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ABSTRACT

A technique for evaluation of risks of false decisions in conformity assessment of the chemical
composition of sausages was developed based on a multivariate Bayesian approach, taking into
account measurement uncertainty, correlation and mass balance constraint of the regulated
contents of the sausage components. As a case study, a dataset of test results of chemical
compositions of the sausage "Braunschweigskaya™ (measured contents of fat, protein, moisture
and salt) was used for evaluations of the risks. A total global consumer’s risk of 0.006 and a total
global producer’s risk of 0.017, characterizing the production process in general, were evaluated
using Monte Carlo simulations. The difference in the risk values indicates a clear preference of the
consumer’s interests over the producer’s interests. The total specific consumer’s and producer’s
risks, related to a (specific) sausage batch, were evaluated using normal approximations in the
Bayesian model. The risk values obtained were much more significant when measured contents
approached their tolerance/specification limits or exceeded them. The codes, written in the R
programming environment, for calculations of both the total global and the specific risks are
provided as electronic supplementary material to this paper.
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1. Introduction

Many people like sausages and want to be sure that the chemical composition of a sausage
bought in a store (a product of a known factory) corresponds to the requirements specified in
national standards. Chemical composition determines the sausage taste, nutritional and energy
value, and even safety, since such composition components as moisture and salt influence
pathogenic microorganisms in the sausage. Of course, not only sausage consumers, but also
producers are interested in an evidence that the chemical composition of a sausage batch put on
sale meets the specified requirements.

Demonstration that the specified requirements are fulfilled is the result of product conformity
assessment [1]. Standard specifications for chemical composition of a sausage, as a
multicomponent material, are tolerance limits of the actual (‘true”) content ¢; of the i-th component,
i=1,2,...,n. Conformity assessment of an item (a sausage batch or sample) is based on comparing
the measured content cim with corresponding tolerance limits. Since any cim value has an associated
standard measurement uncertainty u; [2, 3], acceptance limits for the measurement results can be
used in addition to tolerance limits. In these cases, the decision rules (does the test item conform
or not?) are based on comparing the measured content values cim with the acceptance limits [4].
When tolerance limits have been defined by already taking into account measurement uncertainty,
acceptance limits and tolerance limits coincide. Anyway, measurement uncertainty can cause
several kinds of risk of a false decision on the conformity of an item.

The probability of accepting a sausage batch, when it should have been rejected, is the
‘consumer’s risk’, whereas the probability of falsely rejecting a conforming batch is the
‘producer’s risk’. For a specified batch under control, they are referred to as the ‘specific
consumer’s risk’ and the ‘specific producer’s risk’, respectively. The risks of incorrect conformity
assessment of a batch randomly drawn from a statistical population of such batches are the ‘global
consumer’s risk’ and the ‘global producer’s risk’, as they characterize the sausage production
globally [4].

In general, a component-by-component evaluation of the risks of false decisions in a conformity
assessment is not complete, as it does not give an answer to the question of the probability of a
false decision on conformity of the product as a whole. When conformity assessment for each i-th

component of a sausage batch is successful (i.e. the particular specific or global risks are small



enough), the total probability of a false decision concerning the batch as a whole (the total specific
or total global risk) might still be significant. Evaluation of the total risks is detailed in
IUPAC/CITAC Guide [5] based on a Bayesian multivariate approach.

Since the regulated components’ contents of a sausage are subject to the mass balance constraint
Y.ic; = 100 %, they are intrinsically correlated. This so-called ‘spurious’ correlation is observed
in addition to other possible natural and/or technological correlations between the components’
contents. All correlations may influence understanding of test results (cim with associated ui) and
the evaluation of risks of false decisions in the conformity assessment. The circumstances
mentioned above require appropriate modeling for the multivariate c¢; distribution in different
batches (prior distribution) and the multivariate cim distribution in the same batch under test
(likelihood function). An application of Monte Carlo simulations in the R programming
environment can be helpful to overcome these difficulties [6].

The objective of the present paper is the development of a technique for evaluation of the risks
in conformity assessment of chemical composition of sausages. As a case study, a dataset of
compositions of sausage "Braunschweigskaya", accumulated at V.M. Gorbatov Federal Research
Center for Food Systems of Russian Academy of Sciences [7], is analyzed. The sausage name
comes from the German Braunschweiger. It is a type of sausage prepared differently in different
countries. In Russia "Braunschweigskaya" is a summer (dry) sausage, produced since the end of
the 19" century from a mixture of beef, pork and bacon with addition of salt and some other

ingredients [8].

2. Material and test methods

Test results of the chemical composition of a total N = 83 batches of the sausage, produced
according to the standardized technical conditions [9] during about three years at two similar
factories, were studied as a case study of a dataset for quantification of the total risks. The testing
was performed at the factory’s laboratory for conformity assessment of a sausage batch to the
Russian standard [10] before it is placed on the market. The dataset is provided as electronic

supplementary material to this paper (RawData.txt file).

2.1. Tolerance and acceptance limits



The standard [9] sets the lower and upper tolerance/specification limits, T and Tui,
respectively, of contents ci as mass fractions (%) of the four following chemical components in
sausage "Braunschweigskaya™:

I = 1) fat content ¢1 <53.0 % = Tuz;

I = 2) protein content ¢2 > 15.0 % = Tyo;

i = 3) moisture content c3 < 40.0 % = Tug;

I = 4) salt content ¢4 < 5.0 % = Tua.

Limitations of the sodium nitrite content (not exceeding 0.005 %) and pH (not less than 4.8) do
not practically influence the mass balance Y.} c; = 100 %. Minor quantities of spices, nutritional
supplements and starter cultures for fermentation, used in the process of the sausage preparation,
are not regulated by the standard [9] and not related to the mass balance. They are not discussed
further in the present work.

Acceptance limits, which take into account measurement uncertainties, are not applied in the
factories, and measured values cim are directly compared with the specification limits. Therefore,

in the present study acceptance limits are taken as to be the same as specification limits.

2.2. Multivariate sub-domain of feasible sausage compositions

The specification limits of contents of the components, Ty and Tui, form a multivariate
specification domain of permissible sausage compositions. However, there is also the mass balance
constraint which leads to a multivariate sub-domain of feasible compositions. For example, for fat
content ¢; = Ty = 53.0 %, moisture content cs = Tus = 40.0 % and salt content ¢4 = Tus = 5.0 %,
the protein content from the mass balance is ¢ = 100 % — (53.0 + 40.0 + 5.0) % = 2.0 %, which is
less than T2 = 15.0 % and hence not permissible. On the other hand, a composition such as ¢ =
Tui, C2=Trz, €3 = Tuz and ca = Tua is within the specification domain, but cannot be realized because
it is in contradiction with the mass balance constraint.

Therefore, the multivariate sub-domain of feasible sausage compositions can be imagined as a
part of the 3-simplex, which is the triangular pyramid shown in Fig. 1 by black lines, with c1, ¢z,
czand c4 equal to 100 % in their vertices. The pyramid is truncated by the specification limits Tuz,
TL2, Tuz and Tus, which are represented in Fig. 1 as the transparent triangular planes with colored



borders. The facets of the resulting sub-domain of feasible compositions are highlighted with the

colors of the corresponding specification limits.

2.3. Test methods and standard measurement uncertainties

A sample of a sausage of not less than 200 g is taken from a batch following the appropriate
sampling standards [10, 11], homogenized and kept at 4 °C for not more than 24 hours, during
which measurements of component contents should be performed.

The standard method [12] for measurement of a fat content ci is based on multiple fat
extractions from the dried sample with a solvent (hexane, diethyl ether or petroleum ether) in a
Soxhlet fat extraction apparatus. After that the solvent is removed and the fat dried to constant
weight. In the interval of fat contents c1 from 15 % to 50 % the maximum allowed relative error
(% &1) of the measured value cim at a level of confidence 0.95 and a normal distribution, set in the
standard [12], is 10 %. Considering ¢ as the target expanded measurement uncertainty [13] with
coverage factor 2, the standard measurement uncertainty is us = (61/2-100) cim = 0.05 C1m.

Protein content is measured by the standard Kjeldahl method [14]. Hot-acid digestion of a
sample converts protein to ammonia, which is then distilled into a standardized acid, after which
the acid is back-titrated and the result calculated. In the interval of protein contents c2 from 20 %
to 55 % the maximum allowed relative error of the measured value com at the level of confidence
0.95 and a normal distribution is & = 8 % according to the standard [14]. Hence, the standard
measurement uncertainty is uz = (%/2-100) czm = 0.04 com.

The standard measurement method [15] for moisture content consists of drying a sample with
sand to constant weight at a temperature of (103 + 2) °C. In the interval of moisture contents c3
from 1 % to 35 % the maximum allowed relative error of the measured value cam at a level of
confidence 0.95 and a normal distribution is 03 = 12 % [15]. Therefore, the standard measurement
uncertainty is us = (/2-100) cam = 0.06 Cam.

Salt content c4 is measured by Mohr’s standard titration method [16]. This method determines
chloride ions extracted from the sample by titration with silver nitrate. As the silver nitrate solution
is slowly added, a precipitate of silver chloride forms. At the end point additional silver ions react
with chromate ions of the indicator (potassium chromate) to form a red-brown precipitate of silver

chromate. In the interval of salt contents c4 from 3.5 % to 7.0 % the maximum allowed relative



error of the measured value csm at a level of confidence 0.95 and a normal distribution is o = 8 %
[16]. The corresponding standard measurement uncertainty is us = (6/2:100) c4m = 0.04 Cam.

The standards [12,14,16] also include alternative test methods with similar metrological
characteristics. Note that a metrologically—related correlation of the test results (between measured
content values of different components of the same batch or sample) [6] is impossible here as the
applied chemical analytical methods [12, 14-16] are based on different principles.

3. Modelling and calculation

3.1. Analysis of raw data
3.1.1. ANOVA

Analysis of variance (ANOVA) was performed to check homogeneity of the dataset consisting
of two groups of test results of the sausage batches produced by factory A (the first 45 lines in the
electronic supplementary material, RawData.txt file) and factory B (the last 38 lines in

' RawData.txt file). Empirical values Fi of the Fisher criterion in Table 1 are the ratios of the

between-factories variance s3 tween t0 the within-factory variance s? For fat, moisture and

iwithin-
salt, i.e. for i =1, 3 and 4, Fiis less than the critical value Fcit = 3.96 for a significance level 0.05
and degrees of freedom of the between- and within- variances equal to (2 — 1) = 1 and (45 + 38 -
2) = 81, respectively [17]. As the significance level is the probability to reject the null hypothesis
about equivalence of the variances when it is in fact true, Fi < Fcrit are indicating homogeneity of
the data.

The mean values of the protein content in the products of factory A and factory B are mpa =
25.0 % and mgg = 24.1 %, respectively. They both are far from the lower tolerance limit T2
= 15.0 %, and although the difference between them is statistically significant (F> =9.84) it is
negligible from a metrological point of view, being less than the standard measurement uncertainty
uz2 = 1.0 % of such protein contents. Therefore, all the data were used (45 + 38 = 83 test results)

for further calculations being considered practically homogeneous.

3.1.2. Distributions of the test results



Distributions of the test results are characterized in Table 2, where Cimin and Cimax are the
minimum and the maximum measured values of the i-th component content in the dataset,
respectively; mi and s; are the mean and the standard deviation, respectively. The values of s; are
1.5to 2.5 times greater than the corresponding standard measurement uncertainties u; of the
corresponding mean component content, since they are influenced also by the variability of raw
materials and conditions of the technological process during the three years of sausage production,
when the dataset was accumulated.

Histograms of the distributions are presented in Fig. 2. Probability density functions (pdfs) of
the fitting normal (theoretical) distributions are shown in Fig. 2 as solid curves. Goodness-of-fit
was evaluated by the one-sample Kolmogorov-Smirnov test [18]. Calculated values of the test
statistic Di and corresponding probabilities P are shown in Table 2. As Pi> 0.05, the hypothesis
on goodness-of-fit is not rejected, i.e. the data distribution does not differ significantly from
normal.

Note, also the protein content distribution is well fitted by a normal distribution, as seen by the
values of Dz and P, thereby supporting the decision made in Sec. 3.1.1 on the practical

homogeneity of the corresponding data.

3.1.3. Correlations and covariances

Calculated Pearson’s correlation coefficients rij (i=], j=1,2,3,4) between measured
components’ contents are presented in Table 3. The critical two-tailed value for (83 —2) =81
degrees of freedom and the level of confidence 0.95 is 0.216, i.e. rjj is considered not significant
when |rjj| < 0.216 [17].

The greatest absolute value of the correlation coefficient is related to contents of fat and
moisture, ri3=rs; =-0.318. It is a negative correlation caused by the mass balance constraint: when
fat content increases it is mainly at the expense of the moisture content. A similar negative
correlation is seen between fat and salt contents, as well as between protein and moisture contents.
Correlation between fat and protein contents is also negative, but statistically negligible, as |ri2| =
| r21] = 1-0.163| < 0.216. The reason is that both fat and protein enter the sausage with meat: beef

contains on average about 4 % of fat, pork 14 %, and bacon 93 %. To a certain extent this might



have contributed a positive correlation, softening the original negative correlation due to the mass
balance constraint. There is only one positive correlation coefficient in Table 3, raa=rs; =0.301,
which characterizes the relatively strong dependence between protein and salt contents, probably
arising when the minced meat is dried.
The covariance matrix presented in Table 4 shows variances si? (si are in Table 2) as diagonal
—————————— elements, and covariances covij = rijSi Sj, i # j (rij are in Table 3) as the off-diagonal elements.
Lommmeed Note that the distributions of the components’ contents shown in Fig. 2 are the marginal
distributions of a multivariate pdf, whose covariance matrix is that in Table 4. Such a multivariate
pdf is used in the following for modelling the sausage compositions and the test/measurement

results.
3.2. Bayesian modelling of total risks in conformity assessment

Bayes’ theorem for the multivariate pdf of n components’ contents in a sausage, as a

multicomponent material, is expressed by the following equation:

g(clen) = Cgole)hr(cm l€), (1)

where ¢ = [cy, Co, ..., Cn] and ¢, = [Cim, Com, ..., Cnm] are vectors of the actual (“true”) values cj and
measured values Cim, respectively, i =1, 2, ..., n; g(c | Cm) is the multivariate (joint) posterior
pdf; C is a normalizing constant; g, (c) is the multivariate prior pdf taking into account correlations
between ci; and h(cp, | €) is the multivariate likelihood function involving the measurement
uncertainties and correlations between Cim [5].

The total global consumer’s risk R and producer’s risk R, are, respectively [6]:

Re=[..[, go(©h(cm|c)dende and R, = [ [, go(c)h(cmlc)dende, 2)

where T is the tolerance/specification domain T1xT2x ...x Tn, A'is the acceptance domain AixAzx
...x An, and the integral symbols indicate multiple integrals. Superscript “c” of T in the formula

for R. means “complementary” for at least one Ti, whereas the integration with respect to all Cim is



performed within A. The subscript “c” of A in the formula for R, means “complementary” for at

least one Ai, whereas the integration with respect to all ci is performed within T.

The total specific consumer’s risk R¢ and total producer’s risk Ry, are, respectively [19]:
R:=1—[. g(clem)de when ¢y, isin A, and

R} = le "'fr,, foloo ...foloog(c | cm)de when ¢y, 1 < i < v, are outside A. (3)

Here, R: is the probability that at least one of corresponding true content values c; of a sausage
components is actually outside its tolerance interval Ti, when all the measured content values c;,
are in their acceptance intervals A (false conforming). Thus, the R value equals to one minus the
probability that all c¢; are within tolerance domain T at the condition that all c¢;,, conform, i.e. are
within acceptance domain A.

Symbol v in Eq. (3) for Ry indicates the number of those sausage components, 1 <v <n,
whose measured content values cim are outside their acceptance intervals Ai. Hence, vector c,,
being out of the acceptance domain A for those v components of the tested product (a sausage
batch), is rejected as non-conforming. For simplicity, and without losing generality, the measured
values c;,,, outside their acceptance intervals are the first v. Given that these v measured values do
not conform, Ry, is the probability that the corresponding true values are all actually inside their
tolerance intervals, hence the sausage batch satisfies its specifications and rejection of the batch is

a false decision.

3.2.1. Multivariate prior pdf

The raw data discussed in Sec. 3.1 were used for modelling the multivariate prior pdf, which is
a "theoretical" pdf of the actual/true values ¢ = [c1, C2, C3, Cs4], based on the best available
knowledge.

A total M = 1.10” Monte Carlo (MC) simulations of the actual sausage compositions ¢ = [c1,

C2, C3, C4] Were performed using a multivariate truncated normal pdf, according to Model 1 in paper
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[6], having as location parameter the mean vector = [mg, ..., ms] (m; are in Table 2), and as scale
parameter the covariance matrix in Table 4.

True values have no uncertainties by definition [20] and their sum is to be exactly equal to
100 %, according to the law of conservation of mass [21]. Therefore, data drawn from the
multivariate normal pdf truncated on the domain [0, 100]* should also be subjected to the closure

operation [6]:

100 ¢ 100 c
co(c)=|=—, . 0— |- (4)
i=1Ci i=1Ci

The resulting correlation matrix is given in Table 5. Comparing the correlation matrices in Table
3 and Table 5, one can see that the correlation coefficient related to contents of fat and moisture is
still negative, but its absolute value is much larger. Also, the positive correlation coefficient
between protein and salt contents is increased due to the closure operation. The corresponding
covariance matrix is shown in Table 6.

The probability of conformance of the multivariate prior pdf, calculated as the fraction of M
of the events when the obtained (simulated and closed) sausage compositions ¢ = [c1, C2, C3, C4]
were within the tolerance domain T, was Pconf = 0.972.

Note that random generation from a multivariate normal pdf (and subsequent closure of the
generated data), without truncation on the domain [0, 100]*, leads here to the same conformance
probability Pconf = 0.972. This coincidence is caused by the distance of the contents of each
component in the raw data (Table 2) from the truncation limits 0 % and 100 %, seen also in the
histograms of Fig. 2.

3.2.2. Multivariate likelihood function

Modelling of the multivariate likelihood function for measured values ¢m = [C1m, C2m, C3m, C4am]
is based on the idea that a multivariate truncated normal pdf with zero expectation can model an
error em = [e1m, €2m, €3m, €4m] Which is then translated to the vector of actual content values ¢ = [cz,

C2, C3, C4] generated from the multivariate prior pdf. Therefore, cmis recovered as cm = ¢ + em [6].
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The covariance matrix, used as the scale parameter of the truncated pdf associated with vector
em, is given in Table 7. The diagonal elements of this matrix are squared measurement uncertainties
. ui?, obtained from ui discussed in Sec. 2.3, and the off-diagonal elements are covariance terms
bommmommos equal to products covijir = rij Ui Ujwhose correlation coefficients rjj are in Table 3. Subscript ‘If” in
covijir means ‘likelihood function’.

Thus, modelling of both the likelihood function and the prior pdf is based on the experimental
data, containing the initial knowledge about the sausage compositions. However, the likelihood
function characterizes the measurement process with corresponding measurement uncertainties,
mimicked by em = [e1m, €2m, €3m, €4m]. Therefore, the measured values ¢m = [Cim, Com, Cam, Cam] are

no longer required to sum to 100 %, and so the closure operation is not applied here.
3.2.3. Posterior multivariate pdf

Once the multivariate prior pdf and likelihood function are modelled, the posterior
multivariate/joint pdf of the actual content values c¢ in a sausage at the measured values of the
components’ contents ¢, can be calculated by Eqg. (1) as the normalization of the product
go(©h(en lc).

The posterior pdf contains an updated state of knowledge about the product. Since this pdf takes
into account what may happen during the measurement process, as with the likelihood data, the
closure operation is not appropriate for the posterior data.

4. Results and discussion

4.1. Global risks

The total global consumer’s risk R. = 0.006 was numerically recovered, according to Eq. (2),
as the fraction of the M generated vectors of true and measured values [c1, C2, C3, Cs, Cim, Com, C3m,
Csm] in which all the measured values cim were within their A; but at least one of the corresponding

true value c; was outside Ti.
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Correspondingly, the total global producer’s risk R, = 0.017 was evaluated as the fraction of
the M generated vectors [C1, C2, C3, Ca, Cim, C2m, C3m, C4m] in Which all the true values c; were within
their Ti, while at least one of the corresponding measured value ci was outside A..

That means that six only from a thousand sausage batches may be falsely assessed as
corresponding to the specifications, whereas seventeen conforming batches have a chance to be
falsely rejected. This indicates a clear preference of the consumer’s interests over the producer’s
interests. However, the discussed risks are only probabilities, and do not take into account the
severity of the risks [5, 6]. Obviously, a producer is interested in maintaining the satisfaction of
his consumers no less than the consumers themselves.

The code, written in the R programming environment [22], for calculations of the total global
risks is provided as electronic supplementary material to this paper (R_code.r file).

4.2. Specific risks

For each specified vector of measured values [Cim, C2m, Cam, C4m], the integrals of the posterior
pdf in Egs. (3) involve multiple integrals of the joint pdf of vector [c1, C2, C3, C4, Cim, C2m, Cam, Cam]
with respect to variables ci (i =1, ..., 4) over appropriate domains. M = 107 random vectors [c1, Cz,
C3, C4, C1m, C2m, C3m, Cam] Were generated, according to the prior modelling for c; values in Sec. 3.2.1
and the likelihood modelling for cim values in Sec. 3.2.2, as detailed in the paper [19, Sec. 4.4.2].

The results of calculations of the total specific consumer’s risk R: were practically zero (less
than 0.001) at the vector of measured values cm containing cim equal to the prior means m; of the
distributions in Table 2. When cin moves away from m; toward the tolerance limits, the R values
are naturally increasing. The mean m; of the fat contents is far from their tolerance limit Ty, for
more than three standard deviations s; in Table 2. Therefore, the influence of cim0n RZ is minor.
As the distance of the prior mean m of the protein contents from their tolerance limit T.2 is greater
than five standard deviations sy, the com influence on R; is also very minor. The distances of the
mean mz of the moisture content from the tolerance limit Tus, and of the mean m4 of the salt content
from the tolerance limit Tus, are less than three standard deviations sz and s, respectively, and as
a result have an influence on the risk. For example, R = 0.039 at the measured fat content cim =

m1 = 40.5 %, protein content com = m2 = 24.6 %, moisture content cam = 35.7 % (about 1.5 standard
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deviations from ms towards the tolerance limit Tus) and salt content cam = 4.79 % (about 2 standard
deviations from m4 towards the tolerance limit Tua).

Note that even for M = 107 simulations there were certain instabilities (and maybe bias) in the
risk values, increasing when working in the tails of the posterior distribution, where only a few
random numbers could be generated [23, 24]. Therefore, in the considered case, the MC method
proved to be less reliable for calculation of risks than an analytical approximation method based
on normal distributions [5].

Since the marginal distributions of the available data were successfully approximated by normal
distributions (Sec. 3.1.2) and there was no evidence of an effect of truncation in the corresponding
marginal distributions of the joint prior pdf, this pdf was constructed as a multivariate normal
function with mean (Table 2) and covariance matrix (Table 6) estimated from the random values
generated as described in Sec. 3.2.1. Because of the negligible effect of truncation, the multivariate
likelihood function described in Sec. 3.2.2 was also approximated by a multivariate normal
function having the covariance matrix shown in Table 7. Resorting to such approximations for the
prior pdf and the likelihood function, a multivariate normal posterior pdf with parameters
calculated as in [UPAC/CITAC Guide [5, Eq. (34)] was applied for R¢ and Ry calculations
according to Egs. (3). The code for calculations of total specific risks is provided as electronic
supplementary material to this paper, (R_code.r file).

The dependence of total specific consumer’s risk on measured values of fat and protein contents
is shown in Fig. 3a for cases in which measured contents of moisture and salt are constant and
equal to their prior means. The R; values are practically zero at the majority of combinations of
cim and com on the intervals from their prior means to the tolerance limits, and increase to 0.004
only, if simultaneously cim and cam are equal to their tolerance limits Tur and Tio, a case not
observed in the raw data described in Table 2. In other words, the influence of fat content and
protein content in the sausage on the total specific consumer’s risk is negligible, as already
explained above. The most influential variables here are contents of moisture and salt. The
dependence of RZ on camand cam on the intervals from their prior means to the tolerance limits is
illustrated in Fig. 3b for cases in which measured contents of fat and protein are constant and equal
to their prior means. The range of R values in this plot spreads from practically zero to 0.34. Of
these two variables, the measured salt content has the most influence. Again, the risk is greatest

when both ¢sm and c4m are at their tolerance limits.
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The dependence of total specific producer’s risk on measured values of moisture and salt
contents is shown in Fig. 4 for cases in which the measured contents of fat and protein are constant
and equal to their prior means, as in Fig. 3b. The interval of the measured moisture contents in Fig.
4a is from the tolerance limit Tus to 1.18 Tus, I.e. to the three standard measurement uncertainties
(3x0.06 Tuz), while the interval of the measured salt contents is from the prior mean to the tolerance
limit. Hence, in this particular case, measured contents of one component only do not conform.
The calculated Ry, values are from 0.69 to 1. Fig. 4b is the other way round with respect to Fig. 4a:
here the measured salt contents do not conform, being in the interval from the tolerance limit Tua
to 1.12 Tua (the three measurement standard uncertainties being 3x0.04 Tuas), while the interval of
the measured moisture contents is from the prior mean to its tolerance limit. The Rj; values go from

practically zero at the cam = 1.12 Tua, up to 0.77 when cam = m3 and simultaneously cam = Tus. The
logic is that there is no producer’s risk, if a component content in the tested batch substantially

exceeded its tolerance limit and the batch is rejected. On the other hand, Ry, can be extremely high

when a measured content value is close to its tolerance limit. Correlations complicate the picture,
but do not change it in essence.

In general, although the total global consumer’s risk R. = 0.006 and producer’s risk R, = 0.017
are small, the total specific risks related to a (specific) sausage batch can be much more significant
when measured contents of moisture or salt, or both, are close to their tolerance limits or exceed

them.

5. Conclusions

A technique for evaluation of the risks of false decisions in conformity assessment of chemical
composition of sausages was developed based on the multivariate Bayesian approach, taking into
account the mass balance constraint of the regulated contents of the sausage components. As a
case study, a dataset of test results of the chemical composition of the sausage
"Braunschweigskaya" was used for evaluation of the risks. The marginal distributions of contents
of the main (regulated) components — fat, protein, moisture and salt — could be approximated by
normal probability density functions (pdfs). However, since these components contents are subject

of the mass balance and limited on the [0 %, 100 %] domain, the prior multivariate distribution
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describing the dataset was numerically simulated starting from a multivariate truncated normal pdf
and the subsequent closure of the sum of the generated contents to 100 %. Measured values were
modelled by a multivariate truncated normal likelihood function taking into account associated
measurement uncertainties, and therefore the closure operation did not apply.

Based on these Monte Carlo simulations of the product of the prior pdf and the likelihood
function, a total global consumer’s risk of 0.006 and a total global producer’s risk of 0.017 were
evaluated, characterizing the production process in general. The difference in the risks’ values
indicates a clear preference of the consumer’s interests over the producer’s interests.

The Monte Carlo simulations were not sufficiently stable and reliable when working in the tails
of the posterior pdf. Therefore, in order to calculate the total specific risks related to a (specific)
sausage batch, an approximation for both the prior pdf and the likelihood function with a
multivariate normal distribution (allowed by a negligible truncation effect in the considered case)
was made in order to deal with a “plain” multivariate normal distribution for the posterior pdf. The
total specific consumer’s risk and producer’s risk were shown to be significant when measured
contents of moisture or salt were close to their tolerance (specification) limits or exceeded them.
The contents of fat and protein did not practically influence these risks, being far from the

specification limits.
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Figure captions

Figure captions

Fig. 1. Triangular pyramid of the sausage compositions. Each vertex corresponds to a
component content c¢; equal to 100 %. The permissible compositions are the part of the pyramid
delimited by the tolerance/specification limits Tu: (the transparent triangle shown by blue border
lines), Ti2 (green lines), Tus (brown lines) and Tua (red lines). The left green border of Ti2 is hidden
by the red border of Tus. The facets of the sub-domain of feasible compositions are marked with

the colors of the tolerance limits. The left upper corner of the sub-domain is cut by the T.> plane.

Fig. 2. Histograms of distributions of the measured components’ contents and pdfs of fitted
normal distributions. Plots a) — d) are for contents of fat cim, protein czm, moisture cam, and salt

Cam, respectively.

Fig. 3. Surface of R; vs. measured values of the contents of the sausage components. The plot
in Fig. 3a shows total specific consumer’s risk R¢ in dependence on measured contents of fat cim
and protein com from their prior means to the tolerance limits, while the measured moisture content
and salt content are constant and equal to their prior means. The second plot, in Fig. 3b,
demonstrates the R; surface for the cases when the measured contents of fat and protein are
constant and equal to their prior means, while the contents of moisture csm and salt cam are from
their prior means to the tolerance limits. A color column bar gives indication of the risk values

between the minimum and the maximum of the surface, and refers to its plot only.

Fig. 4. Surface of R}, vs. measured values of the contents of the sausage components. Both the
plots demonstrate total specific producer’s risk Ry, at the measured fat and protein contents constant

and equal to the prior means. The measured moisture contents cam in Fig. 4a are on the interval of
the three measurement standard uncertainties starting from the tolerance limit, while the interval
of the measured salt contents cam is from the prior mean to the tolerance limit. In Fig. 4b the interval
of the measured salt contents cam is of the three measurement standard uncertainties starting from
the tolerance limit, whereas the interval of the measured moisture contents cam is from the prior

mean to the tolerance limit. The color bars are as in Fig. 3.



Tables 1-7

Table 1. Results of ANOVA.

i Comp.  Factory A Factory B Shetween Stwithins Fi
Mia %  s2,%2 Mg, % s% %2 %° %?

1 Fat 40.9 5.44 40.1 22.81 14.63 13.37 1.09

2  Protein  25.0 1.77 241 1.79 17.50 1.78 9.84

3 Moisture 29.0 19.47 30.5 13.76  48.00 16.86  2.85

4 Salt 4.08 0.11 4.04 0.19 0.03 0.14 0.22

Table 2. Characteristics of the distributions.

i Comp. Cimin, %0 Cimax, %0 mMi, % s;, % Di Pi

Fat 32.7 49.6 40.5 3.66 0.099 0.40
Protein 20.9 26.9 24.6 1.40 0.132 0.11
Moisture  22.6 44.5 29.7 4.15 0.089 0.52
Salt 2.90 5.10 407  0.38 0.105 0.32

Al ow| N R

Table 3. Matrix of empirical correlation coefficients rj.

i/] Comp. Fat Protein  Moisture  Salt
1 2 3 4
Fat 1.000 -0.163 -0.318 -0.217

Protein  -0.163 1.000 -0.235 0.301
Moisture -0.318 -0.235 1.000 -0.111
Salt -0.217 0.301 -0.111 1.000

Al w| N R




Table 4. Covariance covjj matrix of the raw data.

i/] Comp. Fat Protein  Moisture  Salt
1 2 3 4

1  Fat 1339 -0.84 -4.83 -0.30

2 Protein -0.84 1.97 -1.37 0.16

3 Moisture  -4.83 -1.37 17.24 -0.17

4 Salt -0.30 0.16 -0.17 0.14

Table 5. Matrix of correlation coefficients rijco after the closure operation.

i/] Comp. Fat Protein  Moisture  Salt
1 2 3 4
Fat 1.000 -0.142 -0.823 -0.165
Protein  -0.142 1.000 -0.436 0.511

Moisture -0.823  -0.436 1.000 -0.230
Salt -0.165 0511  -0.230 1.000

A wl N R




Table 6. Covariance covijco matrix of the prior pdf after the closure operation.

i/] Comp. Fat Protein  Moisture  Salt
1 2 3 4
Fat 10.63  -0.83 -9.56 -0.24

Protein -0.83 3.22 -2.79 0.40
Moisture  -9.56 -2.79 12.71 -0.36
Salt -0.24 0.40 -0.36 0.19

Al w| M| R

Table 7. Covariance covijf matrix of the multivariate likelihood function.

i/] Comp. Fat Protein  Moisture  Salt
1 2 3 4

1 Fat 411 -0.32 -1.15 -0.07

2  Protein  -0.32 0.96 -0.41 0.05

3 Moisture -1.15 -0.41 3.18 -0.03

4 Salt -0.07 0.05 -0.03 0.03
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