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Abstract
A concept of the consensus among different laboratories participating in an interlaboratory
comparison, classifying a substance, material, or object according to its nominal and ordinal
(i.e. categorical) characteristics, is devised using decomposition of the total variation of the
laboratory responses. One of the components of the total variation is caused by the
between-laboratory differences, and the second—by conditions associated with the applied
experimental design (for example, temperature of test items, technician experience, etc). This
decomposition is based on the recently developed two-way CATANOVA for nominal variables
and two-way ORDANOVA for ordinal variables. The consensus is tested as hypotheses about
homogeneity, i.e. insignificance of the corresponding components of the total variation. The
consensus power is taken to be the power of the homogeneity test. A methodology for
evaluation of the consensus power and corresponding risks of false decisions versus the dataset
size of categorical characteristics obtained in an interlaboratory comparison is detailed.
Examples of evaluation of the power and risks are discussed using previously-published datasets
of an interlaboratory comparison of identification of weld imperfections, and an examination of
the intensity of the odor of drinking water. An example of computer code in the R programming
environment is presented for the power calculations in the case of nominal variables, using a
chi-square distribution. A newly developed tool for ordinal variables, an Excel spreadsheet with
macros, which is based on Monte Carlo draws from a multinomial distribution, is also available.

Keywords: substance, material, categorical characteristics, interlaboratory consensus,
homogeneity test, power, risk
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1. Introduction

Interlaboratory studies are widely used for evaluation of
calibration and measurement capabilities of national metro-
logy institutes and designated institutes participating in key
and supplementary comparisons [1]; for estimation of profi-
ciency/competence of calibration and testing (including chem-
ical analytical) laboratories [2]; and for development of cer-
tified reference materials [3]. When the reference value of
the measurand is unknown, agreement (consistency) of the
measured values obtained by the participating laboratories is
investigated [4, 5]. If suitable agreement is observed and out-
liers are absent or treated, the laboratory results may then be
used for estimating (building) a measurand consensus value
applicable instead of the unknown reference value [6–8]. The
consensus value typically is: an arithmetic mean of measured
values, when their associated measurement uncertainties are
approximately equal; a weighted mean with weights calcu-
lated considering the measurement uncertainties; a Bayesian
estimator [9, 10]; or another kind of mean. When the repor-
ted measurement uncertainties do not sufficiently cover the
actual differences between laboratory results, an interlaborat-
ory ‘dark’ uncertainty component, which was not considered
by the laboratories but contributes to the uncertainty of the
consensus value, is evaluated [11]. Then the consensus value
and its associated uncertainty are applied for determination of
a laboratory success [12, 13]. Another application is to assign
the measurand value and its uncertainty for a candidate refer-
ence material [14].

Consensus building for datasets of measured values of the
same measurand obtained in different laboratories, in different
years, by different measurement methods allows evaluation of
a physical constant [15] or a quantitative substance property
[16]. DerSimonian and Laird method, and other statistical pro-
cedures are used for meta-analysis of such datasets, includ-
ing statistical samples of small size [17]. Meta-analysis is also
widely applied in medical studies [18].

However, no algebraic operations and mathematical func-
tions can be applied to categorical characteristics of a sub-
stance, material, or object [19]. Categorical variables are
nominal/qualitative or ordinal/semi-quantitative. For example,
kinds of weld imperfections [20] and descriptors of water odor
[21] are nominal variables, whose occurrences can be only
equal or unequal, i.e. can belong to the same or different cat-
egories. However, intensity of water odor or the taste of a saus-
age from very bad to excellent [22, 23], which are able to be
‘equal/unequal’ or ‘greater than’/’less than’, relate to ordinal
variables. Since categories may be expressed verbally, and no
algebraic operations and mathematical functions exist among
them, a consensus numerical value (the equivalent of a mean)
in an interlaboratory comparison or meta-analysis of categor-
ical properties cannot be formulated.

In sociology, consensus of opinions within a given group of
individuals is discussed as cohesiveness or closeness, i.e. the
degree to which the members of the group agree [24, 25]. For
example, it may be the cohesiveness of opinions of members
of a society choosing one of a few candidates for the chair

of the society, or one of the alternative programs for the soci-
ety’s activities. Ideal consensus by this concept means a lack of
dispersion of opinions or choices, while a minimal consensus
corresponds to their maximal dispersion reflecting a disagree-
ment or dissension [26–28]. Consideration of such consensus
is applied in studying decision making by experts [29–31],
nursing care (clinical practice) [32, 33], psychology [34] and
other fields. Likert (satisfaction) scales of expert responses,
similarity functions describing the distance between opinions
of the experts, rank aggregation (when members of a group
decide which issue is collectively preferred), and kappa coef-
ficients interpreting a consensus as a value on the interval
from 0 to 1, are used in the cited references for a consensus
‘measurement’.

Consensus of responses of different laboratories particip-
ating in an interlaboratory comparison, classifying a sub-
stance, material, or object according to its nominal and ordinal
characteristics, could be also interpreted as cohesiveness.
The recently developed two-way factorial analysis of vari-
ation of nominal variables CATANOVA and of ordinal vari-
ables ORDANOVA, applied first in [20] and [21–23], respect-
ively, answers the question’ is a consensus among particip-
ating laboratories achieved?’ The answer is based on testing
hypotheses about homogeneity of the between-laboratory and
within-laboratory variation components, as well as the com-
ponents caused by other factors under study. This is like in
two-way ANOVA for continuous quantitative variables, but
the variations are calculated here from probabilities (relative
frequencies) of the responses for specified categories. Similar
hypotheses about the influence of different factors on the
laboratory responses (and on the consensus), according to the
applied experimental design and decomposition of the total
variation, are tested as hypotheses on homogeneity of corres-
ponding variations. The homogeneity testing of nominal vari-
ables in the CATANOVA framework is based on the applic-
ation of a χ 2-distribution. Similar testing of ordinal variables
in ORDANOVA applies empirical distributions obtained using
random Monte Carlo draws from a multinomial distribution.
Since in many cases the number of participating laboratories
is small, not only the level of confidence (probability of Type
I error or α-risk [35]) but also the power of the test (probab-
ility of Type II error or β-risk [36]), is important for a correct
interpretation of the test results [37–39].

The goal of the present paper is to evaluate power of the
test for assessing consensus and corresponding risks of false
decisions vs. the dataset size of nominal or ordinal character-
istics of a substance, material, or object, obtained in interlab-
oratory comparisons.

2. Statistical method

2.1. Total variation

An expert response for a given property (characteristic of
a substance, material, or object) can be modelled as a
random quantity Y on an ordinal scale with K⩾ 2 categories
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(classes or levels) characterized by a probability vector
p= (p1, p2, . . . , pK), where pk with k= 1, 2, . . . , K denotes
the theoretical probability of responses related to the k−th
category, such that

∑K
k=1 pk = 1. Then, Fk denotes the cumu-

lative theoretical probability up to the k−th category, i.e.
Fk =

∑k
q=1 pq, and FK = 1. The probability P of receiving a

set (vector) of responses n= (n1, n2, . . . , nK), where nk ⩾ 0
denotes the number of responses related to the k−th category,
and

∑K
k=1 nk = N is the total number of responses calculated

based on the multinomial distribution with parameters (N,p)
as the probability mass function P(Y= n) [40]. If only two nk
are different from zero (K= 2), the multinomial distribution
simplifies to the binomial distribution, which is applicable as
to ordinal as to nominal properties.

In interlaboratory comparisons for proficiency testing and
other purposes, variability in the responses of Y may be
explained by independent fixed effects of two main factors
(two independent categorical variables). The first factor,
i.e. the variable X1, has I levels (I laboratories participating
in the comparison), and the second factor, the variable X2, has
J levels (e.g. J different temperatures of the water samples, dis-
tributed to the laboratories). Each of the N possible responses
falls into one of the I levels of the first factor X1, and into one
of the J levels of the second factor X2, so that IJ= N. Besides,
each of the responses belongs to one of K categories of Y.
This is a cross balanced design without replication at any cell.
No interaction between the two factors is analyzed, since only
one expert response at the specified levels of the factors is
examined from each laboratory as required in ISO 17 043 [2].

In practice, responses to a categorical property of an
object may be correlated with the quantitative parameters, for
example of the object’s chemical composition [22]. Moreover,
responses to different properties of the same object may be
correlated between them [23]. These possible correlations are
not considered further in the present work for simplicity.

Treating N responses as a statistical sample, and nijk as
a random variable, then p̂ijk = nijk/N and F̂ijk =

∑k
q=1 p̂ijq

denote the sample (observed) relative frequency of responses
belonging to the k−th category and the sample cumulative
relative frequency of responses up to the k−th category in
cell (i, j), respectively. The sample total cumulative relative
frequency of all responses belonging to the k−th category is
denoted by

F̂..k =
1
IJ

I∑
i=1

J∑
j=1

F̂ijk, k= 1, 2, . . . , K. (1)

Here F̂i.k = 1
J

∑J
j=1 F̂ijk (i = 1, 2, . . . , I; k= 1, 2, . . . , K)

and F̂.jk =
1
I

∑I
i=1 F̂ijk (j = 1, 2, . . . ,J; k= 1, 2, . . . , K)

denote the sample total cumulative relative frequency of
responses up to the k−th category at level i of factor X1
and at level j of factor X2, respectively. Points in a subscript
symbol mean the indices of summation (for averaging) of the
frequencies, e.g. i and j in F̂..k.

The observed (sample) total variation of the response vari-
able Y, normalized on the [0, 1] interval, is estimated in the
two-way ORDANOVA for ordinal variables [41] as

V̂T =
1

(K− 1)/4

K−1∑
k=1

F̂..k

(
1− F̂..k

)
. (2)

A similar estimate in the two-way CATANOVA for nominal
variables [42] is

V̂T =
K

(K− 1)

(
1−

K∑
k=1

p̂2..k

)
, (3)

where p̂..k = n..k/N is the sample proportion (relative
frequency) of data belonging to the k−th category and∑K

k=1 p̂..k = 1.

2.2. Decomposition of the total variation

In the model without replication, considered in the present
paper, the total sample variation V̂T is partitioned into the
between (inter)-laboratory component ĈB and the within
(intra)-laboratory component V̂W, caused by the second factor
and/or ‘residual’ variation of unknown reason(s). For ordinal
data [41], this is

V̂T = ĈB + V̂W, (4)

where

ĈB =
1

(K− 1)/4

×
K−1∑
k=1

1
I

I∑
i=1

(
F̂i.k− F̂..k

)2
+

1
J

J∑
j=1

(
F̂.jk− F̂..k

)2


(5)

and

V̂W =
1

(K− 1)/4

K−1∑
k=1

1
IJ

I∑
i=1

J∑
j=1

(
F̂i.k+ F̂.jk− F̂..k

)
×
(
1−

[
F̂i.k+ F̂.jk− F̂..k

])
. (6)

The individual effects of factorsX1 andX2 can be estimated
using the next decomposition of the variation ĈB:

ĈB = ĈB
X1 + ĈB

X2, (7)

where

ĈB
X1 =

1
(K− 1)/4

K−1∑
k=1

1
I

I∑
i=1

(
F̂i.k− F̂..k

)2
and

ĈB
X2 =

1
(K− 1)/4

K−1∑
k=1

1
J

J∑
j=1

(
F̂.jk− F̂..k

)2
. (8)

A similar decomposition for nominal variables [42]
leads to

3
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ĈB
X1 =

K
K− 1

K∑
k=1

1
I

I∑
i=1

(p̂i.k− p̂..k)
2 and

ĈB
X2 =

K
K− 1

K∑
k=1

1
J

J∑
j=1

(p̂.jk− p̂..k)
2
. (9)

Such decomposition may include a component related to
the possible interaction between the two factors. In addition,
decomposition by response categories was discussed in papers
[20–22]. Note that the sample estimators by equations (2)–
(9) are biased from the corresponding population variations
[41, 43].

3. Power of the test and risks of false decisions vs.
the dataset size

3.1. The null and alternative hypotheses

The null hypothesisH0 of homogeneity of the responses states
that the probability of classifying the responses as belonging
to the k-th category does not depend on the levels of the first
factor (levels i) nor on those of the second factor (levels j),
i.e. pijk = pk for all i = 1, 2, . . . , I and j = 1, 2, . . . , J. Under
this hypothesis, the following relations are applicable for both
nominal and ordinal variables:

E
[
V̂T

]
dfT

=
E
[
ĈB
X1

]
dfX1

=
E
[
ĈB
X2

]
dfX2

=
VT

N
, (10)

where E is the expected value; dfT = N− 1, dfX1 = I− 1, and
dfX2 = J− 1, are degrees of freedom. The numerator of the
last term in equation (10) is the population total variation VT

corresponding to the probability vector p= (p1, p2, . . . , pK).
The alternative hypotheses H1 are that one or both the studied
factors influence the probability vector p, i.e.

E
[
ĈB
X1

]
dfX1

>
VT

N
and/or

E
[
ĈB
X2

]
dfX2

>
VT

N
. (11)

To test the statistical significance of both the factor effects
the following significance indices (test statistics) have been
defined [41]:

ŜIX1 =
ĈB
X1/dfX1
V̂T/dfT

and ŜIX2 =
ĈB
X2/dfX2
V̂T/dfT

. (12)

3.2. Test for nominal variables based on application of
a χ2-distribution

Distributions of the statistics dfl ŜIXl, l = 1, 2, for nominal
variables are asymptotically approximated by the chi-square
distributions χ 2

dfl [20] with df1 = (K− 1)(I− 1) and df2 =
(K− 1)(J− 1), respectively. They have the following expect-
ations and variances:

E
[
dflŜIXl

]
= dfl and VAR

[
dflŜIXl

]
= 2dfl. (13)

This approximation allows the application of a chi-square
test for testing the null and alternative hypotheses [44]. The
null hypothesis H0 regarding the equivalence of the levels
of factor X1 (pi.k = pk), i.e. insignificance of the effect of
factor X1 on the response variable Y, is rejected when df1 ŜIX1
exceeds the critical value x1 of the chi-square distribution
χ 2
df1 at the (1−α) 100 % level of confidence, i.e. when the

probability P(df1 ŜIX1 > x1) = α. Similarly, the H0 regarding
the levels of factor X2 (p.jk = pk) is rejected when df2 ŜIX2
exceeds the critical value x2 of the chi-square distribution χ 2

df2 .
In a different way, the null hypothesis H0 related to factor Xl
is rejected when ŜIXl exceeds xl/dfl at the level of confidence
(1−α) 100 %.

The alternative hypothesisH1 by equation (11) corresponds
to the shifted/modified distribution of the statistics dfl ŜIXl
which would be valid under the null hypothesis H0. The mod-
ified distribution is denoted further as dfl ŜIXl,λ, where λ is the
parameter of non-centrality, i.e. the shift in the distribution.
The following expectations and variances related to the mod-
ified distribution are:

E
[
dfl ŜIXl,λ

]
= dfl+λ, VAR

[
dfl ŜIXl,λ

]
= 2dfl+ 4λ, (14)

and

E
[
ŜIXl,λ

]
= 1+

λ

dfl
, VAR

[
ŜIXl,λ

]
=

2
dfl

+
4λ

dfl
2 . (15)

This modified distribution is approximated by the noncent-
ral chi-square distribution χ 2

dfl,λ [45]. The λ values are calcu-
lated as λ= w2N, wherew is the effect of the statistical sample
size for the chi-square test. A value of w= 0.1 is considered
as a small effect, 0.3—medium, and 0.5— a large effect [46].
As the sample size N= IJ is equal for both factors X1 and X2,
the same λ is applicable.

Then, values of the power of the homogeneity test of the
responses at different levels of the factor X1 (levels i) and
factor X2 (levels j) can be calculated as the power of the cor-
responding chi-square test [47, 48]:

P1 = 1−β1 = 1−CDFχ 2
df1,λ (x1) and

P2 = 1−β2 = 1−CDFχ 2
df2,λ (x2) , (16)

where CDF means cumulative distribution function and βl
denotes probability of Type II error (β-risk).

An example computer code for the power calculations in
the R programming environment, is available in appendix A.
The calculated results for P1 and P2 vs. I= 3 to 50 and J= 2
to 10 are shown as the yellow and blue transparent surfaces in
figures 1 and 2, respectively. The calculations are performed at
the probability of Type I error α= 0.05 and the medium effect
of the sample size: w= 0.3. Plots (a)–(c) in each figure corres-
pond to K= 3, 5 and 10, respectively. The lower limit of the
range for K in the plots, set as binary categorical cases (K= 2)
were discussed in previous publications [43]. Bilateral inter-
laboratory comparisons (I= 2) are a specific case inmetrology
[13, 49] which are not considered here. The range for J star-
ted at J= 2 as it is usual for testing influence of a comparison

4
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Figure 1. Power P1 of the criterion for testing the hypothesis
on significance of the effect of factor X1 in dependence on the
number I of laboratories (levels of factor X1) and the number J
of conditions (levels of factor X2). Plots (a)–(c) correspond to
the number of response categories K= 3, 5 and 10,
respectively.

Figure 2. Power P2 of the criterion for testing the hypothesis on
significance of the effect of factor X2 in dependence on the number I
of laboratories and the number J of conditions. Plots (a)–(c)
correspond to the number of response categories K= 3, 5 and 10,
respectively.
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condition on the responses. Smoothing each surface plot from
corresponding discrete values was performed using R [50].

Note that the axes of the plots in the figures do not start
from zero, but correspond to the set ranges (from 3 for I, and
from 2 for J) and the minimal calculated power values Pl > 0.
The ranges of power P1 values in figure 1 are from 0.08 to
0.86 for K= 3 in plot (a); 0.07–0.67 for K= 5 in plot (b);
and 0.06–0.43 for K= 10 in plot (c). In figure 2 power P2

values are from 0.09 to 1.00 for K= 3 in plot (a); 0.08–0.98
for K= 5 in plot (b); and 0.07–0.90 for K= 10 in plot (c).
Thus, these figures indicate that increasing I and J, which form
the statistical sample size N= IJ, increases the power of the
test for both factors X1 and X2. Comparison of correspond-
ing plots in figures 1 and 2 allows observing power values
P1 < P2 at the same sample size N and number of categor-
ies K. This is due to variances (and corresponding standard
deviations) in by equations (14) and (15), which are greater at
the number of degrees of freedom df1 = (K− 1)(I− 1) than
at df2 = (K− 1)(J− 1), when I> J. Besides, increasing K
decreases the power at the same N, i.e. a larger number of cat-
egories requires a greater sample size for achieving the same
power of the test. In other words, a more complex the task of
a response category identification and evaluation of the influ-
ence of factors X1 and X2 on the responses requires a greater
N for the task solution.

When two or more items (chemical samples, products, or
objects such as photographs/images) are sent to each laborat-
ory for examination according to the cross balanced design,
there are the same number n of responses/examination results
at any cell (i, j), and the total number of the results is N= nIJ.
For example, in [20], photographs of n= 14 different weld
features (imperfections) of K= 5 categories as proficiency
testing items were distributed to each of the I= 3 participat-
ing laboratories, and examined by experienced technicians as
well as by trained novices, J= 2. The 14 features’ examina-
tion results were obtained from each experienced technician
and each novice in the laboratories. The total number of pho-
tograph examinations was N= nIJ= 84. The vectors of the
response frequencies are presented in [20]. Influence of both
the factors, laboratories X1 and technician’s experience X2, as
well as their interaction, were found insignificant at the α-risk,
i.e. the probability of Type I error, α= 0.05.

Under hypothesis H0 for the factor X1, the expecta-
tion according to equation (13) is E[df1 ŜIX1] = 8, the vari-
ance is VAR[df1ŜIX1] = 16, and the standard deviation sd1 =√

VAR[df1ŜIX1] = 4. The distribution of df1 ŜIX1 is approx-

imated by χ 2
8. The critical value of χ 2

8 at 95 % level of con-
fidence is x1 = 15.51. Under hypothesis H1, at the sample
size N= 84 and the medium effect w= 0.3, the parameter
of non-centrality of the distribution is λ= w2N= 7.56. By
equation (14), E[df1 ŜIX1,7.56] = 15.56, VAR[df1 ŜIX1,7.56] =
46.24, and sd1,7.56 = 6.80. The distribution of df1 ŜIX1,7.56
under H1 is approximated by χ 2

8,7.56. The probability dens-
ity functions (PDFs) of the chi-square distributions for factor
X1 are shown in figure 3, plot (a). On this plot, the blue line
is the PDF of the chi-square distribution χ 2

8 under hypothesis
H0, and the red line is the PDF of χ 2

8,7.56 under hypothesis H1.

Figure 3. Probability density functions (PDFs) of the chi-square
distributions. Plot (a) is for factor X1, and plot (b) is for factor X2.
The blue lines demonstrate PDF of the chi-square distribution under
hypothesis H0, the red lines—under hypothesis H1. The vertical
black dashed lines indicate the critical values x1 and x2 for the level
of confidence 95 %, for plot (a) and for plot (b), respectively.
Probabilities of Type I error α are shown as the shaded area of
transparent blue color, and probability of Type II error β—by the
shaded area of transparent red color.

The vertical black dashed line indicates the critical value x1.
Probabilities of Type I error are shown by transparent blue area
to the right of the dashed line, and of type II error — by the
transparent red area to the left of the dashed line. The power
of the test of insignificance of factor X1 is P1 = 0.45

For factor X2 under hypothesis H0, E[df2ŜIX2] =
4, VAR[df2ŜIX2] = 8, and sd2 = 2.83. The distribution of
df2 ŜIX2 is approximated by χ 2

4. The critical value of χ 2
4

at 95 % level of confidence is x2 = 9.49. Under hypothesis H1

and λ= 7.56 , E[df2 ŜIX2,7.56] = 11.56, VAR[df2ŜIX2,7.56] =
38.24, and sd2,7.56 = 6.18. The distribution of df2 ŜIX2,7.56
is approximated by χ 2

4,7.56. The corresponding PDFs of the
chi-square distributions χ 2

4 and χ
2
4,7.56 for factor X2 are shown

on plot (b) in figure 3. The notations are the same as on plot
(a) in this figure. The power of the test of insignificance of
factor X2 is P2 = 0.58.

In other words, a consensus of the laboratories in assess-
ment of the weld imperfections, and a consensus between an
experienced technician and a trained novice in a laboratory,
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were accepted at the level of confidence (1−α) 100 %=
95 %. Nevertheless, the probability of type II error, i.e. β-risk
of a false consensus indication, was β1 = 1−P1 = 0.55 con-
cerning the laboratories, and β2 = 1−P2 = 0.42 concerning
the technicians.

3.3. Test for categorical variables based on a multinomial
distribution and Monte Carlo simulations

Testing the null hypothesis H0 on the effect significance for
ordinal variables also requires knowledge of an asymptotical
distribution for the indices ŜIX1 and ŜIX2 by equation (12), in
order to calculate the critical values of the indices SIcritX1 and
SIcritX2 at a given level of confidence (1−α) 100 %. A calcula-
tion tool based on at least 3·105 Monte Carlo simulations was
proposed for the two-way ORDANOVA in [41]. In case of no
interaction between the two factors, the tool calculates from
the empirical data the sample vector of relative frequencies
p̂= (p̂..1, p̂..2, . . . , p̂..K), as well as the variation components
(ĈB

X1, Ĉ
B
X2, V̂W, V̂T) and the values of the indices ŜIX1 and ŜIX2.

At each iteration, the calculator performs random draws from
the multinomial distribution with K categories and the vector
of relative frequencies p̂, and stores the calculated values of
the significance indices.

Finally, for each significance index an empirical cumu-
lative distribution function CDF is constructed and relative
frequency (%) plots of the simulated values (empirical dis-
tributions of ŜIXl, l= 1, 2) are displayed. The critical val-
ues SIcritXl for the significance indices, as an equivalent of
xl/dfl for nominal variables, are recovered as the points
where (1−α) 100 % level of confidence of the empirical
CDF is achieved. The null hypothesis H0 is rejected when
the significance index ŜIXl exceeds the critical value SIcritXl at
(1−α) 100 % level of confidence.

The alternative hypothesisH1 for factorXl is represented by
the shifted/modified empirical distribution of the significance

index ŜI
M
Xl = (1+λ/dfl) ŜIXl. Thus, the power value Pl of the

criterion for testing homogeneity of the responses at different
levels of the factor Xl is Pl = 1− CDF

ŜI
M
Xl

(
SIcritXl

)
. A newly

developed tool — an Excel spreadsheet with macros for these
power calculations — is freely available at the webpage [51].
A brief tool description is provided in appendix B.

To validate the proposed algorithm, the analytical results of
calculation for nominal variables based on the chi-square dis-
tributions discussed in section 3.2 for the study of weld imper-
fections were compared with those obtained with the Monte
Carlo simulations. A theoretical background of such a com-
parison is available in appendix C. Ten repetitions of the simu-
lations were performed to check repeatability of the power cal-
culations. In each simulation run of 5·104 values from noncent-
ral chi-square distributions χ 2

dfl,7.56/dfl were generated. The
obtained power average value and the standard deviation from
the average for the first factor were P1 = 0.4492± 0.0024,
and for the second factor they were P2 = 0.5760± 0.0018 .
These power values do not practically differ from the ana-
lytical ones in section 3.2 for both factors X1 and X2 (0.45
and 0.58, respectively). The results of similar calculations

with application of the Monte Carlo simulations of modified

empirical distributions ŜI
M
Xl by the proposed algorithm were:

P1 = 0.4344± 0.0021 and P2 = 0.5107± 0.0020. The gaps
between the obtained power values and the corresponding ana-
lytical ones are explained in appendix C.

The proposed algorithm using random Monte Carlo draws
from a multinomial distribution was applied for example with
ordinal variables for evaluation of power of the consensus of
45 laboratories participated in an interlaboratory comparison
of the intensity of chlorine and sulfurous odors of different
drinking water samples [21]. The laboratory responses, classi-
fied into six categories, were obtained for each water sample
at 20 and 60 ◦C. Thus, there were: factor X1—laboratory with
I= 45 levels; factor X2— temperature of a water sample with
J= 2 levels; K= 6 categories/levels of chlorine or sulfurous
odor intensity; n= 1 — one response from each laboratory
related to a sample of the specified odor at the specified tem-
perature;N= IJ= 90 responses in total for each chlorine odor
and sulfurous odor. Probability of Type I error applied was
α= 0.05. The medium size effect to be used for the power cal-
culations assumed equal to w= 0.3, hence λ= w2N= 8.10.
The vectors of the response frequencies are available in the
open-access paper [21].

Critical values of the significance indices are SIcritX1 = 1.18
and SIcritX2 = 3.06 at the level of confidence 95 %. PDF of sig-

nificance index ŜIXl under hypothesis H0 and of the index ŜI
M
Xl

modified under hypothesis H1 for chlorine odor of the water
samples are presented in figure 4. Plot (a) is related to factor
X1, and plot (b) — to factor X2. The blue line shows the PDF

of ŜIXl, the red line is the PDF of ŜI
M
Xl, the black vertical dashed

line indicates the critical value SIcritXl . Probability of Type I
error α and probability of Type II error β are shown as in
figure 3. The power of the test of insignificance of factor X1 is
P1 = 0.10, and for factor X2 it is P2 = 0.29.

For sulfurous odor, the obtained PDF of the significance
indices and their critical values SIcritX1 = 1.20 and SIcritX2 = 3.23
were close to those for chlorine odor. Therefore, the power
values P1 = 0.10, and P2 = 0.28 are here practically the same
as for chlorine odor.

Note that decreasing the level of confidence (increasing the
α-risk) leads to increasing the power (decreasing the β-risk).
For example, at the level of confidence 90 % (α= 0.10) and
the effect of the statistical sample size w= 0.3, the power
values for the intensity of chlorine odor are P1 = 0.17 and
P2 = 0.34, and for the intensity of sulfurous odor they areP1 =
0.17 and P2 = 0.39. Increasing w also increases the power.
Hence, at the level of confidence 90 % and w= 0.5, the power
values for the intensity of chlorine odor are P1 = 0.32 and
P2 = 0.58, and for the intensity of sulfurous odor—P1 = 0.35
and P2 = 0.66.

The standard [2] defines an interlaboratory comparison as
‘design, performance and evaluation of measurements or tests
on the same or similar items by two or more laboratories in
accordance with predetermined conditions’. In practice, pur-
poses of the comparisons may be different, the number of
laboratories able and ready to participate in a comparison
and the number of test items may be small or large. Thus,

7



Metrologia 61 (2024) 045004 T Gadrich et al

Figure 4. PDF of significance index under hypothesis H0 and of the index modified under hypothesis H1 for chlorine odor of the drinking

water samples. Plot (a) is related to factor X1, and plot (b)—to factor X2. Blue line shows the PDF of ŜIXl, red line—the PDF of ŜI
M
Xl, black

vertical dashed line indicated the critical value SIcritXl at the level of confidence 95 %. Probability of Type I error α and probability of Type II
error β are depicted as in figure 3.

the requirements for power of the applied tests and risks of
false decisions may also be very different. In any case, it is
important to have a mean for a correct evaluation of the power
and the risks, as described above.

4. Conclusion

A decomposition of the total variation of the laboratory
responses obtained in an interlaboratory comparison, classi-
fying a substance, material, or object according to its nom-
inal and ordinal characteristics, is applicable for testing a
consensus of the participating laboratories. The consensus is
tested as hypotheses about homogeneity, i.e. insignificance of
the corresponding components of the total variation, based on
the two-way analysis of variation CATANOVA for nominal
variables and ORDANOVA for ordinal variables.

The consensus power is taken to be the power of the homo-
geneity test. For nominal variables, when a chi-square dis-
tribution is applied in the testing, increasing the number of
laboratories participating in the comparison and the number
of levels of a condition, at which the nominal characteristic is
identified (their product is the dataset size), increases the test
power. Increasing the number of categories/kinds of the stud-

ied characteristic decreases the power at the same dataset size,
i.e. a larger number of categories requires greater dataset size
for achieving the same power of the test.

The power evaluation for categorical (both nominal and
ordinal) variables can be based on Monte Carlo draws from
a multinomial distribution. This approach was validated suc-
cessfully showing the power calculation results for nominal
variables close to those analytical ones, obtained with applic-
ation of the chi-square distribution.

Examples of evaluation of the power using earlier-
published datasets of an interlaboratory comparison of identi-
fication of weld imperfections, and examination of intensity of
drinking water odor supported the findings. An example com-
puter code for the power calculations in the R programming
environment for nominal variables using a chi-square distri-
bution, and a newly developed tool for categorical variables
based on Monte Carlo draws from a multinomial distribution
(Excel spreadsheet with macros), are provided.
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Appendix A. Example computer code in R programming environment for calculation of the test power for
nominal variables based on application of the chi-square distribution

##############################################
# Power calculation (w = 0.3, K = 3, 5, 10)
# when df1 = (K-1)∗(I-1)

library(DescTools)
rm(list = ls())

alpha = 0.05
w = 0.3
#K = 3, 5, 10
Ivec = 3:50
Jvec = 2:10

# N = I∗J
Nvec = (Ivec[1])∗(Jvec)
for (i in 2:length(Ivec))

{Nvec = c(Nvec,(Ivec[i])∗(Jvec))}
Nvec
length(Nvec) # 432 == length(Ivec)∗length(Jvec)

# df1= (K-1)∗(I-1)
K = 3
df1vec_K3 = c()
for (i in 1:length(Ivec))

{df1vec_K3 = c(df1vec_K3,(K-1)∗c(rep(Ivec[i]-1,length(Jvec))))}
df1vec_K3
length(df1vec_K3) # 432

Pvec_K3 = c()
for (i in 1:length(df1vec_K3))

{Pvec_K3 = c(Pvec_K3, power.chisq.test(w = w, df = df1vec_K3[i], n = Nvec[i], sig.level = alpha)$power)}
Pvec_K3
length(Pvec_K3) # 432

# df1 = (K-1)∗(I-1)
K = 5
df1vec_K5 = c()
for (i in 1:length(Ivec))

{df1vec_K5 = c(df1vec_K5,(K-1)∗c(rep(Ivec[i]-1,length(Jvec))))}
df1vec_K5
length(df1vec_K5) # 432

Pvec_K5 = c()
for (i in 1:length(df1vec_K5))

{Pvec_K5 = c(Pvec_K5, power.chisq.test(w = w, df = df1vec_K5[i], n = Nvec[i], sig.level = alpha)$power)}
Pvec_K5
length(Pvec_K5) # 432

# df1= (K-1)∗(I-1)
K = 10
df1vec_K10 = c()
for (i in 1:length(Ivec))

{df1vec_K10 = c(df1vec_K10,(K-1)∗c(rep(Ivec[i]-1,length(Jvec))))}

9
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df1vec_K10
length(df1vec_K10) # 432

Pvec_K10 = c()
for (i in 1:length(df1vec_K10))

{Pvec_K10 = c(Pvec_K10, power.chisq.test(w = w, df = df1vec_K10[i], n = Nvec[i], sig.level = alpha)$power)}
Pvec_K10
length(Pvec_K10) # 432

##############################################
# Power calculation (w = 0.3, K = 3, 5, 10)
# when df2 = (K-1)∗(J-1)

library(DescTools)
rm(list = ls())

alpha = 0.05
w = 0.3
#K = 3, 5, 10
Ivec = 3:50
Jvec = 2:10

# N = I∗J
Nvec = (Ivec[1])∗(Jvec)
for (i in 2:length(Ivec))

{Nvec = c(Nvec,(Ivec[i])∗(Jvec))}
Nvec
length(Nvec) # 432 == length(Ivec)∗length(Jvec)

# df2 = (K-1)∗(J-1)
K = 3
df2vec_K3 = (K-1)∗rep(Jvec-1,length(Ivec))
df2vec_K3
length(df2vec_K3) # 432

Pvec_K3 = c()
for (i in 1:length(df2vec_K3))

{Pvec_K3 = c(Pvec_K3, power.chisq.test(w = w, df = df2vec_K3[i], n = Nvec[i], sig.level = alpha)$power)}
Pvec_K3
length(Pvec_K3) # 432

# df2 = (K-1)∗(J-1)
K = 5
df2vec_K5 = (K-1)∗rep(Jvec-1,length(Ivec))
df2vec_K5
length(df2vec_K5) # 432

Pvec_K5 = c()
for (i in 1:length(df2vec_K5))

{Pvec_K5 = c(Pvec_K5, power.chisq.test(w = w, df = df2vec_K5[i], n = Nvec[i], sig.level = alpha)$power)}
Pvec_K5
length(Pvec_K5) # 432

# df2 = (K-1)∗(J-1)
K = 10
df2vec_K10 = (K-1)∗rep(Jvec-1,length(Ivec))
df2vec_K10
length(df2vec_K10) # 432
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Pvec_K10= c()
for (i in 1:length(df2vec_K10))

{Pvec_K10= c(Pvec_K10, power.chisq.test(w = w, df = df2vec_K10[i], n = Nvec[i], sig.level = alpha)$power)}
Pvec_K10
length(Pvec_K10) # 432

Appendix B. Tool for calculation of the test power
for categorical variables based on application of the
multinomial distribution and Monte Carlo
simulations—a brief description

When the tool is uploaded from the webpage [51], the follow-
ing parameters can be set in ‘Run Program’ Excel sheet of the
tool:

- model type (ordinal or nominal);
- number of iterations (simulations);
- probability of Type I error α;
- effect of the sample size w.

The file-example accompanying the tool, or another file of
the same structure with the dataset in ∗.txt format should be
uploaded also. Then, the chosen model type is initiated. The
calculation time with a regular PC for the proposed example
of the water chlorine odor intensity is about 3–5 min.

The output includes the total variation and its compon-
ents, their degrees of freedom, the significance indices, their
P-value (probabilities) according to [20] for nominal vari-
ables and [41] for ordinal variables, the critical values of these
indices for given level of confidence (1−α)100 %, and the
test power as described in the present paper. Excel sheets
‘Program Chart PDF’ and ‘Program Chart CDF’ present plots
of the PDFs and cumulative distribution functions of the sig-
nificance indices, respectively.

The tool allows also to calculate characteristics of an inter-
action of two factors (variables) when the experiment was
designed correspondingly.

Appendix C. Comparison of the approaches to
modeling the empirical distributions under an
alternative hypothesis H1 for nominal variables

To simulate an empirical distribution of dfl ŜI
M
Xl (l= 1, 2) under

an alternative hypothesis H1, the following shift/modification
on dfl ŜIXl (approximated by the chi-square distribution χ 2

dfl)
is applied:

dfl ŜI
M
Xl = (1+ λ/dfl ) dfl ŜIXl. (C1)

Then, the expectation and variance of dfl ŜI
M
Xl are the fol-

lowing:

E
[
dfl ŜI

M
Xl

]
= (1+λ/dfl) E

[
dfl ŜIXl

]
= (1+λ/dfl) dfl = dfl+λ, and (C2)

VAR
[
dfl ŜI

M
Xl

]
=

(
1+

λ

dfl

)2

VAR
[
dfl ŜIXl

]
=

(
1+

λ

dfl

)2

2 dfl =

(
dfl+λ

dfl

)2

2 dfl

=

(
df2l + 2 dfl λ+λ2

df2l

)
2 dfl = 2 dfl+ 4 λ+

2 λ2

dfl
.

(C3)

Thus, while the expectations E[dfl ŜIXl,λ] by equation (14)

and E[dfl ŜI
M
Xl] by Eq. (C2) are equal, the absolute relat-

ive difference between the variances in equation (14) and
Eq. (C3) is

RVAR =

∣∣∣∣∣∣
VAR

[
dflŜI

M
Xl

]
−VAR

[
dflŜIXl,λ

]
VAR

[
dflŜIXl,λ

]
∣∣∣∣∣∣

=
2 dfl+ 4 λ+ 2 λ2

dfl
− (2 dfl+ 4 λ)

2 dfl+ 4 λ

=

2 λ2

dfl

2 dfl+ 4 λ
=

λ2

dfl

dfl+ 2 λ
=

λ
dfl

dfl
λ + 2

=

1
θ(Xl)

θ (Xl)+ 2
=

1
θ (Xl) [θ (Xl)+ 2]

, (C4)

where θ (Xl) = dfl/λ. At increasing θ(Xl), the relative differ-
ence RVAR tends to zero. The same is valid for the proper

empirical distribution ŜI
M
Xl (not multiplied by dfl) according

to equation (15).
For example, in the discussed study of weld imperfections

the value θ (X1) = df1/λ= 8/7.56= 1.06, while θ (X2) =
df2/λ= 4/7.56= 0.53. Power values of the test versus val-
ues of the corresponding noncentral chi-square distribution

χ 2
dfl,7.56 /dfl and the modified empirical distribution ŜI

M
Xl are

presented on figure C1 by red and black lines, respectively.
Plot (a) is related to factor X1, and plot (b) — to factor
X2.

The gap between the power values of the con-
sensus between laboratories (X1), evaluated with the
χ 2
df1,7.56/df1 distribution and with the empirical dis-

tribution of ŜIX1, demonstrated with dashed lines on
plot (a) at the critical value x1/df1 = SIcritX1 = 1.94 is
|100 (0.453− 0.438)/0.453|= 3.3 %. The gap between the
power values of the consensus related to technicians (X2)
on plot (b) at the critical value x2/df2 = SIcritX2 = 2.37 is
|100 (0.578− 0.513)/0.578|= 11.2 %.
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Figure C1. Power values of the test obtained with the noncentral
chi-square distribution and the modified empirical distribution. Plot
(a) is related to factor X1, and plot (b) — to factor X2. Power values
versus the noncentral chi-square distribution values divided by
numbers of degrees of freedom, χ 2

dfl,7.56 /dfl, are presented by red
lines. The power values versus the modified empirical distribution

of ŜI
M
Xl values are shown by black lines. Dashed lines indicate the

power for critical values of the chi-square distribution at
xl/dfl = SIcritXl and demonstrate corresponding gaps between the
power values.
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