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Pace1,2,3,4,d , and Giacomo Roati2,3,4,e

1 Department of Physics, University of Florence, 50019 Sesto Fiorentino, Italy
2 European Laboratory for Nonlinear Spectroscopy (LENS), University of Florence, 50019 Sesto Fiorentino, Italy
3 Istituto Nazionale di Ottica del Consiglio Nazionale delle Ricerche (CNR-INO) c/o LENS, 50019 Sesto Fiorentino, Italy
4 Sezione di Firenze, INFN, 50019 Sesto Fiorentino, Italy

Received 16 June 2025 / Accepted 5 September 2025
© The Author(s) 2025

Abstract The physical origin of mutual friction in quantum fluids is deeply connected to the fundamental
nature of superfluidity. It stems from the interaction between the superfluid and normal components, medi-
ated by the dynamics of quantized vortices that induce the exchange of momentum and energy. Despite the
complexity of these interactions, their essential features can be effectively described by the dissipative point
vortex model—an extension of classical vortex dynamics that incorporates finite-temperature dissipation.
Mutual friction is parametrized by the longitudinal (dissipative) coefficient α and the transverse (reactive)
coefficient α′. Accurate measurement of these parameters provides critical insights into the microscopic
mechanisms governing vortex motion and dissipation in quantum fluids, serving as a key benchmark for
theoretical models. In this work, we employ the dissipative point vortex model to study how fluctuations in
the initial conditions influence the inference of α and α′ from the time evolution of the vortex trajectories.
Using experimentally realistic parameters, we show that fluctuations can introduce significant biases in
the extracted values of the mutual friction coefficients. We compare our findings with recent experimental
measurements in strongly interacting atomic superfluids. Applying this analysis to our recent experimental
results allowed us to account for fluctuations in the correct determination of α and α′.

1 Introduction

The motion of quantized vortices in superfluids and superconductors is intrinsically linked to dissipation. At finite
temperatures, thermal excitations scatter off vortex cores, generating mutual friction between the normal and
superfluid components and thereby introducing dissipation into the superflow. Conversely, mutual friction plays a
central role in shaping vortex dynamics [1, 2]. As a result, precise measurements and analyses of vortex motion
serve as powerful probes of the underlying microscopic dissipation mechanisms, providing valuable benchmarks for
theoretical models of quantum fluid dynamics [1–6].

Recent experiments have demonstrated the precise tracking of individual vortex motion in ultracold gases as
well as in 4He superfluids [7–11]. Ultracold atomic gases, in particular, offer a powerful platform for studying
vortex dynamics: they enable the precise initialization of arbitrary vortex configurations [10–19], provide tunable
superfluid geometries and controlled interparticle interactions, and allow for direct, high-resolution imaging of
the superfluid density, where individual vortices appear as distinct density depletions in time-of-flight images.
However, standard absorption imaging, typically used in ultracold atoms experiments, is inherently destructive, so
that vortex trajectories must necessarily be reconstructed from multiple experimental realizations. Each realization
is prepared with nominally identical initial conditions, but is probed at different evolution times. While vortex
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positions can be initialized with a precision comparable to the vortex core size—set by the superfluid healing
length—even small fluctuations in the initial configuration can lead to substantial deviations in the long-time
evolution of the trajectories.

In this work, we examine how uncertainties in the initial vortex positions influence the observed vortex dynamics.
We focus on the specific configuration employed in our recent study [14], consisting of a vortex–anti-vortex pair
in a disk-shaped superfluid, with one vortex pinned at the center. Our analysis considers typical experimental
parameters and reveals that initial fluctuations could lead to systematic biases in the extracted mutual friction
coefficients, α and α′. We identify the origin of these biases and outline strategies to detect their presence, enabling
the extraction of effective mutual friction values under realistic experimental conditions.

2 Methods

The dynamics of vortices in superfluids can be described using the dissipative point vortex model (DPVM). In this
model, the effect of mutual friction on the vortex dynamics is described by the two mutual friction coefficients α
and α′ [2, 20–22]. In the case of two-dimensional vortex dynamics, the velocity of a quantized vortex, �vL, aligned
perpendicular to the plane, with circulation κ = σh/m (where m is the mass of the superfluid constituent, and
σ = ±1 is the vortex circulation direction) and moving in the x̂ − ŷ plane is given by:

�vL = �vs + α′(�vn − �vs) + ασẑ × (�vn − �vs). (1)

Here, �vn and �vs represent the velocities of the normal and superfluid components in the two-fluid model, respec-
tively. The DPVM does not incorporate additional dissipation channels, such as sound emission resulting from
accelerated vortex motion [10, 23]. However, for the configuration under investigation, this effect is generally
negligible in typical ultracold atomic gas experiments [24].

In our recent study [14], we investigated the dynamics of vortices in a strongly interacting Fermi superfluid in
a minimal configuration consisting of a single vortex–antivortex pair confined in a disk-shaped geometry, homo-
geneous in the x̂ − ŷ plane. Due to the limited extent along the ẑ direction, the vortex dynamics is treated as
effectively two-dimensional. By pinning the antivortex (σ = −1) at the center of the disk, we observe the motion
of the mobile vortex, initially placed at position �r(t = 0) = (x0, y0) = (r0, θ0). The free vortex (with σ = 1) moves
under the velocity field produced by the central one. To account for boundary effects, we include the additional
contribution of the image antivortex located at �rim = R2

|r|2�r for the off-center vortex [25]. Here, �r is the position of
the off-center vortex with respect to the center of the disk and R is the radius of the disk. As a result, the vortex
at position �r is subject to the superfluid velocity field given by:

�vs(r̃) = − κ

2πR

1
r̃

(
1 − 2r̃2

1 − r̃2

)
θ̂, (2)

with r̃ = r
R . Assuming the normal fluid is at rest in the laboratory frame (�vn = 0), Eq. (1) can be solved analytically

for this velocity field. The resulting trajectory of the vortex with initial position (r̃0, θ0), when α �= 0, is:

r̃(t̃) =

√
1
2

− 1
2
W

(
[1 − 2r̃20]e1−2r̃2

0+8αt̃
)
, (3)

θ(t̃) = θ0 +
1 − α′

α
log

(
r̃(t̃)
r̃0

)
, (4)

with dimensionless time t̃ = t/t0 where t0 = R2/κ is the natural time scale of the system and W (x ) denotes the
Lambert W-Function.

To evaluate the effect of the reproducibility of the initial conditions, we replicate the experimental procedure by
studying the time evolution of vortex coordinates under DPVM, introducing fluctuations in the initial positions that
are consistent with our experimental precision. We note that our approach, tracking the deterministic dynamics
of vortices starting from noisy initial conditions, is fundamentally different from that adopted in Refs. [17, 18, 26,
27], where stochastic noise is instead introduced during the time evolution of the vortex trajectories. The results
are then analyzed with the same procedure applied to the experimental data to extract the values of the mutual
friction coefficients. Specifically, for each evolution time, we compute the average radial and angular value, and
their corresponding standard deviation of the mean σε̄ = σ[ε]/

√
N , with σ being the standard deviation, N the

sample size, and ε = r, θ, over 30 independent initial conditions normally distributed around the mean value
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(x̃0, ỹ0) ≡ (r̃0, θ0), with standard deviations σ[x̃0] = σ[ỹ0]. As for the experimental case, the angular position of
each point is obtained from θ = arctan(ỹ/x̃), with ỹ = y/R and x̃ = x/R being the normalized positions. The
corresponding mean and standard deviation are calculated using the circular mean and circular standard deviation,
respectively, as implemented in the SciPy library [28, 29]. The obtained values are then unwrapped, i.e., corrected
for 2π jumps in order to translate the values from the interval (-π, π] to (−∞,π] and to ensure continuity of θ.
The mutual friction coefficients are obtained by fitting according to Eqs. (3)–(4) the resulting average positions at
equally spaced time intervals, separated by Δt̃. This simulated experiment is repeated 50 times to obtain average
values and standard deviations for the estimated mutual friction coefficients.

Figure 1a shows the time evolution of vortex positions obtained from the DPVM, with the standard deviation
of the initial positions deliberately chosen to be larger than the typical experimental values in order to emphasize
its impact on the system’s dynamics and to better visualize effects that may act as potential sources of error. As

Fig. 1 a DPVM time evolution of vortices characterized by initial conditions randomly distributed with standard deviation
in the initial position σ[x̃0] = σ[ỹ0] = 0.04, α = 0.02, α′ = 0.2, and r̃0 = 0.4. Different colors mark different evolution
times from dark to light blue. Green to pink shadow represents the evolution of trajectories with different initial radius
within the standard deviation up to t̃ = 7.7. b Time evolution of the radial and angular position of the point displayed
in a. Blue points (red squares) are the observed value for each realization (average value) following the analysis procedure
applied to the experimental data. Yellow points represent the true values as obtained from Eq. (4), when these differ from
the observed one. Error bars for the red points are smaller than the symbols and represent the standard deviation of the
mean. c)-d) Probability distribution of the radial (c) and angular (d) positions obtained from the evolution of 106 different
initial conditions as in a for t̃ = 0, dark navy (bottom), t̃ = 3, medium blue (middle), and t̃ = 6, light cyan (top). Color
code is the same as a. Distributions at different times are vertically shifted to increase visibility. Vertical lines with same
colors mark the time evolution of the average value of the initial distributions
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Fig. 2 a, b Extracted values of α a for real values of α = 0.12 (i), 0.08 (ii) and 0 (iii) and α′, b for real values of α′ = 0.4
(i), 0.2 (ii) and 0 (iii). Simulations were carried out with r̃0 = 0.4, σ[x̃0] = σ[ỹ0] = 0.03, Δt̃ = 0.25 and r̃min = 0. Blue,
green and gold markers correspond to simulations with true values of α = 0.00, 0.08, and 0.12, respectively. Squares, circles
and diamonds correspond to a real value of α′ = 0.0, 0.2 and 0.4, respectively. Horizontal solid lines indicate the true input
values. c, d Deviation in the determination of the mutual friction coefficients Δα and Δα′, as a function of the real values
at t̃ = 8, using the same parameters as in a, b. Value and errors correspond to the mean and standard deviation over 50
repetitions

in the experimental case [14], small fluctuations in the initial positions lead to significantly different dynamical
evolutions. As shown in Fig. 1b, the measurement of the angular position (blue points) is confined to the interval
(−π, π], which can differ by a multiple of 2π from the true value (yellow circles) obtained by Eq. (4). The use of
the circular mean and the consequent unwrapping of the data overcome this issue (see red squares). Considering
Eq. (1), both the radial and angular velocity of the vortex are proportional to vs. Due to the nonlinearity of the
superfluid velocity as a function of r̃, as given by Eq. (2), the distributions of the vortex radial and azimuthal
positions are expected to evolve asymmetrically, unbalancing in the direction of points with increased superfluid
velocity respect to the central value (Fig. 1c, d). As a result, the estimated average values of the radial and
azimuthal positions tend to shift relative to the evolution of the initial distribution’s central value (indicated by
the vertical lines in Fig. 1c, d), leading to an overestimation of α and an underestimation of α′ in the fitting
procedure. Notably, this nonlinear evolution is particularly evident in the distribution of azimuthal positions over
time (see Fig. 1d). Moreover, this distribution exhibits significant broadening and, at long times, the angular
positions can eventually differ by more than 2π. However, points with angular positions differing by 2π at a
given time are indistinguishable. As a consequence, over long times, the values obtained from the circular mean
may represent an overestimation of the true mean value and lead to an overestimation of the value of α′. Finally,
annihilation events, which in the DPVM time evolution correspond to a vanishing value of the intervortex distance,
can bias the estimation of both the radial and angular positions, since these are more likely to occur for vortices
with smaller initial radii [10]. This effect leads to an overestimation of the radial position and an underestimation
of the angular displacement, resulting in a reduced value of the observed α and an increased value of α′. To
mitigate the impact of annihilation events, we restrict the analysis to time intervals during which the annihilation
probability remains below the threshold value Pmin. Unless specified, we set Pmin = 30% to remain consistent with
the treatment of the experimental dataset. In real systems, the minimum distance between two vortices before
annihilation is characterized by a finite value rmin. This value is proportional to the size of the vortices ξv, on the
order of the healing length [30, 31] in bosonic systems, and to the inverse of the Fermi wave number k−1

F [32–35] in
fermionic superfluids. Additionally, even at distances larger than this annihilation threshold, depinning events of
the central vortex can occur, which lead to a disruption of the considered vortex configuration. To account for both

123



Eur. Phys. J. Spec. Top.

Fig. 3 a Δα as a function of the minimum annihilation probability Pmin considered in the fit at t̃ = 8, using the same
parameters as in Fig. 2. Different colors and symbols represent different values of α (see legend). b Δα′ as a function of
the standard deviation of the angular position for the same set of points in Fig. 2b. The inset shows the comparison of
the obtained Δα′ for α′ = 0.2, α = 0.08 by estimating the average value of the angular position with the circular mean or
directly as an average of the evolution of Eq. (4), shown as green circles and orange triangles, respectively. c, d Δα and Δα′

as functions of the initial standard deviation σ[x̃0] = σ[ỹ0] and of lower threshold for the radial distance r̃min, for α = 0.08
and α′ = 0.2 at t̃ = 8

phenomena, we introduce a threshold value, r̃min, for the normalized distance r̃, below which the configuration is
excluded in the analysis.

3 Results

Given that the effects are expected to compound over time, we study the temporal evolution of the deduced values
of α and α′. Figure 2 shows the results for r̃0 = 0.4, σ[x̃0] = σ[ỹ0] = 0.03, Δt̃ = 0.25 and r̃min = 0. As shown
in Fig. 2a, for long enough times, the value of α is underestimated. We attribute this discrepancy to annihilation
events, and, for the chosen Pmin, the deviation from the real value is comparable to the error bars. For higher
values of α, this effect manifests at shorter times, due to the faster radial decrease in this regime. Instead, for α′
(Fig. 2b), we observe that at short times its value is slightly underestimated, while at longer times it is significantly
overestimated. We attribute the first effect to the nonlinear evolution of the angular distribution, and the second
to the indistinguishability of points separated by more than 2π in the distribution. The value of α′ does not affect
the deviation of α, Δα (Fig. 2c), as the latter depends solely on the radial time evolution. On the contrary, as
shown in Fig. 2d, the deviation Δα′ is less pronounced for higher values of α′, as the reduced vortex velocity leads
to a slower broadening of the distribution.

Figure 3a shows the deviation in α as a function of the minimal annihilation probability considered in the
fit Pmin. By increasing this value the deviation becomes more important for high values of α, as expected from
our interpretation of the origin of this effect in terms of annihilation events. The interpretation of the observed
increase in α′ is highlighted in Fig. 3b, where the deviation of α′ is displayed for the points presented in Fig. 2b, as
a function of the standard deviation of the angular position calculated directly from the time evolution of Eq. (4).
The observed trend suggests that the growth of Δα′ is closely related to the spreading of the angular distribution.
Moreover, we observe that the overestimation at long times vanishes when the mean value of the azimuthal position
is directly computed from the angular evolution as obtained from Eq. (4), i.e., when angles differing by more than
2π are distinguishable, consistently with our interpretation (see inset).
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Fig. 4 a Distribution of the angular position as a function of time. b Relation between the observed angular and radial
positions. Green points represent the experimentally observed distribution transposed in an interval of ±π around the
mean value, with red squares being the observed experimental data, when they differ from the green ones, obtained as
arctan(y/x). Violet diamonds are the values obtained from DPVM (Eq. (4)) with similar conditions. The orange colormap
is a normalized density map obtained from 105 DPVM time evolutions. Continuous, dashed, dot-dashed and dotted lines
represent the value of the mean, 2σ, 3σ, 4σ of the radial distribution at a given value of θ, respectively, with σ being the
standard deviation. The magenta dashed ellipse marks points out of the distribution for � 4σ. c Measured α′ as a function
of time in the experimental case (black squares) without considering any annihilation threshold, and for the DPVM time
evolution (red circles). Vertical orange line sets the maximum time considered in the experiment for the fitting, taking into
account the annihilation threshold. The horizontal black line is the resulting fitted value and the value used in the DPVM
time evolution analysis

Figure 3c, d show the effect of the value of the initial fluctuations σ[x̃0] = σ[ỹ0] and the lower threshold for the
radial distance r̃min on Δα and Δα′ for specific values of α and α′. Deviations are more pronounced for larger initial
position fluctuations. Furthermore, the deviation in α′ decreases as r̃min increases. This behavior is attributed to
a reduction in the maximum fitting time, as annihilation events are more likely, reducing the maximum spread
reached in the angular position. In contrast, increasing r̃min leads to a larger Δα, as the probability of having a
vortex dipole decreases more rapidly, thereby having a stronger impact on the fitting.

For most of our experimental realizations, reported in Ref. [14], the deviations described above are not detected
in the time evolution of the mutual friction coefficients. Compatibly, DPVM time evolution for the experimental
parameters predicts deviations smaller than the measured error bars and the experimental noise. Figure 4 illustrates
a specific case in which the value of α′ appears to be overestimated at long times, due to a particularly noisy initial
condition. To investigate this effect, we compare the experimentally observed angular position distribution, within
an interval of ±π around the estimated average value at a given time, with the corresponding distribution obtained
from DPVM simulations under similar conditions (Fig. 4a). At long times, the latter spans a range exceeding 2π,
while the experimental data begin to deviate from the DPVM distribution, suggesting that some angular positions
may be inaccurately estimated. Equation (4) provides a relation between θ(t) and r̃(t). As a result, badly-estimated
angular values manifest as points that deviate from the expected DPVM distribution (green points in the top left
region in Fig. 4b, enclosed by the magenta dotted ellipse), representing a way to distinguish unreliable experimental
points. As time proceeds, we observe an increasing trend in the experimentally extracted value of α′ (Fig. 4c),
when the fit is performed without applying any annihilation threshold. This trend is reproduced by the DPVM
simulation results. However, by imposing the fitting threshold for annihilation of Pmin = 30%, the fitting interval
is truncated at an earlier time (indicated by the orange vertical line), thereby preventing the overestimation of α′
in this experimental run.

4 Conclusion

We have investigated how fluctuations in the initial vortex position affect the estimation of mutual friction coeffi-
cients, demonstrating that the measured values can be systematically biased. Our analysis shows that such biases
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can be identified through the time evolution of the measured coefficients, and we have discussed possible phys-
ical origins for these effects. Moreover, we provide an experimental evidence of a possible overestimation of α′.
The potential deviations in the mutual friction values reported in [14] were considered during our data analysis by
applying the methodology presented in this work to the specific experimental parameters. For the typical timescale
of our experimental data, this revealed that any systematic biases introduced by vortex position fluctuations are
smaller than the experimental error bars. Given that our experimental configuration is broadly applicable to the
study of mutual friction across different superfluid regimes, our findings offer important insights for improving
the accuracy of such measurements. These effects are expected to be especially relevant in experiments involving
BCS superfluids, where the mutual friction parameter α is expected to be larger [10] than in our observations [14].
The ability to accurately track vortex motion could be used as a powerful tool to investigate vortex mass in BCS
superfluids [36–38] and binary Bose-Einstein condensates [39–41], as well as to reveal disordered phase structures
in spin-imbalanced BCS systems [42, 43] and to estimate the superfluid fraction [44]. The type of analysis presented
in this work can be extended to these scenarios to evaluate the impact on measurable quantities, or to determine
the precision required in the initial conditions to observe these effects in experimental vortex trajectories affected
by noise.
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