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Temperature-dependent heating efficiency of mag-
netic nanoparticles for applications in precision
nanomedicine

Gabriele Barrera,∗a Paolo Allia,a,b and Paola Tibertoa

The power released by magnetic nanoparticles submitted to an alternating driving field is tem-
perature dependent owing to the variation of the fundamental magnetic properties. Therefore,
the heating efficiency of magnetic nanoparticles for applications in precision nanomedicine (such
as magnetic hyperthermia or heat-assisted drug delivery) can be significantly affected by the
local instantaneous temperature of the host medium. A rate equation approach is used to de-
termine the hysteretic properties and the power released by magnetite nanoparticles, and the
heat transport equation is solved in a simple geometry with boundary conditions appropriate to
both in-lab experiments and in vivo applications. Size plays a fundamental role in determining
the heating efficiency of magnetic nanoparticles; above a critical size, nanoparticles remain in-
active, although they can undergo secondary activation. The experimental conditions for optimal
thermal efficiency are expressed by a thermal activity diagram for nanoparticles. In the light of
the model’s results, features, methods, advantages and dangers of magnetic-particle assisted
precision nanomedicine ought to be reconsidered. In vivo antitumor applications should take into
account the hazards arising from the heat generated by magnetic nanoparticles that diffuse into
the neighboring healthy tissue.

1 Introduction
Fundamental and applicative properties of magnetic nanoparti-
cles (NPs) have been a subject of research for a long time [1, 2, 3]
and are still actively investigated nowadays [4, 5, 6, 7, 8]. The
study of magnetic NPs has been triggered by the remarkable
magnetic effects originating from the reduction of size below
a critical value [1]. The steadily increasing demand for new
functional materials has driven a great number of experimental
and theoretical studies on magnetic nanoparticles, whose appli-
cations encompass topics such as sensors [9], micromotors [11],
environment [12], 3D printing [13]. A number of effects related
to particle surface, size distribution, interparticle interaction,
tendency to aggregation have been elucidated. A shared picture
has finally emerged, stemming from the consolidated knowledge
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of the basic features of magnetic NPs [10, 4], even if many
ill-known parameters may still affect the interpretation of their
magnetic properties.

The interest on the behavior of NPs submitted to cyclic
magnetization [14] has arisen in correspondence with the rise of
interest towards their use in nanomedicine, which is nowadays
the most popular macroarea of frontier application of this class
of materials [15, 16, 17].

In recent years, the special significance of magnetic NPs or
similar nanostrutures in precision nanomedicine has been recog-
nized [18, 19, 20, 21, 22, 23]. In such an innovative practice,
nanotechnology helps overcoming treatment resistance of cancer
cells by exploiting, e.g., magnetic NPs as diffuse heating agents.
Other promising, noninvasive approaches involving thermal
energy released by nonmagnetic agents or mechanisms to kill
tumor cells, such as phototerapy [25, 26], are being actively
studied nowadays. Recently, it has become clear that thermal
methods can be usefully complemented by specific chemotherapy,
resulting in a synergic enhancement of therapeutic efficiency
which may help achieving effective tumor penetration [26].

Magnetic hyperthermia of malignant tissues [24] and
heat-assisted antitumor drug delivery using thermoresponsive
polymers [27, 28] are based on the properties of properly
prepared and targeted magnetic NPs. In vivo applications exist:



magnetite NPs with size in the 12-15 nm range have been
injected in patients and used in the treatment of malignant
tissues under magnetic fields of 2-15 kA/m at the frequency of
100 kHz [29, 30, 17]. Heat generation by magnetic NPs takes
place through known dissipation mechanisms (Brown’s and
Néel’s relaxations [31]) in NPs submitted to alternating magnetic
fields of sufficently high frequency (up to 100 kHz or more). In
this frequency range, the cyclic magnetixation of NPs is hysteretic
even if the particles are in the superparamagnetic regime, i.e.,
when no hysteresis is measured in quasi-static conditions [10].

Ofter real systems contain aggregates of NPs. Aggregation
is an effect of interparticle interaction [32, 33] and may give
rise in ferrofluids or colloids to various mesostructures such as
linear chains and clusters [34, 35]. The effect of aggregation and
compactness of aggregates on heating efficiency is far from being
clarified: in most cases, a decrease of efficiency with increasing
degree of aggregation is either measured [34, 36] or predicted
[37, 38]; however, sometimes aggregation can make the heating
ability greater [35, 38].

Effects related to NP aggregation are not discussed in this
paper, and noninteracting nanoparticles are studied instead; in
fact, the spirit of this work is to introduce a simple, but not
simplistic intepretation scheme that allows us to highlight how
and how much does the temperature behavior of the magnetic
properties of NPs influence their heating efficiency, regardless of
the degree of aggregation.

The heating efficiency of magnetic nanoparticles is typically
measured by their specific loss power (SLP) [31] (also called
specific absorption rate (SAR) [39, 40]). Such a quantity is
commonly used to quantify the energy conversion efficiency
of magnetic nanoparticles in order to help selecting the most
effective materials for magnetic hyperthermia applications. This
implies that the SLP must provide a most reliable estimate of the
thermal performance of a NP system. In the current experimental
practice, the SLP is obtained in two rather different ways: a) from
magnetic-susceptibility measurements, in which the magnetic
response of the nanoparticles is assumed to be linearizable [41];
b) from the analysis of the temperature variation of the host
medium during the first stages of the treatment, so that thermal
losses are negligible (adiabatic conditions [39]). In some cases,
the SLP has been obtained from the area of the hysteresis loops
[42, 43].

The value of the SLP is clearly affected by extrinsic parameters
such as particle volume concentration, amplitude and frequency
of the driving field, degree of NP aggregation. This quantity has
been observed to depend on temperature [44, 45, 42]. However,
the SLP must also depend on the intrinsic magnetic properties
of the nanoparticles themselves, which directly influence their
magnetic losses. This brings about consequences on the heating
efficiency which have not been fully elucidated yet and serve as
motivation and basis of the present work.The effect of magnetic
properties on NP losses is greatest when the energy dissipation
is dominated by Néel’s relaxation against Brown’s; this happens
at sufficiently high frequencies [46] (≈ 100 kHz or more) and
when the physical degrees of freedom of NPs in space are almost
suppressed, as often observed in living tissues [46, 47, 48].

Rate equations are a most effective method to study the
hysteretic behavior of uniaxial magnetic NPs described as
two-level systems (DWS) [49, 52]. Recently, rate equations
have been successfully exploited to describe off-equilibrium
properties of magnetic NPs (FC / ZFC curves, hysteresis loops) to
a higher degree of accuracy than previous methods [51, 52]and
to study their response under non-conventional driving-field
waveforms [14]. Rate equations permit to carefully study the
features of hysteresis loops of magnetic DWS, including the ones
displayed by superparamagnetic NPs at high frequency, which
are of greatest interest in today’s therapeutic practice [29].
Moreover, they provide a more immediate understanding of the
underlying physics with respect to other numerical simulations,
and can be applied both to monodisperse and polydisperse
systems of nanoparticles whose easy axes randomly point along
all directions in space [52].

In the existing literature on the heating properties of magnetic
NPs, comparatively little attention has been paid to questions
related to the temperature dependence of magnetic parameters
such as nanoparticle magnetization and anisotropy [53, 54]. In
most cases, the implicit assumption is made that these quantities
are not affected by temperature. However, if such an assumption
can make sense in a first analysis, the fact that both quantities
do depend on temperature in all magnetic nanopartticles should
not be disregarded when dealing with applications in which the
temperature variation is caused by the nanoparticles themselves.

Aim of this work is precisely to fill this gap. Starting from
a simple representation of the temperature dependencies of
magnetization and anisotropy, we develop a picture of their
effect on the heating properties of magnetic NPs and on the
resulting temperature increment produced in an host medium.
The rate equations are implemented to determine the power
released by Néel’s relaxation; the heat transport in the host
medium is studied in a spherical, homogeneous sample with
different boundary conditions applicable to in-lab experiments
and to the therapeutic practice.

It is shown that the temperature dependence of the power
released by magnetic NPs has important and somewhat unex-
pected consequences on the heating efficiency of a NP system;
the results strongly depend on particle size. Our results indicate
that inaccurate targeting of the NPs can induce notable risks in
treated patients.

The present analysis leads one to reconsider the validity of the
two classical methods used to obtain the SLP (the linear approach
and the adiabatic-condition method). An alternative, sounder
method to measure the average power released by magnetic NPs
and the SLP is proposed.

2 Magnetic properties: a simple model

2.1 Temperature dependence of NP magnetization and
anisotropy

In our model, magnetic NPs are assumed to have a predominant
uniaxial anisotropy Ke f f , so that they can be treated as mag-
netic double-well systems (DWS) [51, 52]. NPs of size D and



volume V = (π/6)D3 carry a magnetic moment µ(T ) = Ms(T )V
where Ms(T ) is the temperature-dependent saturation magneti-
zation of the material; the temperature-dependent anisotropy is
Ke f f (T ). The nanoparticle size is such that the blocking tem-
perature TB ' Ke f f V/25kB is well below room temperature TR

(= 300 K). The following room-temperature values of magnetic
parameters appropriate to magnetite nanoparticles [51] will be
used: Ms(TR) = 350 emu/cm3 (3.5×105A/m); Ke f f (TR) = 4×105

erg/cm3 (4× 104 J/m3). For the sake of simplicity, the ensuing
analysis refers to sets of noninteracting, monodisperse particles
of size D with easy directions distributed at random. The focus on
monodisperse systems is in line with the aim of this work, where
temperature-dependent thermal power of magnetic nanoparticles
is analyzed in detail. In actual applications, nanoparticle sys-
tems are typically characterized by a distribution of sizes. How-
ever, when the NPs do not interact or are weakly interacting, the
heating effect of a polydisperse system is easily obtained by the
weighted sum of the effects of its monodisperse components.

The temperature dependence of both magnetization and mag-
netic anisotropy in magnetite nanoparticles is little known from
actual measurements, particularly above room temperature. In
fact, the emphasis of both theoretical and experimental papers
on nanoparticles for magnetic hyperthermia is predominantly on
the low-temperature behavior of magnetization and magnetic
anisotropy (see, e.g., [55]). The region above room temperature
is little covered, although in principle the saturation magnetiza-
tion is easily measurable at high temperature also. Nevertheless,
comparatively few papers are focussed on the region between
room temperature and the Curie point [56, 57, 58]. On the other
hand, magnetic anisotropy and its temperature variation cannot
be directly measured in magnetic nanoparticles, and are usually
estimated through indirect methods applied below room temper-
ature [55] .

Existing models make use of ad hoc expressions for the tem-
perature dependence of Ms, such as the modified Bloch law [59],
which however is theoretically unsound at high temperatures. In
this paper, the temperature behavior of Ms is taken from Ref.
[56] and corresponds to the actual behavior measured in ultra-
fine magnetite grains [57]. The curve is reported in Figure 1
(black dashed line). The Curie temperature is set to TC = 856 K
in agreement with various experimental data [57, 60, 61]. The
uniaxial anisotropy follows the standard power law [59]:

Ke f f (T )
Ke f f (TR)

=
[ Ms(T )

Ms(TR)

]3
; (1)

this curve is also shown in Figure 1 (red dashed line). It should
be noted that changing either the shape of the Ms(T ) curve or
the temperature dependence of magnetic anisotropy is expected
to change the quantitative details of the results without affecting
the conclusions of this study.

2.2 Temperature dependence of hysteresis loops and re-
leased power

Rate equations are a most natural way to get an adequate picture
of the behavior of a magnetic DWS submitted to a static or dy-

namical magnetic field, both at equilibrium and off-equilibrium
[49, 50, 51, 52, 14]. In particular, they have been applied to
determine the shape of hysteresis loops generated by a high-
frequency magnetizing field, both below [52] and above [14]
blocking temperature. The method assumes thermally assisted
(Arrhenius) NP magnetization reversal [10], the relaxation time
for a particle of volume V at zero applied field being:

τ = τ0e
Ke f f V

kBT , (2)

where τ0 ≈ 10−9 s.
The rate-equation approach permits an accurate description

of the effects stemming from the redistribution of magnetic
moments in the energy wells by effect of temperature and/or
magnetic field. For magnetic nanoparticles, rate equations
emerge from the Fokker-Planck equation [62] under the proviso
that the ratio Ke f f V/kBT be >>1; therefore, the validity of the
approach depends on temperature, magnetic anisotropy and
NP size [14]. With the Ke f f curve reported in Figure 1a such a
condition is fulfilled at ( all temperatures) when D & 11 nm; as
a consequence, in most cases the smallest NP size investigated
in this work is D = 12 nm. Details about the rate equations
used in this paper are given as Supplementary Material. The
driving field frequency f is set to 1× 105 Hz, i.e., well below
the upper limit of validity of the method (≈ 1× 107 Hz) [14]. A
general discussion about all limits of validity of the rate equation
approach can be found in Ref. [52]. The frequency used here is
perfectly compatible with the usual experimental practice, both
in vitro [63, 64] and in vivo [65, 17].

In in vivo applications of NP-assisted heating of tissues, the
product HV f (where HV is the vertex field of a minor symmetric
hysteresis loop) must not exceed some upper limits which have
been considered in the literature [66, 31]. In order not to over-
come the limit established in Ref. [31], HV should not be higher
than 600 Oe (47.7 kA/m) at f = 1×105 Hz. Here, the maximum
vertex field is kept at 200 Oe (15.9 kA/m).

Minor symmetric hysteresis loops of monodisperse random NP
systems are shown in Figure 1b at different temperatures for two
particle diameters (HV = 100 Oe (7.96 kA/m)). Note that differ-
ent temperature intervals have been taken for the two diameters,
in order to highlight the region where the width of the loops dis-
plays maximum amplitude and maximum variation (outside these
intervals, the loops are so narrow that the enclosed area becomes
vanishingly small). Such a temperature interval depends on NP
size.

The most interesting feature of these loops is the non-
monotonic temperature behavior of shape and enclosed area AL.
In particular, a sharp maximum of AL appears between TR and TC,
its position being strongly dependent on D. The power released
by the NPs is just Pin(T ) = AL f and is reported in Figure 1c in SI
units for different values of D. The temperature where Pin is a
maximum (TMAX ) can be predicted considering that the largest
loop area occurs when the typical time of jump across the DWS
barrier τ(T ) becomes equal to the time 1/(2 f ) taken to reverse
the driving field:



Fig. 1 (a) Temperature behavior of spontaneous magnetization Ms and uniaxial anisotropy Ke f f of the model system (black / red lines, respectively); (b)
hysteresis loops obtained at different temperatures from the rate equations for two nanoparticle diameters; (c) temperature dependence of the power
Pin released by NPs of different size; ∆T is the temperature increment above the starting temperature (270 K in this case) ; (d) comparison between Pin
curves (connected symbols) and relaxation times τ (dashed lines) for two NP sizes (blue lines: D = 12 nm; red lines: D = 18 nm); the 1/(2 f ) threshold
is reported as an horizontal black line; (e) Temperature of the maximum of the Pin(T ) curve as a function of D. Symbols: data taken from hysteresis
loop analysis; dashed line: Equation 4.



τ(T ) = τ0e
Ke f f V

kBT =
1

2 f
. (3)

As a consequence, TMAX is found solving the implicit equation:

TMAX =
πD3

6kBln( 1
2 f τ0

)
Ke f f (TMAX ) (4)

The validity of this prediction is checked in Figures 1d and 1e.
Figure 1d shows the temperature behavior of τ(T ) for D =12
/ 18 nm (blue / red dashed lines, respectively); these curves
cross the 1/(2 f ) line exactly where the corresponding released
power shows the peak (blue / red connected symbols, respec-
tively). The agreement between calculated and predicted TMAX

values (dashed line and symbols, respectively) is shown in 1e and
is very good for all diameters.

The condition reported in Eq.(3) can be undestood consider-
ing that when τ << 1/(2 f ) the DWS are very close to thermal
equilibrium and the hysteresis loop is very narrow; on the con-
trary, when τ >> 1/(2 f ) the redistribution of magnetic monents
in the energy wells is almost suppressed, and the magnetization
only rotates towards the field direction giving rise to a nearly an-
hysteretic curve. Only when τ ≈ 1/(2 f ) does the redistribution
most effectively keep the DWS out of equilibrium as the loop is
being performed, resulting in the largest enclosed area. A more
quantitative discussion is given in Section 3.4.

2.3 Comparison with the linear expression of released
power

The quantity Pin(T ) evaluated by solving the rate equations for
the DWS can be compared with the analytical expression of the
power dissipation by a system of noninteracting nanoparticles,
developed in the strictly linear regime [41]; in SI units:

PLIN(T ) = πµ
2
0

M2
s (T )V
3kBT

H2
V f

2π f τ(T )
1+(2π f τ(T ))2 (5)

This expression predicts a temperature dependence of the
power dissipation bearing qualitative similarities with the trend
we obtain from rate equations; in particular, a peak of PLIN ap-
pears as a function of temperature by effect of the presence of the
Lorentzian term in Equation 5. However, there are strong quanti-
tative difference between the outputs of the two methods, mainly
related to the fact that for finite values of the vertex field the lin-
ear approximation leading to Equation 5 is no longer appropriate,
as discussed in Appendix A.

3 Heat generation

3.1 Heat transfer equation

The rate equation model gives the heating power of a magnetic
NP system. On the other hand, in vivo applications need the
knowledge of the temperature increment in the region containing
the particles. A further step is therefore needed to describe how
the heating power results in a temperature increment. This is typ-
ically done by introducing a heat equation with internal power
generation, tailored to depict as accurately as possible the pro-
cesses of heat transport in complex systems. The validity of the

heat equation can be checked by comparison with actual tem-
perature measurements conducted on suitable phantoms and/or
animal models. In fact, all equations governing heat diffusion
in living tissues (Pennes’ and other bioheat equations [67]) are
ad hoc specializations of the classical Fourier equation, suitably
shaped to include the main heat transfer mechanisms and heat
sources in living bodies. In the spirit of developing a model as
simple as possible, the standard time-dependent Fourier equation
with internal heat source is used in this paper. This is justified by
the laboratory or in vitro applications envisaged here. However,
the results can be exported to in vivo applications also by using
suitable boundary conditions (see Subsection 3.3).

For the sake of simplicity the Fourier equation is solved in ra-
dial symmetry, as done in other papers [54, 68]. The system an-
alyzed here is depicted in Figure 2 and consists of a sphere of
radius b =0.01 m filled with a homogeneus medium (a biologi-
cal simulant, such as a tissue phantom) containing a space- and
time-dependent heat source. The equation is:

∂ 2T (r, t)
∂ r2 +

2
r

∂T (r, t)
∂ r

+
Pin(T )

k
=

1
α

∂T (r,T )
∂ t

(6)

where Pin(T ) is the power generated by the homogeneous
distribution of NPs in the phantom; in general, such a quantity
depends on both r and t through the local temperature T (r, t). In
this model, both thermal conductivity k and thermal diffusivity
α are considered uniform and constant; their values are k =0.5
W/mK (appropriate to typical tissue simulants [69, 70] and
α = 1.4×10−7m2/s .
The only mechanism of heat generation considered here is Néel’s
relaxation in magnetic NPs, because: i) at the frequency of
interest, Brown’s relaxation is negligible with respect to Néel’s
[46]; ii) in living tissues or tissue phantoms NP translation and
rotation often are almost suppressed[46, 47, 48].

3.2 NP heating of a medium as a cumulative effect

It should be noted that the temperature of a medium initially at
equilibrium at T = T0 is not affected at all by the magnetic power
released by a single NP [71]. Moreover, the temperature of such
a nanoparticle would not increase from T0, the heat generated
being immediately lost to the surrounding medium which would
act as a perfect heat sink. In fact, substantial heating of the host
medium does occur by the cumulative effect of many indepen-
dent NP dispersed in it, viewed as pointlike heat sources. When
the volume fraction of magnetic NPs in the medium is fV and the
power released by a single NP is P1

in (per unit volume of magnetic
material), the overall power released by an ensemble of homoge-
neously distributed NPs is Pin = fV P1

in (per unit volume of the host
medium).

Therefore, a homogeneous dispersion of NPs in the phantom
produces a power density uniformly distributed within the sher-
ical sample. Such a power is able to efficiently heat the host
medium, also heating the magnetic nanoparticles embedded in
it. One makes the simplifying hypothesis that each nanoparticle
is instantaneously in thermal equilibrium with the immediate sur-



roundings and that the temperature inside each particle is always
uniform. These assumptions are fully justified by the small size of
the particles. As a consequence, the temperature of a nanoparti-
cle at a distance r from the center of the sphere changes as T (r, t)
and the arguments of Section 2.2 apply.

3.3 Boundary conditions

In this work, the following boundary conditions (BCs) will be
used:
a) the heated sample is thought as immersed in a ice-water ther-
mostat. The BC is:

T (b, t) = T0 (BC:T) (7)

where T0 =273 K. The initial temperature of the phantom is
T (r,0) = T0; see Figure 2a;
b) the phantom is immersed in a non-thermostatic medium to-
wards which the energy is vehiculated through a convective heat
flux mimicking the typical process in living tissues (in that case,
the heat generated by a distributed source is effectively removed
by tissue-blood perfusion, whose effect greatly varies from tissue
to tissue [72, 73, 74, 75, 76, 77]). The BC is:

∂T (r, t)
∂ r

∣∣∣
b
=−h

k
T (b, t) (BC:C) (8)

where h is the convective heat transfer coefficient (in W/m2K).
The initial temperature of the phantom is T (r,0) = T0 with
T0 =310 K; see Figure 2d.

The parameter h is directly related to the product [Wcb] of
Pennes’ equation [67] (where W is the local tissue-blood perfu-
sion rate (in Kg/m3s) and cb the blood’s specific heat (in J/KgK)).
Considering the heat removed by blood perfusion from the sur-
face of a sphere of radius b, the following relation is easily de-
rived:

h =
b[Wcb]

3
; (9)

3.4 Typical solutions with temperature-dependent input
power

Equation 6 with the temperature-dependent heat source is solved
by a standard finite difference method; at each time step and for
all r values the input power Pin is updated to the instantaneous
value of T , according to the curves given in Figure 1c. Solving the
Fourier equation with the appropriate BC gives the temperature
increment ∆T (r, t).

Typical examples are shown in Figure 2b,c for the thermo-
static boundary condition with a vertex field of 100 Oe; the
stationary solutions obtained for different NP sizes are given in
Figure 2b; the time evolution of the temperature increment in
r = b/2 = 5× 10−3 m is reported in Figure 2c for the same di-
ameters. The curves have been calculated for two values of fV
close to the actual volume concentration of magnetite NPs in
practical therapy applications [29] (112 mg/ml, equivalent to
fV = 8.4× 10−3). The corresponding solutions obtained for the
convective boundary condition are reported in Figure 2e,f.

It should be noted that both absolute value and space profile of
the temperature increment within the heated sphere depend on
its radius b. For instance, under convective boundary conditions
the temperature at the center (r = 0) increases with the sphere ra-
dius b according to a quadratic law of the type A+Bb2 where A,B
are constants given by the model, whereas the temperature at the
boundary (r = b) is independent of the value of b and equal to the
constant A. As a consequence, when b is very small, the temper-
ature inside the sphere becomes almost constant and close to A.
With the parameters of Figure 2 this happens when b < 1×10−3

m.
On the other hand, when b is on the centimeter scale as in the

case examined here, under both boundary conditions the temper-
ature increments turn out to be strongly dependent on NP size
and fV , and can be rather strong; the optimum target temper-
ature can always be easily attained by properly tuning both HV

and fV . The effect of NP diameter on the final ∆T value in r =0 is
shown in Figure 3a for two values of HV . The heating efficiency
is very sensitve to the NP size; actually, a sharp maximum of ∆T
as a function of D is expected for all values of HV ; however, such
a maximum appears in just one case in Figure 3, being displaced
below 12 nm ( i.e., beyond the limit of validity of our approach)
in the remaining cases.

It is possible to predict when a nanoparticle of given size con-
tributes to the heating process, and when it is thermally inactive.
As discussed in Section 2.2, thermal efficiency is related to the
width of the hysteresis loop. Now, the magnetization of a sys-
tem of NPs becomes basically anhysteretic (even under a high-
frequency driving field) when the relaxation time τ(T ) is either
much larger or much smaller than 1/(2 f ): in the first case, the
NP system is close to thermal equilibrium, in the second case the
degree of occupancy of the two wells is substantially constant. A
region of thermal activity for a monodisperse NP system can be de-
fined in the diameter-temperature plane, as shown in Figure 3b.
The upper/lower boundaries TAH(D) and TAL(D) are determined
by requesting, e.g., that τ = 0.01/(2 f ) and that τ(T ) = 100/(2 f ),
respectively; they are obtainediny analogy with Equation 4 by
solving the implicit equations:

TAH =
πD3

6kBln( 0.01
2 f τ0

)
Ke f f (TAH)

(10)

TAL =
πD3

6kBln( 100
2 f τ0

)
Ke f f (TAL).

As shown in Figure 3b, TAH(D) and TAL(D) are the tem-
peratures above and below which the cyclic magnetization of
a NP of diameter D becomes nearly anhysteretic (even if for
different reasons); the difference ∆TACT = TAH − TAL defines the
temperature interval where the monodisperse system is thermally
active. Of course, the TMAX curve belongs in this region (red
dashed line). The horizontal line in Figure 3b marks the starting
temperature T0 of the host medium (in this case, 310 K). If the
NP diameter is such that TAL is below that line, the host medium



Fig. 2 (a) Sketch of the model system in thermostatic boundary conditions (ice-water thermostat); (b) space profile of the steady-state temperature
increment for different NP diameters (thermostatic BCs); (c) time profile of the temperature increment in r = b/2 for the same NP diameters (thermostatic
BCs); (d) sketch of the model system with convective boundary conditions; (e) space profile of the steady-state temperature increment for different
NP diameters (convective BCs); (c) time profile of the temperature increment in r = b/2 for the same NP diameters (convective BCs).Note that the
temperature increment for D = 15 nm is so small that the corresponding lines in panels b,c and e, f are indistiguishable from the x−axis on the scale of
the figures.



will be heated; if the opposite is true, the host medium will not
be heated. In the present case, the TAL(D) curve intersects the
T0 =310 K line immediately above D =14 nm, which explains the
behavior of the curves reported in panel (a) of the same Figure.
Although the quantitative details of the present discussion are
based on the special values of magnetic properties used in the
present work, the thermal activity diagram of Figure 3b has
a general validity and can be easily adapted to other types of
magnetic nanoparticles.

In practical applications of magnetic NPs as distributed
heating elements in a biological environment, the final average
temperature < T (∞) > is never much higher than T0 [78, 79];
however, such a target temperature must be very precisely
reached, an error of a few degrees being in general detrimental
and/or dangerous. One could deduce that in these conditions the
magnetic parameters could be safely assumed to be constant, so
that the released power would be a constant too. However, this
is not the case: replacing a temperature-dependent input power
with a constant input power has measurable consequences even
for small temperature increments, as illustrated in Appendix B.

3.5 Effect of temperature-dependent input power

3.5.1 Anomalous shape of the T(t) curves

The non-monotonic temperature behavior of the power relased by
the NPs is reflected in "anomalous" features of the ∆T (r, t) curves.
Typical examples are shown in Figure 4 where then Pin curves
are associated with the corresponding time evolution of ∆T for
r = b/2, obtained for the convective BC, for four different NP di-
ameters (note that the vertical scales are the same in all panels).

Substantial heating of the phantom occurs only for D <15 nm;
the maximum final temperature is not a monotonic function of D,
as already observed in Figure 3. The shape of the ∆T (b/2, t) curve
exhibits an interesting, anomalous behavior for D = 14 nm: the
temperature begins to rise with a rather low slope; however, after
about 400 s this sharply increases to finally go to zero when the
steady state is approached. This is not an exceptional behavior
and is intimately related to the shape of the corresponding Pin(T)
curve.

The heating curves of Figure 4 can be explained with reference
to the temperature behavior of the corresponding Pin curves (re-
ported in the right panels of the same Figure):
- for D = 12 nm, the initial input power (at T = T0 =310 K) is
large and the sample temperature begins to rise with a high ini-
tial slope (dashed black curve); however, Pin gradually decreases
with increasing T , so that the steady-state temperature is not very
high;
- for D = 13 nm, the initial power is comparable to the previous
case, so that the initial slope of ∆T (b/2, t) is very similar (red
dashed line); however, now Pin increases in a temperature inter-
val above T0, and the steady-state temperature is much higher
than in the previous case.
- for D = 14 nm, the initial power is very small, so that the
∆T (b/2, t) curve starts with a low slope; however, the temper-
ature increment is such that the NPs enter the region of the

peak of input power; as a consequence, an extra-heating effect
is switched on (corresponding to the sharp increase of the slope
of the ∆T (b/2, t) curve); eventually, a very high steady-state tem-
perature is reached.
- finally, for D = 15 nm, the initial power is extremely small, so
that the NPs reach a steady-state temperature very far from the
region of the peak of input power, and the extra-heating is not
switched on. The final temperature increment, in this case, is
lower than the one one could predict from the initial slope of the
curve.

These examples help recognizing how much it could be mis-
leading to determine the specific loss power (SLP) of a set of
nanoparticles and to estimate the resulting maximum tempera-
ture from the initial slope of the ∆T (t) curve, as often done in the
literature [39, 40]. Figure 4 clearly shows that the final temper-
ature of two nanoaprticle sets can be markedly different even if
the initial heating rate is the same, and that even if one measures
temperatures compatible with the therapeutic practice during the
initial stages of heating, the complete time evolution of tempera-
ture can lead to unexpected results. This point is further treated
in Subsection 3.5.2.
It should be stressed that the results discussed here apply to a
typical laboratory experiment conducted using parameter values
representing a real case of therapeutic hyperthermia. It is not
meant as a simulation of an in vivo application, but as a concept
experiment helping one to better understand the caveats stem-
ming from a doubtful estimate of the heating effect of a set of
nanoparticles.

3.5.2 Issues with adiabatic masurements of the SLP

The specific loss power (in W/g) is defined as:

WSLP =
input power

mass
=

PinVs

mNP
(11)

where mNP is the total mass of magnetic nanoparticles and Vs the
volume of the sample. In measurements conducted in adiabatic
conditions [39], the product PinVs is given by the initial slope of
the heating curve:

PinVs =C
dT
dt

∣∣∣
t→0

(12)

where C is the thermal capacity of the sample. The steady-state
temperature increment ∆TSS is then estimated to be:

∆TSS =
PinVs

L
=

mNPWSLP

L
(13)

where L is the overall loss factor of the system.
Such an estimate is implicitly based upon the hypothesis of a

constant heating efficiency of magnetic NPs. However, when the
input power is temperature dependent no simple relationship can
be inferred between the final temperature and the SLP measured
from the initial slope of the ∆T (t) curve, as shown in panels (a)
and (b) of Figure 5, referring to NP diameters in the 10-17 nm
range and to convective boundary conditions. For the reasons
given in Section 2.2, the rate-equation model becomes gradually
less accurate below D = 12 nm; therefore, the values reported in
both panels should be considered as slightly less reliable, and are



Fig. 3 a) Steady-state temperature at the center of the sample as a function of the NP diameter, for different values of vertex field HV and particle
volume fraction fV (thermostatic BCs); b) thermal activity diagram for the considered magnetite nanopartilces. The yellow area corresponds to the
region of thermal activity of nanoparticles having size between 12 and 18 nm; the horizontal line marks the starting temperature T0 of the host medium
(see text for details)

represented by open symbols. With the parameter values used
in this work, a sharp maximum of the SLP occurs at D = 12 nm.
However, the position of the peak is critically dependent on the
magnetic parameters of the nanoparticles under consideration.
These are in turn sensitive to many factors, including the qual-
ity of the obtained nanomaterials and the preparation technique:
for instance, the value of magnetic anisotropy Ke f f can be influ-
enced by NP surface, whose effect depends on size and prepara-
tion technique [1]. In the experimental practice, neither the NP
size nor the values of magnetic parameters are so sharply defined
to ensure the absolute validity of the predictions of any theoreti-
cal model.

It is possible to evaluate ∆TSS for our model system in the BC:C
arrangement, applying Equation 12 and calculating the loss fac-
tor from the convective heat transfer coefficient. For a sphere of
radius r one simply gets:

L = 4πb2h. (14)

The result is shown in panel (c) of Figure 5 as a function of the
WSLP values reported in panel (b) (dashed black line). As ex-
pected, a linear relation is observed in this case between the two
quantities. The actual ∆TSS values obtained by solving the Fourier
equation for r→ b can be markedly different, and no linear re-
lation is observed. For D = 12 nm, the adiabatic model predicts
a temperature slightly higher than the one found in the present
model; this is easily understood considering that the adiabatic
model assumes a constant input power, whilst in this case Pin is
monotonically decreasing with increasing T (see Figure 4). On
the other hand, when the input power increases with increasing
T and exhibits a peak, the steady-state temperatures predicted by

the adiabatic model are systematically lower than the ones we
obtain from the rate equations. The two models give the same
final temperatures only when there is no substantial heating of
the sample, i,.e., for nanoparticles with large diameters. It should
be noted that the difference between the predictions of the two
models does not amount to a simple offset, but is strongly depen-
dent on the higher or lower efficiency of magnetic NPs as heating
agents. This may put the standard procedure in jeopardy because
it contradicts to the reliability requirement referred to in the In-
troduction; a way to overcome such a difficulty will be discussed
in Section 4.

3.6 Tissue-blood perfusion rate in magnetic hyperthermia:
a caveat

The present model allows one to recognize the importance of
the convective heat flux coefficient h. Changing this parameter,
in fact, brings about considerable differences in the heating effi-
ciency of a NP system. In in vivo applications, the heat released
by a concentration of magnetic NPs inside a small region of a
living body is removed by the local tissue-blood perfusion mech-
anism, whose rate W is related to h by Equation 9. In the human
body, the product [Wcb] is greatly dependent on type and nature
of the interested tissue, typically ranging from 400-4000 W/m3K
in healthy tissues to 4-6×104 W/m3K in tissues affected by tumors
[73, 76, 54].
As an example of the impact of this parameter, the steady state
temperature increment ∆TSS in r = b/2 is reported in Figure 6 for
values of [Wcb] roughly covering the ones actually measured in
living tissues; the regions broadly corresponding to healthy and
tumor-affected tissues are put in evidence in color (green / red
areas, respectively). ∆TSS is observed to monotonically increase



Fig. 4 Time profile of the temperature increment at r = b/2 and corresponding temperature behavior of the Pin(T ) curves for four NP diameters.
Convective BCs. Dashed lines put in evidence the initial slope of the T (b/2, t) curves.



Fig. 5 (a) Steady-state temperature increment at the edge of the sample as a function of NP diameter, obtained from the present model in convective
BCs; (b) specific loss power WSLP evaluated according to the adiabatic model (Equations 11 and 12); (c) steady-state temperature increment obtained
by the present model (symbols) and by the adiabatic model (dashed line) as functions of the WSLP values of panel (b).

with reducing [Wcb] up to values which in healthy tissues are
about five times greater than the ones predicted for tissues af-
fected by a tumor.

This result clearly indicates that the same extrinsic parame-
ters (nanoparticle concentration, driving-field amplitude and fre-
quency) that are beneficial in the effective treatment of a specific
tumor may induce major discomfort in, or even to be dangerous
to a treated patient if the nanoparticles are partially dispersed in
neighboring healthy tissues also. Proper targeting of the magnetic
nanoparticles is therefore an important issue, although, in view of
the wide variability in the tolerance to heat usually observed in
living bodies, other treatment parameters such as particle concen-
tration at the target and method of administration play a similar,
and sometimes more important role.

3.7 Nanoparticles of different size: secondary activation

A detailed study of the heating efficiency of a system of nanopar-
ticle distributed in size is beyond the aim of this work. How-
ever, a special consequence of the temperature-dependent power
needs to be emphasized. As observed in Section 3.5.1, systems of
monodisperse nanoparticles whose diameters exceed some upper
limit are not able to heat a host medium because the peak of the
input power is displaced towards a temperature so high that it
cannot be attained in the heating process. For instance, with the
parameter values of Section 3.5.1, it is observed that the nanopar-
ticles with D =15 nm appear to be almost inactive. However, they
can be activated in a properly prepared sample.

Fig. 6 Steady-state temperature predicted by the model at r = b/2 in
convective BCs as a function of the product [Wcb] where W is the local
tissue-blood perfusion rate and cb is the blood’s specific heat



Let us consider as a case study a mixture containing equal parts
of magnetite particles of two sizes, D =14 nm and D =15 nm (in
this case, fV,14 = fV,15 = 0.5 fV = 5× 10−3). When the alternat-
ing magnetic field is switched on, the smaller particles begin to
heat the sample but the larger particles still are basically inactive.
However, while the temperature gradually increases, the larger
nanoparticles enter the region of the peak of Pin(T ) and begin to
release appreciable amounts of magnetic power, that adds to the
one from the smaller particles. Such a "secondary" activation of
the larger particles leads to a further increase of the temperature.
The effect is shown in Figure 7a,b where the temperature incre-
ment produced by the mixture is higher than the ones observed
when the two constituents are separately considered. In actual,
size-distributed NP systems, secondary activation is expected to
play a non-negligible role on the temperature reached by a sam-
ple.

It should be pointed out that a significant enhancement of the
target temperature (Fig. 7 b) is observed when the mixture con-
tains a fraction of nanoparticles which are thermally inactive at
the starting temperature (e.g., because they are large, as in the
above discussed case). These particles can be submitted to "sec-
ondary" activation by the temperature increase resulting from
other particles in the mixture, which are thermally active at the
starting temperature and, in a sense, act as an initiator. On the
contrary, when the mixture is comprised of multi-sized particles
which are all thermally active since the beginning, the temper-
ature enhancement may disappear. This is shown in Figure 7d,
referring to a 50-50% mixture of nanoparticles with D =12 nm
and D =13 nm in the same conditions as in the previous case.
The corresponding Pin(T ) curves, reported in Fig. 7c, clearly show
that both sizes provide substantial heating power since the very
begining of an ideal experiment. It turns out that in this case
the 50-50% mixture produces a heating curve which is intermedi-
ate between the ones obtained using monodisperse systems with
D =12 nm and D = 13 nm.

4 SLP measurement: an alternative method

In Section 3.5.2 it has been shown how problematic is the esti-
mate of the SLP when the power released by magnetic NPs de-
pends markedly on temperature. On the other hand, experimen-
tally determining the exact behavior of Pin(T ) for a specific NP
system from magnetic measurements (i.e., from the area of hys-
teresis loops) is unpractical, although feasible in principle. From
a fundamentalist’s viewpoint, a more expedient method to deter-
mine the temperature-dependent power released by a nanoparti-
cle system is desirable. From the viewpoint of therapeutic appli-
cations, a central question concerns how a reliable value of the
SLP can be found when the adiabatic method cannot be applied.

Here, an original method of analysis of experimental ∆Texp(t)
curves is presented and shown to answer to both questions.

4.1 Principles of the method

Let us consider a spherical sample of radius b containing a tissue
phantom loaded with a magnetite nanoparticle dispersion of vol-
ume fraction fV , and immersed in an ice-water thermostat (Fig-

ure 8a). The temperature evolution of the sample is measured
by placing two thermocouples in r =0 and in a nearby position
(r = δ). In practice, it is sufficient that δ be of the order of 0.1b.
Such an experimental configuration can be implemented even if
b is as small as 0.01 m, as supposed here; if needed, the experi-
mental setup is easily scalable by simultaneosuly increasing b and
reducing fV (in order to deal with the same range of steady-state
temperatures considered here).

The time evolution of the incremental temperature ∆Texp(0, t)
and ∆Texp(δ , t) in the two positions is recorded. Using the Fourier
equation, the the time evolution of the input power Pin in r = 0
is:

Pin(t) =
k
α

∂ (∆T )
∂ t

∣∣∣
r=0
− k
(

∂ 2(∆T )
∂ r2

∣∣∣
r=0

+
[2

r
∂ (∆T )

∂ r

]
r=0

)
. (15)

On the other hand, the temperature of the sample in a point
sufficiently close to r = 0 can always be written as:

∆T (r, t)≈ c0(t)− c2(t)r2 (16)

with time-dependent coefficients c0,2(t). The coefficient of the
term linear in r must be zero because of the singularity of the
radial Fourier equation in r =0. It should be noted that the co-
efficient c0(t) is equal to ∆Texp(0, t). Using Equation 16 the input
power is expressed as a linear combination of the derivative of
the experimental heating curve in r = 0 and of c2(t):

Pin(t) =
k
α

∂ (∆T )
∂ t

∣∣∣
r=0

+6kc2(t). (17)

On the other hand, the coefficient c2(t) can be experimentally
obained from Equation 16 by measuring the time evolution of the
incremental temperature in r =0 and r = δ :

c2(t) =
∆Texp(0, t)−∆Texp(δ , t)

δ 2 . (18)

Therefore, the input power in r = 0 is:

Pin(t) =
k
α

∂ (∆Texp)

∂ t

∣∣∣
r=0

+
6k
δ 2

(
∆Texp(0, t)−∆Texp(δ , t)

)
. (19)

All functions appearing in the right-hand side of Equation 19
are either experimental data or quantities easily obtained by sim-
ple post-processing of experimental data.

4.2 Evaluating the temperature-dependent released power
Pin(T ) from ∆Texp(t) curves

The behavior of Pin as a function of time in r = 0 can be immedi-
ately associated to the evolution of incremental temperature in
the same point, ∆Texp(0, t). In this way the temperature depen-
dence of Pin is obtained. The self-consistency of the approach has
been checked: the dotted curves in Figure 8b represent the input
power obtained from the hysteresis loops for three nanoparticle
diameters, whereas the lines represent the input power obtained
by analysing the resulting ∆Texp(0, t) and ∆Texp(δ , t) curves by
means of Equation 19. The Pin(t→ T ) values obtained in this way
are perfectly superimposed to the corresponding starting curves.



Fig. 7 (a) Temperature-dependent input power for HV = 200 Oe and monodisperse NPs with D =14, 15 nm and for a 50-50 mixture of the two
diameters; (b) corresponding time profiles of the temperature increment in r = b/2; (c, d) The same for monodisperse NPs with D =12, 13 nm and for
a 50-50 mixture of the two diameters.



Fig. 8 (a) Sketch of the measurement setup with sample kept inside an ice-water thermostat; (b) symbols: Pin(T ) data obtained from hysteresis loops;
lines: the same quantities obtained by the proposed measurement method (Equation 19) for three NP diameters; (c) instantaneous input power in r = 0
for the same diameters; time averaged values of Pin are also given.

Of course, this method does not allow one to obtain the full
Pin(T ) curve, but only a part of it, i.e., the one between T0 and
TSS = T0 +∆Texp(0,∞). The lower the final temperature reached
by the sample, the narrower the investigated region of Pin(T ).
The effect strongly depends on NP diameter, as clearly shown by
the three curves in Figure 8b.

In this way, the heating power of magnetic nanoparticles is
experimentally determined from temperature measurements
without the need of measuring magnetic properties.

4.3 Evaluating the average SLP in a heating experiment

The time dependence of the input power in the heating process is
reported in Figure 8c for three different NP sizes. The instanta-
neous power turns out to markedly vary during the heating pro-
cess, and can exhbit a sharp maximum. It is possible to check
that the Pin(t) curve is extremely sensitive, in both amplitude and
shape, to the NP diameter, a small change of D resulting in a great
change of Pin. The present results show that trying to characterize
the heating efficiency of a specific NP system by a single param-
eter (e.g., the SLP) can be useless when the temperature depen-
dence of the input power plays a major role. In fact, the overall
heating efficiency depends on both the instantaneous input power
and the time elapsed since the start of the heating treatment. If
one looks for a single parameter representing the power actu-
ally released by magnetic nanoparticles, the average of Pin over a
given time interval can be used. The values of < Pin > evaluated
for the three NP diameters over the time interval shown in Figure
8c are also reported. Putting these values in Equation 11 gives
a more reliable estimate of the specific loss power WSLP than the
adiabatic method. The results are summarized in Table 1 along

with the final temperatures TSS(r = 0). The prediction of the adi-
abatic method (Equation 12) is largely inaccurate, reflecting the
initial behavior of the heating curve that is not simply related to
the the overall time development of T (t) during the treatment.
It should be noted that the analysis of the initial part of the T (t)
curve either overestimates or underestimates the SLP evaluated
by the present method. Instead, the WSLP values obtained from
<Pin > and including all the features of the T (t) curve are roughly
proportional to the final temperatures. The data of Table I show
that a good heating performance can be achieved over an appre-
ciable range of particle diameters.

These results imply that it is not possible to define a single pa-
rameter that can be confidently used as a unambiguous label of
the heating efficiency of a specific NP powder. Actually, even the
WSLP value obtained through the average power < Pin > cannot
be considered as a single parameter, because it depends on the
time interval used for taking the average.

5 Conclusions

The rate equation model has been applied to assess the temper-
ature dependence of the power released by systems of nonin-
teracting, monodisperse magnetite nanoparticles, as well as the
consequences on their efficiency as heating elements under an
alternating driving field. The tunable parameters used in this
work (vertex field, driving-field frequency, nanoparticle volume
concentration) are compatible with the present-day therapeutic
practice. The main results of our approach are:
- the area of the hysteresis loops has been shown to be a non-
monotonic function of temperature, so that the power Pin released
by the NPs presents a peak whose position in temperature de-
pends on NP size; a heuristic explanation of this dependence has



Table 1 Comparison between SLP values obtained in adiabatic conditions and from the present model for three NP diameters. The steady-state
temperature in the middle of the sample is also reported.

D (nm) 10 10.5 11 11.5 12 12.5 13 13.5 14 15

WSLP (W/g) ∗ 6.27 15.75 37.79 65.58 48.97 17.96 5.06 1.91 0.81 0.08
WSLP (W/g) † 4.89 9.75 16.67 24.58 31.62 39.77 8.92 2.16 0.85 0.08

TSS(r = 0) (◦C) 8.63 17.77 32.18 50.49 67.84 85.09 16.33 3.69 1.46 0.15
∗ Adiabatic conditions, Equation 12
† Present work, Equation 19

been given;
- the effect of the temperature-dependent input power on the
heating efficiency of NPs homogeneously distributed inside a
spherical sample has been studied by solving the Fourier equa-
tion with two typical boundary conditions; in particular, the con-
vective BC simulates the heating behavior of a portion of living
tissue populated by magnetic NPs and exchanging heat with the
environment through the blood flux, likening the model to the
bioheat equations;
- the linear loss model, where the input power is derived from
the imaginary part of the complex magnetic susceptibility, gives
incorrect results when the vertex field takes values like the ones
used in the therapeutic practice;
- the solutions of the heat transport equation show that:

a) the heating efficiency of magnetic NPs is high in a very nar-
row range of diameters; particles with diameters outside such
a region (a few nanometers wide) are basically inactive; a ther-
mal activity diagram helps to predict the optimal thermal effi-
ciency of a NP system;
b) the time evolution of the temperature increment of the
medium can be complex: the shape of the profile strongly de-
pends on NP size and is unpredictable from the measurement
of T (t) during the first stages of heating; the same comment
applies to the final (steady-state) temperature;
c) secondary activation of initially inactive NPs can occur in
mixtures containing particles of different size;

-therefore, determining the specific loss power of a NP system by
measurements of the initial slope of the T (t) curve in adiabatic
conditions gives incorrect results when the input power is depen-
dent on temperature; the final temperature of a sample is gener-
ally not linked by a simple expression to the SLP determined in
the adiabatic-measurement framework;
- the functional dependence on temperature of the magnetic
quantities should not be neglected even if the host medium’s tem-
perature is changed by a few degrees only;
- in convective BCs, the convective heat transfer coefficient plays
a central role on the steady-state temperature of a sample; in liv-
ing bodies, such a quantity is directly proportional to the tissue-
blood perfusion rate W that varies by orders of magnitude be-
tween healthy and malignant tissues; in the therapeutic practice,
great attention is to be paid to ensure proper targeting of the NPs
on malignant tissues without affecting neighboring healthy tis-
sues.

Finally, we have proposed a simple experimental method to de-
termine both the temperature dependence of the input power Pin

without making use of magnetic measurements, and the instan-
taneous power relased by NPs during the heating process. The
method is based on measurement and analysis of the time evo-
lution of temperature. From the knowledge of the instantaneous
power it is then possible to derive the average power actually re-
leased by the magnetic NPs to an host medium and a more correct
value of the specific loss power.

Of course, optimizing the thermal efficiency of a NP system is
just one of the requirements for therapeutic effectiveness of mag-
netic hyperthermia. In particular, the success of in vivo preci-
sion nanomedicine is related to correct vehiculation and target-
ing of the heating particles [81, 82] and to the ability of the heal-
ing agents to penetrate in depth in the malignant tissue[25, 26].
Magnetic nanoparticles have the advantage of bringing the heat
source deeply within a tumor, which enhances their healing ef-
fect, overcoming the problems inherent to thermotherapies whose
heat source is placed externally. Even in the case of magnetic hy-
perthermia, a further improvement will possibly arise by proper
combination of thermotherapy and chemotherapy [65]. More-
over, driving magnetic nanoparticles by means of tailored field
gradients can add a degree of freedom helping research groups to
optimize the drug targeting performance, which is one of the key
factors for the efficiency of this type of precision nanomedicine
[26].

Finally, the present deficiencies of magnetic nanoparticles for
hyperthermia and the possible strategies to increase a reliable
use in the therapeutic practice are briefly discussed. As recently
pointed out [65], the present limiting factors include the diffi-
culty to compare results from different research groups and the
absence of definite experimental protocols. This paper may help
solving the latter problem, because it suggests a way to standard-
ize the devices designed for SLP measurement. Another problem
arises from the present lack of uniformity of the measurement
practices in in vivo treatments, which can lead to inconclusive re-
sults because of the use of inadequate animal models [65]. Other
strategic improvements involve the accurate NP localization in
the living body and the measurement of the local temperature
actually reached by the target. In our view, however, all future
improvements in the therapeutic practice need to be firmly based
upon the precise knowledge of the thermal performance of mag-
netic nanoparticles. It is believed that this paper is a step forward
in this direction.



6 Supplementary Material
Supplementary Material (available online) includes analytic de-
tails about the rate equations applied to magnetic DWS, includ-
ing the different forms taken using either time or magnetic field
as independent variable. The steps leading to the expression of
the cyclic magnetization are summarized. A brief discussion of
the validity conditions of the rate-equation approach in treating
magnetization dynamics is also provided.
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45 M. Beković, M. Trlep, M. Jesenik, V. Goričan, A. Hamler,
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A Comparison between the power calcu-
lated from rate equations and the linear
expression

The expression of the power released by nanoparticles submit-
ted to an alternating field (Equation 5) was developed in the lin-
ear Debye-relaxation framework; the implicit assumption of the
model is that the effect of a driving field can be viewed as a weak
perturbation of the equilibrium state of the system. The formula
for PLIN has been and is widely applied in the area of magnetic
heating of living tissues, without however considering that the
driving fields most commonly used in practical applications [65]
(100-250 Oe, i.e. 9-20 kA/m) typically exceed the limits of va-
lidity of the linear theory. In fact, for vertex field values such as
the ones considered in our paper (100 - 200 Oe) the magnetic
response of the system is no longer linear, as clearly shown by the
rate equation approach [52, 14].

The loops calculated by the rate equations at HV =100 Oe,
f = 1× 105 Hz for T =300 K and 350 K are shown in the left

panel of Figure 9 (full lines). The loops obtained in the Debye-
relaxation framework [41] in the same conditions are also re-
ported (dashed lines); they considerably differ, in shape, inclina-
tion and enclosed area, from the exact curves. As a consequence,
the power vs. temperature curves predicted by the linear expres-
sion, although displaying features similar to the ones of the more
accurate model, fail to account for magnitude and position of the
peak of Pin(T ), as shown in the right panel of Figure 9.

B Temperature-dependent vs. constant in-
put power for low temperature incre-
ments

Aim of this section is to study the effect of a temperature-
dependent input power in heating treatments where the desired
increment of temperature of the medium (e.g., a malignant tis-
sue) with respect to the initial temperature is typically very low
and must be kept as controlled as possible. The convective spheri-
cal model is used, with fV = 0.0025 and HV =100 Oe. The product
[Wcb] has the value 4× 104 W/m3s typical of malignant tissues.
The steady state temperatures and the time evolution profiles at
r = b/2 obtained solving the Fourier equation with convective BCs
and with the temperature-dependent input power of Figure 1c are
shown in Figure 10 for two NP diameters (full lines). In these con-
ditions, the temperature increment never exceeds 12 K.
The Fourier equaition is solved for comparison using a constant
input power, with the value of Pin derived from the hysteresis loop
at T0 =310 K. In this case, the Fourier equation in radial symmetry
admits analytical solutions. The steady-state temperature profile
is given by:

∆TSS(r,∞) =
Pin b
3h

+
Pin

6k
(b2− r2) (20)

where h is given by Equation 9 and k is the thermal conductivity
of the medium. The time profile of the temperature increment is:

∆T (r, t) =
Pin b
3h

+
Pin

6k
(b2− r2)+

∞

∑
n=1

Cn
sinλnr

r
e−αλ 2

n t (21)

where α is the thermal diffusivity and the sets of constants Cn and
λn are obtained solving suitable transcendental or integral equa-
tions [80]. The solutions of Equations 20 and 21 are reported in
Figure 10 (dashed lines). For all diameters, relative differences of
more than 15 % between the two sets of curves are observed. The
curves do not differ by a mere shift: it is the shape of the temper-
ature profile that changes. For D = 12 nm the steady-state profile
obtained with temperature-dependent input power is lower than
the one at constant Pin, while the opposite occurs for D = 13 nm.
This effect is easily understood considering that for D = 12 nm
the temperature-dependent Pin(T ) monotonically decreases with
increasing temperature with respect to the value at T = T0, while
for D = 13 nm the same quantity exhibits the opposite behavior
(see Figure 4). Therefore, keeping constant the input power can
either overestimate or underestimate the actual temperature in-
crement.

The present example shows that even in the case of small tem-



Fig. 9 (left) hysteresis loops obtained at two different temperatures by the rate-equation model (full lines) and the linear approximation (dashed lines)
for a monodisperse NP system; (right) temperature-dependent input power curves obtained by the rate-equation model (connected symbols) and the
linear approximation (dashed lines) for three NP diameters.



perature increments, the dependence of the input power on T
cannot be safely neglected.



Fig. 10 (left) space profile of the steady-state temperature increment for two NP diameters in convective BCs, for temperature-dependent (full lines)
and constant (dashed lines) input power; (right) corresponding time profiles at r = b/2.
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