor increase in the thermometer
resistance of a few tens of uQ after 6 years, corresponding to approximately 0.17 mK. Such a
negligible drift reinforces our confidence in the long-term validity of the calibration results and,
in particular, with those from LNE-CNAM, at least regarding the ITS-90 realization, given that a
very good agreement was found in [2] by means of the transfer standard.

On the other hand, RIRTs 200607 and 200609 were never employed before in a primary
thermometry study, neither absolute or relative AGT or RIGT. They were part of a batch of eight
thermometers manufactured by Yunnan Dafang™ Meter Industrial Co., Ltd. (former Kunming
Dafang Automatic Control Technology Co., Ltd.) tested by Lipinski et al. [11] in 2010 from
2.5 to 25 K. RIRTs 200607 and 200609 were selected among the six out of eight thermometers
with a stability within + 1 mK or better at 4.79 K, over 60 thermal cycles down to 4.2 K, and
up to approximately 10 K, which also coincides with the lowest bound of the present work.
Among the best six RIRTs, 200607 and 200609 were selected as the ones showing the lowest
degradation in reproducibility between 10 and 25 K, the full temperature range of this study,
quantifiable in + 0.75 mK for the former and + 0.5 mK for the latter. More recently in 2017, the
RIRTs were calibrated at INRiM by comparison with RIRT 232324, the Italian national standard
for the interval between 4 and 25 K. RIRT 232324 carries a 1993 calibration on the NPL-75
scale (the result of the CVGT work by Berry [31]), later converted to an (ICVGT) realization
of ITS-90 at INRiM based on local measurements at 4 K, 13.8 K and 24.6 K. RIRT 232324 was
used as a reference in the key comparison EURAMET.T-K1 [32] of 2016, alongside INRiM’s
2003 results on a CVGT without dead-volume [33,34]. Finally in 2020, it was also used in
the bilateral comparison with LNE-CNAM [2] as the only way to provide traceability to the
Tgg VPPs for CSPRTs, thus including 5435 and, previously, RS144-01. All things considered,
the measurement standard uncertainty ascribed to both RIRTs in the present work was + 0.3
mK over the whole temperature range, based on practice and on the assumption that a few
thermal cycles would not significantly affect stability and confidence in the final Tgg calibra-
tions. Regarding the CSPRT RS144-01, we doubt the reliability of the Tgg determination around
19 K, as no calibration for the two VPPs (contrary to the other fixed points) was repeated
after a mechanical shock described in [10]; however, this was compensated for by the very
reliable recent results from the 5435 previously outlined. Figure 6 reports the differences in the
determination of Tgg for all the thermometers, at each investigated temperature T, based on
the uncertainty contributions discussed above and summarized in table 3. There, the entries
in rows 4 and 5 correspond to half of the mean temperature difference between the readings
of CSPRTs and RIRTs, respectively. Because the calibration uncertainties of CSPRTs and RIRTs
differ significantly at different temperatures, they were used as weights to determine both our
initial estimates of Texp and the combined uncertainty of Ty listed in table 3.

(e) Determinations of T-Tg

(i) Single point determinations

The (T-Typ) determinations listed in table 1 are reproduced in figure 7, where differently
coloured uncertainty bars visually distinguish the uncertainty of T from that of Tgg, showing
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Figure 6. Differences from their mean of the readings of four capsule-type thermometers mounted at different location
on the resonant cavity. The set is composed by two RIRTs (blue) and two CSPRTs (red). Up- and down-pointing triangular
symbols identify the position of the sensors, respectively near the north or south pole of the cavity. Plotted points and
uncertainty bars are based on the Ty calibration of the thermometers.

Table 3. Uncertainty budget for the determination of temperature Tgg.

reference temperature/K 24.5561 19.0000 13.8033 10.0000
referen cepressure/k pa ............................... 999 g .................. 127 60 ..................... 9180 .................... 666 4 ..................
mw ........ uncertamty G Sta ndardun certa. ntyu(r)/mK .....................................................................
1 ...................... res|5tan(e measu};};{;{]{&bRrs/R|Rf; ...... 0 01001001 ....................... 001 ....................

2 ..................... (ahbrano . (SPRT.S. ....................... 0 07 .................... 0 78 ......................... 0 10 ...................... NA ......................

3 ..................... ca||brat|o o 032 .................... 0 32 ......................... 032 ...................... 032 ....................

4 ..................... measurement inc.(.).ﬁ 5|5tency G 014 .................... 339 ......................... 0 43 ...................... NA ......................

5 ..................... measurement mcon 5|5ten(y e 1 59 .................... 1 13 ......................... 0 58 ...................... 028 ....................

5 ..................... (ombmed CSPRTS. ........................ 015 .................... 347 ......................... 044 ...................... NA ......................

7 ..................... combmed e 1 62 .................... 1 17 ......................... 0 66 ...................... 042 ....................
.......................... we.ghted mean/mK 022151046042

the former to be significantly smaller than the latter at all temperatures, with the exception of
the Ne point, where they have similar magnitude. The Ne point is also an exception regarding
the inconsistency between our determination of (T-Tgp) and the recently evaluated consensus
estimate [6].

It is of some interest to compare the thermodynamic temperature determination TN near
the neon point in this work with other obtained by various primary gas thermometry methods
over the last two decades [10,15,35-39]. These results, plotted in figure 8 as (Tne~ TooNe)
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where Tgoone = 24.5561 K by the ITS-90 definition, all show remarkable agreement within their
estimated standard uncertainty u(TNe)-

(ii) Multi-point calibration procedure

In addition to the results discussed above, we used our AGT apparatus to perform a measure-
ment run aiming to achieve a fast, more complete and informing, thermodynamic calibration
of a single temperature sensor (RIRT 200607). The control software was set up to automatically
scan the temperature interval from 11.3 K to 26.9 K at several closely spaced (0.4/0.5) K steps,
with the corresponding He pressure varying along an isochore from 77 to 185 kPa. With each
temperature step lasting 4 h, a total measurement time of 110 h (4.5 days) was required. In the
course of the scan, we continuously measured the resonance frequency curve of a single radial
acoustic mode (0,4), chosen by reason of its small excess halfwidth and sufficient separation
from f,; over the whole temperature range. Also, this mode is well isolated in the acoustic
spectrum with no close neighbouring non-radial modes, facilitating the software tracing of its
resonance curve when the gas temperature suddenly changes at each consecutive step. At these
occurrences, the procedure for the acquisition and fit of the resonance curve was sped up by
reducing the number of points and the time constant setting on the lock-in analyser. Once that
temperature control was fully recovered after each step, an enhanced fitting procedure was
used to typically achieve 0.2 ppm precision. From the whole measurement record counting a
total of 2500 measurements, approximately 900 were selected for further analysis, with rejection
of data points acquired with low-frequency precision or when temperature varied faster than
10 uK min™. From this record, thermodynamic temperatures were calculated with the same
analysis previously described, and then fitted as a function of the corresponding resistance
values RRrt recorded for the thermometer, finding that the calibration function T(RRrT) over
the entire temperature range could be adequately represented with an 8™ degree polynomial,
with the residuals shown in the left-hand plot of figure 9, and a standard deviation of 0.065
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Figure 9. (Left) Residuals from fitting a thermodynamic calibration function in the form of an 8™ degree polynomial to
the resistance of a RIRT thermometer. (Right) (T-Tgq) differences from the same calibration compared with other recent
determinations with different primary methods [38,40]. The error bars represent standard uncertainties.

mK. From the ITS-90 calibration of the same thermometer, the resulting (T-Tqp) differences are
shown in the right-hand plot of figure 9, where they are compared with other closely spaced
determinations obtained with different primary methods, that is, DCGT [38] and single-pres-
sure RIGT [40]. The similarity of the trend of (T-Tgg) from these three primary thermometry
experiments is indeed striking.

4. Conclusions

In this work, we have tested the performance of a simplified AGT primary method for the
thermodynamic calibration of capsule-type resistance thermometers as an alternative to the
demanding, and time-consuming calibration on ITS-90. The method is simplified by evaluating
the speed of sound at zero pressure from measurements at a single pressure, rather than
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extrapolating several measurements taken along an isotherm, thus reducing the time needed
by a factor of 10. The single-pressure procedure is made possible by the remarkable advances
in the calculation of the thermophysical and electromagnetic properties of He. The overall
uncertainty achieved with this AGT method is comparable with that achieved with other
primary methods and still subject to improvement by future refinements of theoretical models
and experimental practice.
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