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Highlights 

• Complex shapes NP are characterized by AFM 
• Geometrical approaches are implemented to determine NP size and AFM tip dilation 
• Studied anatase bipyramids and nanosheets may apply as candidate reference materials 
• NPs’ shape and texture descriptors are investigated to qualify synthetized batches 

 

Abstract 

Since both size and shape of nanoparticles are challenging to be quantitatively measured, traceable 3D 
measurements are nowadays an issue. 3D nanometrology plays a crucial role to reduce the uncertainty of 
measurements, improve traceable calibration of samples and implement new approaches, models, and 
methodologies in the study of the nanomaterials. 

AFM measurement of nanoparticles with unusual shape represent a non-trivial challenge due to the 
convolution with the finite size of the tip. In this work, geometric approaches for the determination of critical 
sizes of TiO2 anatase bipyramids and nanosheets are described. An uncertainty budget is estimated for each 
nanoparticle size with the aim of assessing the different sources of error to obtain a more reliable and 
consistent result. The combined standard uncertainties are respectively less than 5% and 10% of the 
dimensions of bipyramids and nanosheets. Due to the stability and monomodal distribution of their critical 
sizes, bipyramids and nanosheets are suitable to apply as candidate reference materials at the nanoscale. 

Moreover, quantitative measurements of shape and texture descriptors are discussed in order to 
understand the quality of the synthetized batch. 

 

Keywords 

 TiO2 anatase nanoparticles (NPs), Atomic Force Microscopy (AFM), candidate reference nanomaterials, 
texture parameters, tip-shape correction, uncertainty budget 

 

1. Introduction 

Nanomaterials are materials with size characteristics having one or more dimensions from 1 nm to 100 
nm [1]. At the nanoscale, the materials present peculiar features which make them particularly interesting 
from different points of view. Nano-objects can be divided into (i) nanoplates, materials with only one 
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dimension in the nanoscale, (ii), nanofibers, objects with two dimensions in the nanoscale, e.g. nanotubes 
(hollow nanofibers), nanorods (solid nanofibers), nanowires (electrical conducting nanofiber), (iii) spherical 
or quasi-spherical nanoparticles (NPs), and (iv) complex shape nanoparticles with at least one dimension in 
the nanometer range [2]. Engineered nanoparticles are particles designed for specific purpose or function, 
and in the last decades there have been fast advances in the fundamental science and application of particles 
in products ranging from medical therapeutics to hybrid electronics. The NPs functional properties are strictly 
related to their sizes and morphological features. NPs can assume different shapes and textures of surfaces, 
depending on the fabrication methods, the precursors characteristics, and the physical/chemical interactions 
governing the synthesis process. 

The great success of the nanotechnologies arises, on the one hand, from the necessity to miniaturization 
and, on the other, from the possibility to exploit the peculiar properties of structured matter at the 
nanometric level. In order to sustain the exponential growth of the nanoproducts, a considerable investment 
from industry, research institutes, national metrology institutes (NMIs), regulatory and standardisation 
bodies is needed. In particular, metrology supports nanosciences and nanotechnologies to develop samples 
and reference materials, reduce measurement uncertainty and define models and methodologies to support 
traceability of measurements on the nanometer scale [3]. 

In this context, nanometrology has a crucial role for producing nanomaterials and devices with a high 
degree of accuracy and reliability. Samples and reference materials are the crucial elements to guarantee the 
goodness of the measurements and to constitute a solid basis for manufacturing, within a framework of 
mutual recognition of certificates and products. 

In order to achieve a desired functional property, nearly all nanotechnology applications require precise 
control of the dimensions [4]. In this framework, instrumentation, reference standards methods and 
protocols play a leading role to provide traceable measurements at the nanoscale [5]. Various material 
measures are available on the market [6], such as step-height and groove-depth standards, 1D and 2D 
gratings, linewidth standards, as well as several reference materials mostly based on spherical- or rod-shaped 
nanoparticles supplied in mono and/or multimodal dispersed suspensions. In laboratories and NMIs, 
standards and reference materials are continuously being developed [7] to meet the measurement needs, 
which now require new methods to fully characterize 3D shape and size at the nanoscale, for their effective 
dissemination at low cost.  

Titanium dioxide (TiO2) is a material widely employed in several fields, such as the production of varnishes 
and paints, food colouring, cosmetic dye and sun filter. Moreover, due to its photoinduced antibacterial and 
hydrophilic properties, it is used to produce self-cleaning surfaces [8], with commercial applications in 
automotive, medical equipments and protective clothing. Furthermore, because of its thermodynamic 
properties, TiO2 is a semiconductor widely used as water splitting photocatalyst for hydrogen production [9]. 
Shape-controlled anatase TiO2 NPs with different shapes (nanosheets and bipyramids) are obtained by tuning 
the parameters used in the synthesis [10,11]. TiO2 anatase bipyramids and nanosheets are here studied as 
“candidate reference materials” for their critical sizes (CSs) [12]. 

In this paper, we discuss the 3D characterisation of the sizes of non-spherical anatase nanoparticles by 
means of a metrological Atomic Force Microscope (mAFM) [13]. These instruments make use of built-in 
interferometers to control or monitor the relative tip-sample movements when scanning the sample surface, 
thus ensuring a direct traceability to the realisation of the metre.  Atomic Force Microscopes and Scanning 
Electron Microscopes (SEM) are defined as “direct techniques” providing direct measurements of the 
reconstructed sizes and morphologies of NPs, as opposed to non-imaging methods such as dynamic light 
scattering or centrifugal liquid sedimentation, which analyzed a large number of NPs but are not able to 
distinguish shapes and indirectly calculated the size. 
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Nevertheless, NPs with complex geometry represent a challenge with regard to AFM measurements, as 
the particular geometries of the nanoparticles highlight the limits related to the shape and finite size of the 
tip.  
The AFM images show a geometric dilation due to tip size, which is furthermore evident in the presence of 
features with a high aspect ratio (HAR), and typically causes an overestimation of the external lateral 
dimensions of columns or steps and an underestimation of the internal ones in narrow grooves or valleys.  
Evidence of this geometric dilation is given in the AFM images of the complex-shaped NPs shown below, and 
they represent one of the main sources of error in their 3D AFM reconstruction. 
The methodologies for the correction of this error are essentially based on the a priori characterization of 
the tip with reference samples and on blind reconstruction methods and algorithms [14,15,16,17,18]. The use of 
tip shape and size characterizers based on comb nanostructures with different spacing and width made it 
possible [19]; for example, to significantly reduce the error due to dilation in measuring linewidth standards 
[20] and in assessing tip quality for measuring the depth of very narrow trenches [21]. Among others, 
cylindrical nanostructures formed by the tobacco mosaic virus have also been studied as characterizers of 
AFM commercial standard tip [22,23]. To date, it is important to remember the very accurate method for the 
determination of the tip shape developed by PTB and based on the characterization of CD (Critical 
Dimensions) tips with a line width reference material [24] by means of CD-AFM measurements [25]. 

In this work, we describe the geometric model developed to correct this error in the AFM images of both 
TiO2 bipyramids and nanosheets. Traceable and accurate quantitative measurement of some of their critical 
dimensions and shapes requires new methods to be implemented or translated into measurement 
applications on nanostructures of various shapes, at least for some characteristic measurands. 
 

2. Materials and sample preparation 

TiO2 anatase nanoparticles are synthetised by hydrothermal methods using a 200 mL Teflon lined 
stainless-steel reactor. More specifically, nanosheets are obtained by using titanium butoxide as precursor 
in acid environment at 250°C for 24 h, as described in [10,11]. Truncated bipyramids are fabricated by using a 
complex of Ti(IV) with triethanolamine as precursor, in basic condition with a temperature of about 220°C, 
for 50 hours with a method similar to that reported in [26]. The post-synthesis treatment to obtain 
nanopowders is made by dialysis plus freeze-drying, in order to wash the NPs and eliminate the solvent [26]. 

 
Figure 1. Equilibrium shape using Wulff construction for TiO2 anatase crystals. Please note that in blue square brackets are reported 

the crystalline axes, while in curly brackets are given the anatase crystalline facets. 

 
In Figure 1 is sketched the equilibrium shape using Wulff construction, that considers the surface energies 

of the crystal surfaces in the growth medium, for TiO2 anatase crystals [27]. For the anatase phase, the 
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equilibrium shape is a slightly truncated tetragonal bipyramid enclosed by eight thermodynamically stable 
{101} facets and two {001} facets, with an interfacial angle 𝜗𝜗 = (68.3 ± 0.3)° from X-ray diffraction 
measurements [28]. 

By tuning the synthesis parameters, anatase crystals with different characteristics are obtained. In fact, 
the nanobipyramids have an elongated truncated tetragonal bipyramidal shape, while nanosheets are 
squashed along the [001] axis. This difference in shape is also expressed in the orientation in which they are 
arranged on the mica substrate, and consequently also in the way in which the CSs are calculated (paragraph 
5.1). 

For preparing the samples to be analyzed by mAFM, the nanopowder is dispersed into MilliQ water 
creating a suspension of 3 mg∙L-1, which is put in an ultrasonic bath for 5 hours for disagglomerating the NPs. 
For having a sample with isolated nanoparticles well dispersed onto an ultraflat substrate, a drop of 20 µL of 
suspension is deposited onto a freshly cleaved mica support, with 10 mm diameter, and let it dry to air and 
stabilize for at least 12 hours. The samples are then stored into plastic boxes and kept at a stable temperature 
of (20.0 ± 0.1) °C. Once the sample is mounted on the mAFM sample holder, few hours of thermal stabilization 
are needed before any measurement is taken. 

 

3. Measurands, shape and texture descriptors 

Pre-normative R&D and standardization works on specification, classification and characterization of 
nanoparticles have made available today several published standards [29]. These documents identify 
characteristics and measurement methods to ensure quality of products or conformity assessment, which 
means deciding whether a product or service conforms to specifications. A first step towards regulation is to 
describe clearly and unambiguously the object to be measured in a terminology which is consistent and 
understood by all. The properties of the nanoparticle that is regulated, i.e. ‘quality characteristics’, such as 
critical sizes, shape and texture descriptors, needs to be clearly defined [4].  

In the following, CSs of anatase non-spherical nanoparticles are studied as measurands, together with 
some descriptors dependents by NPs shape and roughness parameters. 

 
 

3.1 Bipyramids 

 

 
Figure 2. Not-to-scale 3D sketch of a TiO2 bipyramid (A), side and top views (B), and front-view (C). 

Figure 2 (A) reports a sketch of the TiO2 anatase square base truncated bipyramidal NP with its crystalline 
facets, while Figure 2 (B) and (C) shows its size characteristics and the interfacial angle 𝜗𝜗.  
The size descriptors of TiO2 bipyramids are 𝑏𝑏, that corresponds to the “breadth” of the particle, and 𝑐𝑐, which 
is the “length” of the nanoparticle, as reported in Figure 2 (B). Since the definition “length” 𝑐𝑐 of the bipyramid 
is too generic and can lead to misinterpretations, later in the text we use the “Feret diameters”. The Feret 
diameter is a measure of an object size along a specified direction, and it can be defined as the distance 
between the two parallel planes restricting the object perpendicular to that direction [30]. More specifically, 
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the “breadth” of the bipyramid is defined as “minimum Feret”, while the “length” as “maximum Feret”. We 
therefore choose to use Feret diameters, even if usually they are used for analysing images from electronic 
microscopes, in which a three-dimensional object is projected on a 2D plane. 

The shape descriptors chosen for describing the bipyramids are the morphological parameters presented 
in Table 1. These parameters are some of the descriptors early reported in an interlaboratory comparison by 
TEM measurements performed on a different batch of anatase bipyramids [31]. It is worth noting that these 
shape descriptors make easier to identify and quantitatively compare the same characteristic from data 
taken by different instrumental techniques. 

 

Table 1. Bipyramid shape descriptors. 

Morphological 
parameters Equation Explanation 

elongation 𝐸𝐸𝐸𝐸 =
max 𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹
min𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹

 
ratio of the maximum dimension to the minimum 
dimension 

aspect ratio 𝐴𝐴𝐴𝐴 =
min𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹
max 𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹

 inverse of the elongation 

projection 
area 𝐴𝐴 = 𝜋𝜋 ∙

min𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹
2

∙
max 𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹

2
 

bipyramid projection area calculated as elliptical area by 
using the two available CSs 

roundness 𝑅𝑅𝑅𝑅𝑅𝑅 =
𝐴𝐴

𝜋𝜋 �max 𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹
2 �

2 

ratio of the bipyramid area to the circular area, describes 
the resemblance to a circle 

 

bulkiness 𝐵𝐵 =
𝐴𝐴

𝑚𝑚𝑚𝑚𝑚𝑚 𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹 ∙ 𝑚𝑚𝑚𝑚𝑚𝑚 𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹
 

ratio of the bipyramid area to the rectangular area 
defined by the dimensions, describes the resemblance 
to a rectangle 

 

compactness 

𝑐𝑐𝑐𝑐𝑐𝑐 =
𝑑𝑑

max 𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹

=
�4 ∙ 𝐴𝐴

𝜋𝜋
max 𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹 

 

ratio of the equivalent circular diameter to the 
dimension ‘c’, describes the degree to which the 
diameter of the particle is similar to that of circle with 
the same area 
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3.2 Nanosheets 

In Figure 3(A) is reported a 3D sketch of a TiO2 nanosheet, which highlights the presence of a large {001} 
crystalline facet. The nanosheets have also a bipyramid shape but with a truncated “length” along the [001] 
axis, now called height ℎ, and a square base of side 𝑙𝑙, as illustrated in Figure 3 (B, C). 

 

   

Figure 3. Not-to-scale 3D sketch of a TiO2 nanosheet (A), its view from above (B), and side-view (C). 

 
For characterizing nanosheets with surface texture descriptors, the roughness of the {001} exposed 

crystalline facet, either by profile [32] and areal texture parameters [33], is quantitatively studied.  
We decide to study the roughness of a candidate reference nanoparticle because it is important to have a 
material used as parameter reference. In fact, at the nanoscale level, roughness is very important in the AFM 
study on various fields, such as in tribology, in the correlation between friction coefficient and roughness 
height-amplitude parameters [34], and in material science, in the study of the performance and behavior of 
a material to a specific treatment [35]. 
The roughness of anatase TiO2 is extensively studied in literature for polycrystalline films, which rms (𝑅𝑅𝑅𝑅) 
values range from a few to tens of nanometers depending on the sample thickness [36]. A functional 
characteristic of TiO2 films depending on nano-roughness is the wettability, that strongly depends on texture 
and size of crystalline domains [37]. 

In studying the surface roughness and texture of nanosheets, we make use of amplitude parameters, 
calculated on the length/size of the profile/area of the nanosheet surface without further cut-off filters, and 
a hybrid parameter, which calculation is based on local Z-slope. For comparison, both profile roughness 𝑅𝑅 and 
areal texture 𝑆𝑆 parameters texture are reported. 
The 𝑅𝑅𝑅𝑅 and 𝑆𝑆𝑆𝑆 express the arithmetical mean of the heights of a line profile or a surface, while the root mean 

square of the height values 𝑅𝑅𝑞𝑞 = �1
𝐿𝐿 ∫ |𝑍𝑍2(𝑥𝑥)|𝑑𝑑𝑑𝑑𝐿𝐿

0  and 𝑆𝑆𝑞𝑞 = �1
𝐴𝐴∬ |𝑍𝑍2(𝑥𝑥, 𝑦𝑦)| 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 

𝐴𝐴  are more sensitive than 

average parameters to the presence of peaks and valleys, and are therefore suitable to quantify localized 
surface modifications. These last are also highlighted by the maximum height 𝑅𝑅𝑅𝑅 and 𝑆𝑆𝑆𝑆, as the sum of the 
highest peak and the deepest valley. 
The roughness skewness 𝑅𝑅𝑅𝑅𝑅𝑅 and 𝑆𝑆𝑆𝑆𝑆𝑆 rely on the asymmetry of the z-heights distribution, while the 
roughness kurtosis 𝑅𝑅𝑅𝑅𝑅𝑅 and 𝑆𝑆𝑆𝑆𝑆𝑆 measure the sharpness of the roughness profile.  
The hybrid parameter present in this paper is the surfaces area ratio 𝑆𝑆𝑆𝑆𝑆𝑆, that expresses the increment of 
the interfacial surface area (the real surface) relative to the area of the projected plane (that is the reference 
planar surface). 
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4. Instrumentation and measurements 

AFM, SEM, TSEM (Transmission-mode Scanning Electron Microscopy), and TEM are defined as “direct 
techniques”, because they permit a direct measurement on shape and size of NPs, nanostructures, and 
nanomaterials. While electron microscopes are traced by means of calibrated standards like 2D 
gratings/grids, metrological AFMs are directly traceable to the SI, through built-in interferometers.  

INRiM mAFM is a custom-made instrument with a multimode AFM head arranged on a sample-moving 
mechanical structure; the microscope is equipped with on-board metrology to monitor relative tip-sample 
displacements and to guarantee the traceability of the measured dimensions. 
The instrument may operate with two distinct XY scanning devices, the first with separate stages with a 
working range of about (30 μm x 30 μm), and the second a working field of about (100 μm x 100 μm), both 
coupled to the optics of a laser interferometer to control XY displacements. The Z stage is based on a 
piezoelectric translator with a 2 µm working range; it is calibrated in situ with an interferometric device [38]. 
The ambient conditions are kept within (20.0 ± 0.1) °C with a relative humidity (50 ± 10) %. 

Measurements are carried out in non-contact mode using commercial silicon tips [39], which nominal 
characteristics are a radius of 8 nm, a force constant of 5 N∙m-1 and a resonance frequency of 160 kHz. As a 
common practice in our laboratory, standard tips were used for such a demanding measurement runs. No 
high-resolution tips were used till now. Assuming the nominal half-angle of 20 ° at the tip apex and the lying 
angles of the bipyramidal surfaces and nanosheets, a small area of interaction between the tip and the 
surface is expected when scanning the square base of the bipyramids along the fast X-axis of the image, while 
a large area of interaction can occur at the edges of the nanosheets and bipyramids lying on a {101} facet, 
thus causing an uncertainty in the edges of the profile that has been addressed by the geometric approaches 
described below. 

Both the NPs types were imaged in two different periods, analysing about half NPs for one month in 
summertime and the other half for one month in the following winter; three bipyramids and three 
nanosheets specimens, prepared as described in section 2, are measured. The recorded mAFM images have 
sizes from (300 nm x 300 nm) to (500 nm x 500 nm) with a resolution of (512 pixels x 512 pixels). Each 
topography measured (106 images for nanobipyramids and 100 images for nanosheets) is centered on a 
single nanoparticle, to determine sizes, shape and texture for each individual NP, thus achieving a good 
enough data set.   

 
5. Methods and Results 

 
With quasi-spherical nanoparticles well dispersed onto an ultra-flat substrate, the AFM-based 

measurement of the mean diameter is easily performed by determining the top-height of the NP cross-
section profile [40], whereas with non-spherical NPs, size and shape measurements by AFM are trickier, due 
both for the finite size of the tip and for the geometry of the NPs. Therefore, geometric approaches have 
been developed for determining the sizes of bipyramids and nanosheets. 

 
5.1 Image processing for CSs reconstruction of non-spherical NPs 

 
AFM images of single non-spherical NPs deposited onto freshly cleaved mica are firstly pre-processed by 

means of the Scanning Probe Image Processor (SPIP) software [41]. The image is levelled to eliminate the 
inclined plane between the tip scanning plane and the areas of the image in correspondence of the flat mica 
substrate.  
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If necessary, the image is rotated in the XY plane in order to have (i) the bipyramid along the Y direction 
of the image, or (ii) the nanosheet lateral dimension parallel to the X axis.  

Then, images are processed by our own soft-tools developed with MATLAB to implement the geometric 
models for determining the CSs of the bipyramids and of the nanosheets. All data and profiles from the 
processing of single nanoparticles are saved in into matrixes, by which further or comparative steps, e.g. in a 
spreadsheet, are easily available. 

 
5.1.1 Bipyramids 

 
Figure 4. 2D and 3D topographies of a nanobipyramid by mAFM. Determination of (A) ‘b’ and (B) ‘c’ sizes. 

 
Figure 4 displays a raw topography centered on a single bipyramid as reconstructed by the mAFM. The 3D 

images on top highlight the sizes to be measured, namely the minimum Feret 𝑏𝑏 and the maximum Feret 𝑐𝑐 of 
the bipyramid. 
 

 
Figure 5. Flowchart describing the main steps in the calculation of the bipyramid critical sizes. 
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Our geometric model is based on two assumptions: (i) the bipyramid, due to its intrinsic nature, has a 

square base (paragraph 2), and (ii) the tip has an isotropic shape at the apex. The tip has an anisotropic shape 
(trihedral) if we consider its global size (of the order of tens of micrometres), but at its very end of tens of 
nanometers at the tip apex, its shape is assumed isotropic.    

From the analysis of the cross-section top profile along the X axis are extracted (i) the step-height from 
the mica substrate to the top height (size 𝑏𝑏) in correspondence of the bipyramid base and (ii) the tip 
enlargement profile. Instead, the max Feret 𝑐𝑐 is obtained by subtracting the tip enlargement profile from the 
cross-section top profile along the Y axis. 

The process outlined by the flowchart in Figure 5 is implemented and tested in our soft-tool. To let the 
operator know if the process steps in the calculation of bipyramid CSs are properly made, the ”A” to “E” 
profiles  in Figure 6 are subsequently calculated and displayed. 

 

 
 

Figure 6. Process steps in the determination of bipyramid critical sizes: 
(A) Mean cross-section top profile at the bipyramid base; 

 (B) The size b of the square base of the bipyramid; 
(C) Tip enlargement as estimated by A and B;  

(D) Mean longitudinal profile along the axis of the bipyramid;  
(E) The size c as obtained by subtracting C from D. 

 
After tilting removal and rotation of the image to have the NP’s axis along the Y-axis of the image, the 

maximum z-height of the NP’s topography is searched along the X-lines of the image in order to find and 
build the top cross-section profile of the NP. To minimize the influence of spikes, five X-lines  around the 
maximum z-heights of the image are averaged in a single profile (Figure 6 (A)), from which the size 𝑏𝑏, i.e., the 
step-height of the profile, is calculated according to the ISO 5436 [42]. 

Since the bipyramids have a square base, a length 𝑏𝑏 of the profile at the top of the cross-section (Figure 6 
(B) is taken while all the other parts of the cross-section are set equal to the mean z-height of the baseline 
(clean mica surface) if not yet removed its z-offset. In this way, the profile of the square base of the bipyramid 
not dilated by the tip geometry is achieved.  
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This geometric approach also permits the determination of the tip enlargement (Figure 6 (C)). To depict 
it, the length 𝑏𝑏 of the profile in correspondence of the bipyramid base in Figure 4 (A) is simply deleted; in 
other words, from the profile in Figure 4 (A) the base of the square 𝑏𝑏 is not considered. 

After that, the longitudinal section profile along the axis of the bipyramid (Figure 6 (D)), i.e. the Y-axis of 
the image, is extracted. Again, five Y-lines of the image are averaged to minimize noise and spike effects. In 
order to obtain the size 𝑐𝑐 (Figure 6 (E)), the tip dilation profile (Figure 6 (C)) up to the z-heights of the 
bipyramid terminations is subtracted to the mean longitudinal profile (Figure 6 (D)).  

Once more, one has to consider the inclined lying of the bipyramid on the mica substrate. Since the 
bipyramid lays on a {101} facet (Figure 7 (A)), the measured size 𝑏𝑏𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 of the base is corrected according to 
sine of the interfacial angle of the anatase crystal, which value is ϑ = (68.3 ± 0.3)° from crystallographic 
measurements. The lying of the bipyramid is confirmed by AFM measurements of the angle between the 
ascent segment and the top constant segment of the bipyramid profile along the Y scan axis direction, 
resulting in 2ϑ = (136.9 ± 10.2)° as (mean value ± standard deviation). 
Similarly, the measured 𝑐𝑐𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 is corrected for the cosine of the angle 𝛾𝛾, as reported in Figure 7 (B). 
 

(A) (B)  

Figure 7 (A) Profile along the Y scan axis direction with a side-view sketch of bipyramid laying onto substrate highlighting the 
correction of the size ‘b’. (B) Not-to-scale side-view sketch of nanobipyramid laying onto mica substrate substrate highlighting the 

correction of the size ‘c’. 
 

 
5.1.2 Nanosheets 

These anatase nanoparticles have a truncated tetragonal bipyramidal shape squashed along the [001] 
axis; the peculiarity of these NPs is a height much smaller than the lateral size of the two end {001} facets, 
one exposed and the other laying onto the mica substrate. Figure 8 displays a topography centered on a 
single nanosheet. 

 

Figure 8. 2D topography of a nanosheet by mAFM. 
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The geometric model for processing the nanosheets is outlined on the sketch in Figure 9 and in the 
flowchart in Figure 10. The blue line represents the mean cross-section profile of the nanosheet, which is 
calculated as the mean of the X-line profiles within the white lines in Figure 8, i.e., the part of the image with 
the exposed facet area of the nanosheet.   

 

 

Figure 9. Not-to-scale sketch illustrating the geometric approach to determine the nanosheet sizes. The blue line indicates the mean 
cross-section profile, the orange figure pictures a side view of a nanosheet, and the rows represents the segments involved into the 

geometrical analysis.  

 
In order to find the critical sizes, the edge points Pl and Pr are determined as the intersection of linear 

regression lines fitting parts of the top and of the left/right sidewalls of the mean cross-section profile. The 
fitting line at the top part of the profile considers all points with Z-heights from 90% to 100% of the maximum 
height of the profile, while the points with heights from 60% to 80% are taken for the fitting lines of the 
left/right sidewall parts of the profile. A repeatability better than 95% has been determined for the edge 
points P position, varying by 10% the Z-heights of the left/right sidewall to be taken for the fitting lines. 

The height ℎ of the nanosheet is therefore assumed as the mean of the Z-heights of the two edge points  
P, providing that the mean height of the profile in correspondence of the mica substrate is at zero height. 
The size of the top base of the nanosheet 𝑙𝑙𝑡𝑡𝑡𝑡𝑡𝑡  is given by the lateral (X) distance between the edge point and 
the center of the nanoparticle.  

To further check the consistency of these sizes, the segment 𝑓𝑓𝑖𝑖 = ℎ−ℎ𝑖𝑖
tan𝜗𝜗

  is calculated at various heights ℎ𝑖𝑖  

between ℎ 2�  and ℎ, and the left lateral size �l
2� �

l
 of the nanosheet is obtained by the sum of 𝑙𝑙𝑡𝑡𝑡𝑡𝑡𝑡 𝑙𝑙 + 𝑓𝑓 at 

the half-height ℎ 2� . Again, use is made of the known interfacial angle 𝜗𝜗 = (68.3 ± 0.3)°.  
Thus, the left side tip enlargement 𝑒𝑒𝑙𝑙 at various heights can be obtained as the difference between the 
measured lateral position along the cross-section profile 𝑋𝑋𝑙𝑙  𝑖𝑖 and the sum of the segments 𝑙𝑙𝑡𝑡𝑡𝑡𝑡𝑡 𝑙𝑙  and 𝑓𝑓𝑖𝑖.  

The same calculation is done for the right side of the profile, for obtaining the right lateral side �l
2� �

r
 and 

the tip enlargement 𝑒𝑒𝑟𝑟 at the right side of the nanosheet. 

The lateral dimension 𝑙𝑙 is defined as the sum of �l
2� �

l
 and �l

2� �
𝑟𝑟
, while the tip enlargement profile is 

obtained by the sum of the segments 𝑒𝑒𝑙𝑙 𝑖𝑖 and 𝑒𝑒𝑟𝑟 𝑖𝑖 at the same height ℎ𝑖𝑖. 
In addition, image processing and calculation of sizes are repeated for the Y-axis cross section profile of 

the nanosheet. Therefore, the height ℎ and size 𝑙𝑙 reported in section 5.2.2 are the average values of those 
calculated from the X and Y cross-section profiles of the nanosheet.  
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Figure 10. Flowchart describing the data processing in the calculation of the nanosheet critical sizes 

 
Figure 11 compares the tip enlargement for X and Y profiles obtained by the analysis of a nanosheet, 

showing a good agreement between the two profiles. This figure supports the assumption of AFM tips with 
an isotropic shape at the apex, also assumed with the AFM images of the bipyramids (section 5.2.1). 
It is worth noting that a large interaction area between tip and surface is expected when profiling the edge 
of the nanosheet. Thus, the reconstructed tip enlargement profile (that we obtain with our geometrical 
approach) reflects such a lateral tip-sample interactions preventing a proper reconstruction of the tip shape. 
For comparison, the nominal radius of curvature of the tip shape has been added in Figure 11. 
 

 

Figure 11. Tip enlargement profiles on X and Y directions obtained by analysing an anatase nanosheet.  
The blue shape represents a tip with nominal radius of 8 nm. 
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A final consideration that can be made is that the advantage of using such a geometrical model is to 
quantitatively analyze selected measurands of isolated non-spherical NPs in a robust, repeatable and fast 
way. Since the geometrical method can be easily modified for determining some crucial sizes of isolated NPs 
with other non-spherical geometries, such as nanorods and/or nanocubes, therefore also the soft-tools can 
be easily modified. 
 

5.2 Results 

Critical sizes, shape descriptors and surface texture of anatase TiO2 nanoparticles having the form of 
bipyramids and nanosheets are summarized below in tables and hystograms providing useful data of sizes, 
shapes and finiture of these monomodal NPs with complex geometry. Note that the numerical results are 
reported as (mean value ± standard deviation). 
A “candidate reference material needs to be investigated to determine if it is sufficiently homogeneous and 
stable with respect to one or more specified properties” [43]; as shown by the results given in the following 
sections, the NPs deposited into mica and stored at stable environmental temperature shows good stability 
of the measurands over the time. 

 
5.2.1 Bipyramids 

The analysis on 106 images (106 bipyramids) gives the sizes 𝑏𝑏 = (43.2 ± 3.4) nm and 𝑐𝑐 = (58.2 ± 5.2) nm. 
These results are in good agreement with the analysis performed in a similar sample, but of a different batch 
[44]. Figure 12 shows histogram distribution for the two bipyramids measurands. It is worth noting that both 
the bipyramids CSs have a dispersion that is narrow and monomodal, and so 𝑏𝑏 and 𝑐𝑐 dimensions have 
resulted sufficiently homogeneous, to apply as candidate reference material.   

 

 
Figure 12. Histograms on bipyramids critical sizes: (A) min Feret ‘b’ and (B) max Feret ‘c’. 

In Table 2 are reported the shape descriptors calculated as described in Table 1 for all 106 bipyramids. It 
can be noticed that these nanoparticles resemble for the 80% to a rectangular area (bulkiness ~ 0.8), for the 
80% to a diameter of a circle with the same area (compactness ~ 0.8), and they resemble for 70% to a circle 
(roundness ~ 0.7). Moreover, an elongation ~ 1.4 (and so and aspect ratio of about 0.7) indicates a bipyramid 
with a perfect truncated shape [26], so the study of these two descriptors is very important to understand the 
quality of the batch synthetized. In fact, through these shape descriptors we are able to know if bipyramids 
from different batches can be able to apply as reference materials. 
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Table 2 Shape descriptors calculated for 106 bipyramids. Values are reported as (mean value ± standard deviation). 

Descriptor  Unit AFM measurements 

projected area  𝐴𝐴 [nm2]  1969.2 ± 216.6 

aspect ratio  𝐴𝐴𝐴𝐴 - 0.7 ± 0.1 

elongation  𝐸𝐸𝐸𝐸 - 1.4 ± 0.2 

roundness  𝑅𝑅𝑅𝑅𝑅𝑅 - 0.7 ± 0.1 

bulkiness  𝐵𝐵 - 0.8 ± 0.1 

compactness  𝑐𝑐𝑐𝑐𝑐𝑐 - 0.8 ± 0.1 
 

5.2.2 Nanosheets 

About 100 nanosheets are imaged with the mAFM, and then analyzed as described in section 5.1.2.  
The results, displayed in Figure 13, are ℎ = (9.3 ± 1.4) nm and 𝑙𝑙 = (75 ± 26) nm. Results of the mAFM 

measurements are well in agreement with those from the same batch analyzed by means of TSEM, by which 
height value ℎ = (9.4 ± 1.6) nm and lateral values 𝑙𝑙 = (75 ± 25) nm were reported [11]. Please note that all the 
values above are given as (mean value ± standard deviation). 
As shown in Figure 13, the distributions of both the CSs of the nanosheets are monomodal, but while the 
height ℎ has a narrow dispersion, the lateral dimension is more dispersed due to the grow of the crystals 
during the synthesis. For this reason, only the height ℎ can apply as a reference size at the nanoscale. 

 

 
Figure 13. Histograms on nanosheets critical sizes: (A) height ‘h’ and (B) lateral dimension ‘l’. 

In addition, a quantitative characterisation of the surface texture parameters on the nanosheets {001} 
exposed facet and on mica substrate is presented in Table 3 and Table 4. To determine these parameters, 
the mAFM image of each nanosheet is tilted to minimize the inclined plane of the image. After that, an area 
and a profile are extracted both onto mica substrate and in the centre of the nanosheet, for analysing only 
the {001} facet.  
Moreover, a line-wise offset correction (LMS fit of degree zero) is made for each area extracted using SPIP 
tool. Line-wise distortions are typical scanning artefact like steps between subsequent scan lines occurring 
when changing from outward to inward direction of the tip scanning or by some tip contaminations along 
scanning.  
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Table 3. Roughness parameters (mean value ± standard deviation) calculated from 100 nanosheets.  

Descriptor 
Profile 

mica nanosheet 

𝑅𝑅𝑅𝑅 [nm] 0.14 ± 0.04 0.34 ± 0.09 

𝑅𝑅𝑅𝑅 [nm] 0.17 ± 0.05  0.41 ± 0.10 

𝑅𝑅𝑅𝑅 [nm] 0.63 ± 0.25 1.44 ± 0.44 

𝑅𝑅𝑅𝑅𝑅𝑅 0.11 ± 0.63 -0.59 ± 0.56 

𝑅𝑅𝑅𝑅𝑅𝑅 2.53 ± 0.72 2.56 ± 0.69 

 

Table 4. Areal texture parameters (mean value ± standard deviation) calculated from 100 nanosheets.  

Descriptor 
Areal 

mica nanosheet 

𝑆𝑆𝑆𝑆 [nm] 0.14 ± 0.04 0.34 ± 0.07 

𝑆𝑆𝑆𝑆 [nm] 0.17 ± 0.05  0.42 ± 0.09 

𝑆𝑆𝑆𝑆 [nm] 1.03 ± 0.40 2.08 ± 0.61 

𝑆𝑆𝑆𝑆𝑆𝑆 0.10 ± 0.52 -0.60 ± 0.51 

𝑆𝑆𝑆𝑆𝑆𝑆 3.18 ± 0.89 3.05 ± 0.72 

𝑆𝑆𝑆𝑆𝑆𝑆 [%] 0.05 ± 0.03 0.18 ± 0.10 

 
In Table 3 and Table 4 are compared the parameters calculated on the NPs and substrate surfaces, and it 

can be noticed that the profile roughness parameters 𝑅𝑅𝑅𝑅 and 𝑅𝑅𝑅𝑅 are practically the same of the areal 
parameters 𝑆𝑆𝑆𝑆 and 𝑆𝑆𝑆𝑆, since both are isotropic surfaces.  
Mica has a 𝑅𝑅𝑅𝑅 (rms) roughness of about 0.2 nm, as reported in literature [45], while the nanosheets’ surface 
presents a larger roughness also in agreement with those in the range of 0.22 nm to 0.88 nm given for anatase 
single crystals [46]. 
Compared to average values, the rms 𝑅𝑅𝑅𝑅 and 𝑆𝑆𝑆𝑆 values are more sensitive to the presence of local surface 
peaks and valleys, which are even more highlighted by the 𝑅𝑅𝑅𝑅 and 𝑆𝑆𝑆𝑆 peak parameters. To understand if 
these surface variations are peaks or valleys, that can be broad or sharp, skewness and kurtosis parameters 
are investigated. 
The skewness 𝑅𝑅𝑅𝑅𝑅𝑅 and 𝑆𝑆𝑆𝑆𝑆𝑆 rely on the asymmetry of the profile and areal texture. Skewness with positive or 
negative values means that peaks or valleys are present, while a null (zero) skewness characterize a 
symmetrical texture around the mean plane. 
The kurtosis 𝑅𝑅𝑅𝑅𝑅𝑅 and 𝑆𝑆𝑆𝑆𝑆𝑆 measure the sharpness of the surface texture. A kurtosis greater or lower than 
three represents sharp or broad textures, while if equal to three the height distribution is gaussian, with the 
coexistence of sharp and indented portions. 
With the nanosheets, the kurtosis in Table 3 and Table 4 is around three for areal parameters (normal 
distribution of peaks and valleys), while the profiles show a presence of broader peaks and valleys. 
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Skewness is slightly positive for the mica substrate. For the nanosheets, the skewness is slightly negative, 
confirming the presence of valleys, so this parameter describe the possible presence on the anatase crystals 
of (i) electronic defects [10,47], or (ii) lattice vacancies, as presented in literature from STM images [48]. 
The surfaces area ratio 𝑆𝑆𝑆𝑆𝑆𝑆 is an index of the “complexity” of the surface. 𝑆𝑆𝑆𝑆𝑆𝑆 = 0 % for a totally flat surface, 
since the real surface and the reference area are the same, while is greater if gradient components of several 
degrees are present. The mica area has a value near 0 %, while this value is slightly greater for the nanosheets, 
that indicates, together to 𝑆𝑆𝑆𝑆 and 𝑆𝑆𝑆𝑆, that the nanosheets have a roughness low enough to be used as 
reference in nanometrology. 
 

5.3 Uncertainty budgets on CSs 
 

In this section the uncertainty budgets for the mean values of the nanoparticle measurands are presented 
in accordance with the GUM [49].The intent is to estimate the different sources of error for obtaining a more 
reliable and consistent result, with a measurement model that considers any systematic errors and the 
uncertainty associated with their corrections.  

The budgets are reported in the form suggested by the guide EA-4/02 [50], with the contribution to 
uncertainty quantity 𝑋𝑋𝑖𝑖  and its estimate 𝑥𝑥𝑖𝑖, the standard uncertainty of the estimate 𝑢𝑢(𝑥𝑥𝑖𝑖), the sensitivity 
coefficient 𝑐𝑐𝑖𝑖, that describes the extent to which the source of uncertainty influences the overall uncertainty, 
the uncertainty contribution to the estimated quantity 𝑢𝑢𝑖𝑖(𝑦𝑦), which gives the final contribution from a given 
source of uncertainty to the overall uncertainty. Please note that N indicates a normal probability 
distribution, that is present when the source of uncertainty has a gaussian distribution; R indicates 
rectangular distribution, if the source of uncertainty has the same probability of being contained within an 
interval. Furthermore, the combined standard uncertainty 𝑢𝑢𝑐𝑐(𝑦𝑦) is reported; it is the overall uncertainty 
calculated by combining the individual values 𝑢𝑢𝑖𝑖(𝑦𝑦) according to the law of propagation of uncertainty. 
Finally, the expanded uncertainty 𝑈𝑈 is reported, by multiplying the combined standard uncertainty per the 
coverage factor 𝑘𝑘. 

In all budgets the uncompensated thermal drifts are not considered since the contribution due to the 
temperature readings and to the coefficient of thermal expansion of the anatase TiO2 is negligible. 
 
5.3.1 Bipyramids 

Table 5 reports the uncertainty budget of the bipyramid 𝑏𝑏 measured as thickness of the X-axis cross-
section profile. The adopted model equation is 𝑏𝑏 = 𝐶𝐶𝑧𝑧 ∙ 𝑏𝑏𝑚𝑚 + 𝛿𝛿𝑝𝑝𝑝𝑝 + 𝛿𝛿𝑙𝑙𝑙𝑙𝑙𝑙 + 𝛿𝛿𝑖𝑖𝑖𝑖𝑖𝑖 + 𝛿𝛿𝑙𝑙𝑙𝑙𝑙𝑙 + 𝛿𝛿𝑠𝑠𝑠𝑠𝑠𝑠. 

Measurement repeatability 𝑏𝑏𝑚𝑚 is evaluated from the standard deviation of the mean thickness from 106 
bipyramids; this term also considers the rotation of the structures.  

The 𝐶𝐶𝑧𝑧 factor considers (i) the calibration, that takes into account the interferometric calibration of the z 
axis including Abbe error (0.5 × 10−3𝐿𝐿, where 𝐿𝐿 is the vertical displacement of the stage), optical non-
linearity (1 nm), dead-path (0.5 nm) and cosine errors (0.5 × 10−4𝐿𝐿), (ii) the profile noise (0.3 nm), measured 
as 𝑅𝑅𝑅𝑅 of mica along X-direction profile, and (iii) the resolution of the D/A converter (0.1 nm) on the 
piezoelectric stroke of 2 μm; this last contribution is negligible. Note that the previous values reported in 
brackets refers to normal and rectangular distributions resulting in a combined standard uncertainty of the 
𝐶𝐶𝑧𝑧 factor of 1.7 ∙ 10−2, including constant and proportional terms calculated at the nominal 𝑏𝑏 size of about 
40 nm of the bipyramid base. 
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Table 5. Uncertainty budget of the bipyramid ‘b’ size. 

quantity 
𝑿𝑿𝒊𝒊 

estimate 
𝒙𝒙𝒊𝒊 

standard 
uncertainty 
𝒖𝒖(𝒙𝒙𝒊𝒊) 

unit probability 
distribution 

sensitivity 
coefficient 

𝒄𝒄𝒊𝒊 

standard 
uncertainty 
𝒖𝒖𝒊𝒊(𝒃𝒃) 
[nm] 

repeatability 
𝑏𝑏𝑚𝑚 43.2 0.3 nm N 𝐶𝐶𝑧𝑧 0.3 

𝐶𝐶𝑧𝑧 factor 1 0.02 - N 𝑏𝑏𝑚𝑚 0.7 
reference plane 

𝛿𝛿𝑝𝑝𝑝𝑝  
0 2.0 nm R 0.58 1.2 

levelling 
𝛿𝛿𝑙𝑙𝑙𝑙𝑙𝑙 0 0.3 nm R 0.58 0.2 

tip-sample-substrate 
interactions 

𝛿𝛿𝑖𝑖𝑖𝑖𝑖𝑖 
0.4 0.2 nm R 0.58 0.1 

correction for 
bipyramid laying 

𝛿𝛿𝑙𝑙𝑙𝑙𝑙𝑙 
3.5 1.4 nm R 0.58 0.8 

mechanical drifts 
𝛿𝛿𝑠𝑠𝑠𝑠𝑠𝑠 0 0.6 nm R 0.58 0.3 

   combined standard uncertainty 𝒖𝒖𝒄𝒄(𝒃𝒃) 1.7 

   degrees of freedom 𝜈𝜈𝑒𝑒𝑒𝑒𝑒𝑒 90 

   coverage factor 𝑘𝑘 2.025 

   expanded uncertainty 𝑼𝑼(𝒃𝒃) 3.4 

 
The reference plane correction 𝛿𝛿𝑝𝑝𝑝𝑝  assumed with zero mean value refers to the error in the definition of 

the substrate plane. Since 𝑏𝑏 is defined as top-height measurement, one has to be careful to define the height 
of baseline, i.e. the mica surface. This contribution has been evaluated by repeating five times the baseline 
definition in the same image for ten different images. 

The levelling of the substrate 𝛿𝛿𝑙𝑙𝑙𝑙𝑙𝑙 is evaluated through a method that considers the variation of the 
thickness value 𝑏𝑏 after the tilting of the substrate orientation for an angle of 1°. More precisely, from a 
position in which the substrate is levelled, is studied the thickness variation by varying the angle from -0.5° 
to 0.5°.  

The correction 𝛿𝛿𝑖𝑖𝑖𝑖𝑖𝑖 due to the interactions between the tip, the sample and the substrate is assumed with 
an uncertainty contribution calculated from the maximum error. Tip-sample and tip-substrate interactions 
are elastic terms, while sample-substrate deformation is elastoplastic. Note that tip-substrate and tip-sample 
deformations are calculated by using the Hertzian model [51] considering the silicon tip apex a sphere with a 
radius of 8 nm, the mica substrate a plane, and approximating the NP resting on mica to a cylinder with a 
radius equal to the bipyramid min Feret and a length equal to the max Feret. To note that these negligible 
elastic interactions (∼ 0.02 nm) compensate to each other.  
The adhesion interaction between the bipyramid and the mica is calculated by means of the Chaudhury 
model [52], which describes the interaction between a cylinder (the bipyramid) and a plane (the mica), 
obtaining a deformation 𝛿𝛿𝑖𝑖𝑖𝑖𝑖𝑖= 0.4 nm. 
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Please note that these models do not considers complex geometries, but we have reasonably approximated 
the bipyramid by using its CSs in order to estimate the entity of the interactions. In fact, the contributions 
due to tip-sample-substrate interactions are not so relevant, since both anatase TiO2 NPs and Si tip are 
stiff/hard materials. 
Note that the parameters used in the calculations are (i) the elastic moduli 𝐸𝐸𝑇𝑇𝑇𝑇𝑇𝑇2= (237 ± 3) GPa [53], 𝐸𝐸𝑆𝑆𝑆𝑆  = 
(170 ± 5) GPa [54], 𝐸𝐸𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚  = (190 ± 20) GPa [55], and (ii) the Poisson ratios 𝜈𝜈𝑇𝑇𝑇𝑇𝑇𝑇2= (0.27 ± 0.02) [56], 𝜈𝜈𝑆𝑆𝑆𝑆= (0.22 ± 
0.01) [57], and 𝜈𝜈𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚= (0.25 ± 0.01) [58].  

The bipyramid laying onto mica substrate is corrected as described in section 5.1.1, while the uncertainty 
of the correction  is evaluated by varying the interfacial angle 𝜗𝜗.  

The uncompensated mechanical drifts refer to the straightness, that reports the variation of 𝑅𝑅𝑅𝑅 profile 
along Y axis onto mica before and after line-wise correction tool. It is assumed with a zero mean value and 
an uncertainty equal to the straightness, as mentioned above.   

 
Table 6. Uncertainty budget of the bipyramid ‘c’ size. 

quantity 
𝑿𝑿𝒊𝒊 

estimate 
𝒙𝒙𝒊𝒊 

standard 
uncertainty 
𝒖𝒖(𝒙𝒙𝒊𝒊) 

unit probability 
distribution 

sensitivity 
coefficient 

𝒄𝒄𝒊𝒊 

standard 
uncertainty 

𝒖𝒖𝒊𝒊(𝒄𝒄) 
[nm] 

repeatability 
𝑐𝑐𝑚𝑚 58.2 0.5 nm N 𝐶𝐶𝑋𝑋 0.5 

𝐶𝐶𝑋𝑋 factor 1 0.02 - N 𝑐𝑐𝑚𝑚 1.3 
correction for 

bipyramid laying 
𝛿𝛿𝑙𝑙𝑙𝑙𝑙𝑙 

4.5 1.5 nm R 0.58 0.9 

tip dilation size 
𝛿𝛿𝑑𝑑𝑑𝑑𝑑𝑑 𝑏𝑏   43.2 1.7 nm N 1 1.7 

tip dilation wear 
𝛿𝛿𝑑𝑑𝑑𝑑𝑑𝑑 𝑤𝑤   0 2.8 nm R 0.58 1.6 

   combined standard uncertainty 𝒖𝒖𝒄𝒄(𝒄𝒄) 2.9 

   degrees of freedom 𝜈𝜈𝑒𝑒𝑒𝑒𝑒𝑒 115 

   coverage factor 𝑘𝑘 2.025 

   expanded uncertainty 𝑼𝑼(𝒄𝒄) 5.8 

 
Table 6 reports the uncertainty budget of the bipyramid 𝑐𝑐 size, which model equation is 𝑐𝑐 = 𝐶𝐶𝑋𝑋 ∙ 𝑐𝑐𝑚𝑚 +

𝛿𝛿𝑙𝑙𝑙𝑙𝑙𝑙 + 𝛿𝛿𝑑𝑑𝑑𝑑𝑑𝑑 𝑏𝑏 + 𝛿𝛿𝑑𝑑𝑑𝑑𝑑𝑑 𝑤𝑤. 
The repeatability considers the standard deviation of the mean of the 106 bipyramids analyzed. 
The X-size factor 𝐶𝐶𝑋𝑋 deals with (i) the uncertainty of the image side, that consider the interferometric 

calibration of the x axis, (ii) the pixel size (1 nm), depending by the resolution and dimensions of the images, 
and (iii) the resolution of the D/A converter (<0,1 nm), this last negligible. Note that the values reported in 
brackets refers to normal and rectangular distributions resulting in a combined standard uncertainty of the 
𝐶𝐶𝑋𝑋 factor of 2.3 ∙ 10−2, including constant and proportional terms calculated at the nominal 𝑐𝑐 size of about 
60 nm of the bipyramid length.  

The uncertainty of the correction for bipyramid laying 𝛿𝛿𝑙𝑙𝑙𝑙𝑙𝑙 is evaluated by varying the interfacial angle ϑ. 



19 
 

The uncertainty of the tip dilation correction takes into account (i) the uncertainty of the size 𝑏𝑏 𝛿𝛿𝑑𝑑𝑑𝑑𝑑𝑑 𝑏𝑏, from 
which it is calculated according to the assumptions made in the geometrical approach, and (ii) the tip wear 
𝛿𝛿𝑑𝑑𝑑𝑑𝑑𝑑 𝑤𝑤, evaluated through the analysis of the lateral enlargement of the dilation profile taken by the same tip 
on subsequent images. In fact, the size 𝑐𝑐 is calculated by taking the average profile Y and subtracting the tip, 
whose geometry depends on size 𝑏𝑏. At a height of 20 nm, the tip dilation has a value of about 10 nm, and his 
uncertainty contribution is evaluated as rectangular maximum error.  
 

5.3.2 Nanosheets 

The model equation of the nanosheets height is ℎ = 𝐶𝐶𝑧𝑧 ∙ ℎ𝑚𝑚 + 𝛿𝛿𝑝𝑝𝑝𝑝 + 𝛿𝛿𝑙𝑙𝑙𝑙𝑙𝑙 + 𝛿𝛿𝑖𝑖𝑖𝑖𝑖𝑖 + 𝛿𝛿𝑙𝑙𝑙𝑙𝑙𝑙 + 𝛿𝛿𝑠𝑠𝑠𝑠𝑠𝑠, and in 
Table 7 the uncertainty budget table is given.  

The repeatability, Z-heights, substrate levelling, reference plane, and uncompensated drifts uncertainty 
sources are evaluated as reported for the budgets previously described in Table 5. 

The tip-substrate interaction is equal to that reported in section 5.3.1, while the elastic tip-sample 
interaction is 𝛼𝛼𝑡𝑡𝑡𝑡𝑡𝑡−𝑠𝑠𝑠𝑠𝑠𝑠 = 0.02 nm both in the case in which is considered the interaction between a spherical 
tip and a nanosheet considered as (i) a plane or (ii) a cylinder with a very large diameter. 
Sample-substrate adhesion are equal to 𝛼𝛼𝑠𝑠𝑠𝑠𝑠𝑠−𝑠𝑠𝑠𝑠𝑠𝑠 Chaudhury  = 0.30 nm, considering the nanosheet as a 

cylinder with radius equal to the height ℎ and length equal to the lateral side 𝑙𝑙. The same considerations done 
for the bipyramids are also valid for the nanosheet, and we have demonstrated that tip-sample-substrate 
deformations are not so relevant; moreover, consider that the adhesion terms are always overestimated.  

 

Table 7. Uncertainty budget of the nanosheet height ‘h’. 

quantity 
𝑿𝑿𝒊𝒊 

estimate 
𝒙𝒙𝒊𝒊 

standard 
uncertainty 
𝒖𝒖(𝒙𝒙𝒊𝒊) 

unit probability 
distribution 

sensitivity 
coefficient 

𝒄𝒄𝒊𝒊 

standard 
uncertainty 
𝒖𝒖𝒊𝒊(𝒉𝒉) 
[nm] 

repeatability 
ℎ𝑚𝑚 9.3 0.1 nm N 𝐶𝐶𝑧𝑧 0.1 

𝐶𝐶𝑧𝑧 factor 1 0.08 - N 𝑏𝑏𝑚𝑚 0.7 
reference plane 

𝛿𝛿𝑝𝑝𝑝𝑝  
0 0.8 nm R 0.58 0.5 

levelling 
𝛿𝛿𝑙𝑙𝑙𝑙𝑙𝑙 0 0.3 nm R 0.58 0.2 

tip-sample-substrate 
interactions 

𝛿𝛿𝑖𝑖𝑖𝑖𝑖𝑖 
0.4 0.2 nm R 0.58 0.1 

mechanical drifts 
𝛿𝛿𝑠𝑠𝑠𝑠𝑠𝑠 

0 0.4 nm R 0.58 0.2 

   combined standard uncertainty 𝒖𝒖𝒄𝒄(𝒉𝒉) 0.9 

   degrees of freedom 𝜈𝜈𝑒𝑒𝑒𝑒𝑒𝑒 190 

   coverage factor 𝑘𝑘 2 

   expanded uncertainty 𝑼𝑼(𝒉𝒉) 1.8 
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Table 8. Uncertainty budget of the nanosheet lateral side ‘l’. 

quantity 
𝑿𝑿𝒊𝒊 

estimate 
𝒙𝒙𝒊𝒊 

standard 
uncertainty 
𝒖𝒖(𝒙𝒙𝒊𝒊) 

unit probability 
distribution 

sensitivity 
coefficient 

𝒄𝒄𝒊𝒊 

standard 
uncertainty 

𝒖𝒖𝒊𝒊(𝒍𝒍) 
[nm] 

repeatability 
𝑐𝑐𝑚𝑚 75 2.6 nm N 𝐶𝐶𝑋𝑋 2.6 

𝐶𝐶𝑋𝑋 factor 1 0.02 - N 𝑐𝑐𝑚𝑚 1.3 
tip dilation isotropy 

𝛿𝛿𝑑𝑑𝑑𝑑𝑑𝑑 𝑖𝑖𝑖𝑖𝑖𝑖   0 2.0 nm N 1 2.0 

tip dilation wear 
𝛿𝛿𝑑𝑑𝑑𝑑𝑑𝑑 𝑤𝑤   0 2.8 nm R 0.58 1.6 

   combined standard uncertainty 
𝒖𝒖𝒄𝒄(𝒍𝒍) 

3.9 

   degrees of freedom 𝜈𝜈𝑒𝑒𝑒𝑒𝑒𝑒 140 

   coverage factor 𝑘𝑘 2 

   expanded uncertainty 𝑼𝑼(𝒍𝒍) 7.8 

 
Table 8 reports the uncertainty budget of the nanosheets lateral dimension 𝑙𝑙, in which is considered the 

repeatability in the analysis of 100 nanosheets. The X-size contribution is evaluated as described for the 
budget in Table 6, while the tip dilation is due to (i) the tip wear 𝛿𝛿𝑑𝑑𝑑𝑑𝑑𝑑 𝑤𝑤, evaluated as explained above, and (ii) 
the tip isotropy,  evaluated through the analysis of the lateral enlargement of the dilation profile taken by 
the same tip on subsequent images along the X and Y scan axes. Note that the model equation is 𝑙𝑙 = 𝐶𝐶𝑋𝑋 ∙
𝑙𝑙𝑚𝑚 + 𝛿𝛿𝑑𝑑𝑑𝑑𝑑𝑑 𝑤𝑤 + 𝛿𝛿𝑑𝑑𝑑𝑑𝑑𝑑 𝑖𝑖𝑖𝑖𝑖𝑖. 

 
 

6. Conclusions 

 
In this work, we focused on the study of non-spherical nanoparticles using a metrological AFM. These 

measurements are very challenging due to both the particle and the finite tip shapes. For this reason, CSs on 
single NP are determined by means of geometric approaches, which consider the nominal morphological 
characteristics due to the conditions in which the particle have been synthesized. These methods permit to 
directly study peculiar shape descriptors in a robust and accurate way. The geometrical approach developed 
for the analysis of bipyramids CSs is based on two assumptions: (i) the presence of a square base bipyramid, 
due to the anatase crystal, and (ii) the isotropy of the tip shape at its apex. The nanosheet geometric analysis 
is based on its geometry (a truncated tetragonal bipyramidal shape squashed along the [001] axis) and on 
the anatase interfacial angle 𝜗𝜗 = (68.3 ± 0.3)°. By using this angle, it is possible to “slice” the cross-section 
profile into various segments, describing the nanosheet lateral dimension and the tip dilation. 

These NPs with complex geometry are studied to be candidate reference materials because of the stability 
of the dimensions and the monomodal distribution of the CSs. In fact, measurements carried out in 
summertime and in the following winter in samples stored in a laboratory with controlled environment, 
shows a good stability of the sizes: the bipyramids CSs are 𝑏𝑏 = (43.2 ± 3.4) nm and 𝑐𝑐 = (58.2 ± 5.2) nm, and 
the nanosheets are described by the height ℎ = (9.3 ± 1.4) nm and the lateral size 𝑙𝑙 = (75 ± 26) nm. The mean 
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values of these NPs by mAFM measurements are well in agreement with TSEM measurements, and standard 
deviation are also entirely analogous. 

Each reference measurand is quantitatively characterized together with its uncertainty. The intent is to 
estimate the different sources of systematic errors and the uncertainty associated with their corrections. For 
the bipyramids, combined standard uncertainty of 4% for 𝑏𝑏 and 5% for 𝑐𝑐 are evaluated. For the nanosheets, 
a combined standard uncertainty of 10% for the height ℎ is evaluated; even if is not considered the lateral 
dimension 𝑙𝑙 as reference because of its polydispersity, a combined standard uncertainty of 5% is also 
evaluated.  
Please note that for the CSs calculated as top-height of a profile, i.e. 𝑏𝑏 and ℎ, the main uncertainty 
contribution is due to the definition of the reference plane, that is the mean z-height of the baseline. For 𝑐𝑐 
and ℎ, instead, beyond repeatability, the dilation due to tip geometry is the predominant term in the budget. 

Moreover, a quantitative characterisation of these complex shape NPs included the study of shape 
descriptors, which are morphological descriptors depending by CSs, and finiture descriptors depending on 
surface roughness. It is worth noting that these parameters make easier to quantitatively compare the same 
characteristic from data taken by different laboratories and/or instrumental techniques. 
Through the analysis of the shape descriptors, it is possible to understand the quality of the bipyramid. The 
main parameter is the elongation of about 1.4 (and its inverse aspect ratio), indicating a perfect truncated 
shape.  
The analysis of the nanosheets roughness 𝑅𝑅 and texture 𝑆𝑆 parameters indicates that these nanoparticles 
have a roughness low enough to be used as reference in nanometrology, since the surfaces area ratio 𝑆𝑆𝑆𝑆𝑆𝑆 is 
(0.18 ± 0.10)%. Furthermore, roughness amplitude parameters are studied, and besides average and 𝑅𝑅𝑅𝑅 and 
𝑆𝑆𝑆𝑆 rms values 𝑅𝑅𝑅𝑅 and 𝑆𝑆𝑆𝑆, also skewness and kurtosis are investigated. For the nanosheets, the kurtosis 𝑆𝑆𝑆𝑆𝑆𝑆 is 
around three for areal parameters (normal distribution of peaks and valleys), while the profiles show a 
presence of broader peaks and valleys (𝑅𝑅𝑅𝑅𝑅𝑅 = 2.56 ± 0.69). The skewness is slightly negative (𝑅𝑅𝑠𝑠𝑠𝑠 ~ 𝑆𝑆𝑆𝑆𝑆𝑆 ~ - 
0.60), confirming the presence of valleys, so this parameter describes the possible presence of electronic 
defects or lattice vacancies on the anatase crystals. 
 

Glossary 
 
𝛼𝛼𝑡𝑡𝑡𝑡𝑡𝑡−𝑠𝑠𝑠𝑠𝑠𝑠: tip-sample interaction 
𝛼𝛼𝑡𝑡𝑡𝑡𝑡𝑡−𝑠𝑠𝑠𝑠𝑠𝑠: tip-substrate interaction 
𝛼𝛼𝑠𝑠𝑠𝑠𝑠𝑠−𝑠𝑠𝑠𝑠𝑠𝑠: sample- substrate interaction 
𝜗𝜗: interfacial angle of anatase TiO2 crystals 
𝜈𝜈: Poisson ratio 
𝜈𝜈𝑖𝑖: degrees of freedom 
𝜈𝜈𝑒𝑒𝑒𝑒𝑒𝑒: degrees of freedom Welch–Satterthwaite 
𝐴𝐴𝐴𝐴: aspect ratio 
𝐵𝐵: builkiness 
𝑏𝑏: "breadth" of the bipyramid, minimum Feret 
𝑐𝑐: "length" of the bipyramid, maximum Feret 
𝑐𝑐𝑖𝑖: sensitivity coefficient 
𝑐𝑐𝑐𝑐𝑐𝑐: compactness 
CD: critical dimensions 
CS: critical size 
𝑒𝑒: tip enlargement 

𝐸𝐸: Young modulus 
𝐸𝐸𝐸𝐸: elongation 
𝑓𝑓: segment dependent on 𝜗𝜗 
GUM: Guide to the expression of Uncertainty in 
Measurement 
ℎ: nanosheet height 
HAR: high aspect ratio 
INRiM: Istituto Nazionale di Ricerca Metrologica 
𝑘𝑘: coverage factor 
𝑙𝑙: nanosheet lateral side 
𝑙𝑙𝑡𝑡𝑡𝑡𝑡𝑡: constant segment of the nanosheet  
mAFM: metrological Atomic Force Microscope 
NMI: National Metrology Institute 
NP: nanoparticle 
P: intersection of two linear regression lines fitting 
the top and the left/right sidewall of a nanosheet 
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𝑅𝑅𝑅𝑅: average roughness of a profile 
𝑅𝑅𝑅𝑅𝑅𝑅: kurtosis of a profile 
𝑅𝑅𝑅𝑅: root mean square roughness 
𝑅𝑅𝑅𝑅𝑅𝑅: skewness of a profile 
𝑅𝑅𝑅𝑅: maximum height of the roughness profile 
RM: reference material 
rms: root mean square 
𝑅𝑅𝑅𝑅𝑅𝑅: roundness 
𝑆𝑆𝑆𝑆: average texture of a surface 
𝑆𝑆𝑆𝑆𝑆𝑆: kurtosis of a surface 
𝑆𝑆𝑆𝑆root mean square height within the surface 
𝑆𝑆𝑆𝑆𝑆𝑆: skewness of a surface 
𝑆𝑆𝑆𝑆: maximum height of a surface 
SEM: Scanning Electron Microscopy 
Si: silicon 
SI: International System of Units 

PTB: Physikalisch-Technische Bundesanstalt 
TEM: Transmission Electron Microscopy 
TiO2: titanium dioxide 
TSEM: Transmission-mode Scanning Electron 
Microscopy 
𝑈𝑈: expanded uncertainty 
𝑢𝑢𝑖𝑖(𝑦𝑦): uncertainty contribution to the estimated 
quantity 𝑦𝑦 
𝑢𝑢𝑐𝑐(𝑦𝑦): combined standard uncertainty 
𝑌𝑌: measurand 
𝑦𝑦: estimate of 𝑌𝑌 
𝑥𝑥𝑖𝑖: contributions that affect the estimated 
quantity 𝑦𝑦 
𝑋𝑋𝑖𝑖: contributions that affect the measurand 𝑌𝑌 
𝑋𝑋: nanosheet measured profile 
VIM: International Vocabulary of Metrology 
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